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General Linear Programming Problem

Hello friends welcome to my lecture on General Linear Programming Problem. In our
previous 2 lectures on linear programming we solved a linear programming problem
involving exactly 2 variables by graphical method but if the number of variables in the linear
programming problem are 3 or more than 3 then the graphical method cannot be used
because even for the case where a linear programming problem involves exactly 3 variables,

it will be difficult to solve it by the graphical method.

And so what we will do is, we will consider a generally, General Linear Programming
Problem involving say n variables where n is greater than or equal to 2, okay. And then they
will solve it by simplex method which is very well-known method to solve a linear

programming problem involving n variables.
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General Linear Programming Problem

Any L.P.P. problem involving more than two variables may be expressed as follows:
Find the value of the variables x;, X, ..., X, which maximize (or minimize) the
objective function

Z=CiX + CoXo+ ... + CoXp (i)

subject to the constraints
ay Xy + X + ... + 81Xy < by
a1 Xy + @k + ... + anXn < by

ani X1 + maXz + ... + 8mnXn < by
and meet the non-negativity restrictions

Xi,Xay oy X 2.0, (iii)

[
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So let us discuss what is a General Linear Programming Problem? Any LPP, any linear

programming problem involving more than 2 variables may be expressed as

Z=c,x,+C,X,*...+c,x,, which is our objective function and we want to maximize or

n‘n?

minimize this objective function, subject to the constraints

a, X, +a,Xx,+...+a,,x,<b,,a, x,+ay,x,+...+a,,x,<b,



and so on. d,;X;+a,,X,+...+a,,x,<b, and the non-negativity restrictions on variables

X15Xg,...,X,20.

yIn=
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Def: Solution

A set of values x;, X, ..., X, which satisfies the constraints of the L.P.P, is called its
solution. '

Def: Feasible Solution

Any solution to a L.P.P. which satisfies the non-negativity restrictions of the
problem is called its feasible solution.

Def: Optimal Solution

Any feasible solution which maximizes (or minimizes) the objective function of the
L.P.P, is called its optimal solution.
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Now, let us define a solution. A set of values X;,X,,...,X, which satisfies the constraints of
the LPP. Constraints of the LPP means these inequalities, set of values of X;,X,,...,X,>0
which satisfies these m constraints, okay is called a solution of LPP. Any solution to LPP
which satisfies the non-negativity restrictions. Now, suppose our solution of LPP is such that
it also satisfies these non-negativity restrictions X, , X,,...,Xx,>0 then we call the solution to be

a feasible solution. Feasible solution of LPP.

Now, any feasible solution which maximizes or minimizes the objective function of the LPP
is called an optimal solution, okay. So if any feasible solution we have which maximizes or
minimizes the objective function Z=c, x,+¢,x,+...cx, then it will be called as its optimal

solution.
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Some of constraints in (ii) may be equalities, some others may be inequalities of
(<) type and remaining ones inequalities of (>) type. The inequality constrainis
are changed to equalities by adding (or subtracting) non-negative variables to
(from) the left hand side of such constraints.

Slack variables
If the constraints of a general L.PP. be W4, % o+ 2Tl
Ay, :1'4 A;‘l‘i A + A, tnkl,
h ) “"Iu"ﬂ”vk 1, 4 L A [mf"‘»_
Z a; x < by, (i=1,2,..k) then the non- negative vanabfes 5 which salisfy
J=1 oy Tt — T Un by
=) Ayt e - HA wXatAg
by

n
Zafm +8=by(i=12..k), are called slack variables. ,, .. "/,
=] At =Moo grviable;’
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Some of the constraints in equations 2, some the constraints here equation 2 maybe equalities
some others may be inequalities of less than or equal to type and remaining ones inequalities
of greater than or equal to type. The inequality constraints are changed into equalities by

adding or subtracting nonnegative variables to, from the left side of such constraints, okay.

If the inequality is less than or equal to type then we will add non-negative variables, okay to
the left side. And if the inequalities of greater than or equal to type then we will subtract

nonnegative variables from the left side of such constraints. So, let us now define slack

variables. If the constraints of a general LPP be say Z a;x; <b,,i=1,2,...,k.
j=1

So you can see there are k equations because i when 1 is equal to one you get the first
inequality as a, X, +a,x,+...+a,, x,<b,, okay. The second one is
Ay X, +ay X,+...+a,,x,<b,, and so on. a,, x,+a,,X,+...+qa,,x,<b,. So suppose there are k

inequalities which are of type less than or equal to, okay given by these k equations, okay.

Z a;x;<b;,i=1,2,... k. than the nonnegative variables s, because these are less than or
j=1

equal to type and when the inequalities are of less than or equal to type we add nonnegative
variables to the left side of such constraints to make them equalities. So add s;, okay to the ith

equation here which is a;; x,+a;,x,+...+a, x,<b,, we add nonnegative variable s;, okay.

So s; is added to the i-th equation to convert it into n equality i-th equation is



a; X, +a;,x,+...+a,x,<b, To convert it into n equality we add s; to this, nonnegative variable

s, to this, okay. So this gives us a,, x,+a,, x,+...+a, x,+s,=b,,i=1,2,... k.

So we get the equality Z a;x;+s;=b;,i=1,2,...,k. And these nonnegative variables s; are
j=1

called Slack variables. So slack variables are those which are added to inequality of type less

than or equal to, to convert it into a equality.
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Surplus variables
If the constraints of a general L.P.P. be
n

Z ajx > b, (i=kk+1,..) then the non-negative variables s; which satisfy
=1

n
S apy=si=b;(i=kKk+1,.), are called surplus variables.
= /\ff,\ = j\‘-‘,,;f,gmv WY 5

p
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Now, let us go to next possibility, if the constraints of a general LPP be of the type

Z a;x;zb,,i=1,2,...,k. okay. Where i takes values k, k plus 1, k plus and so on, okay.

j=1

Then what we will do? We will subtract nonnegative variables from the left side, okay of this

constraint to convert into a equality. So Z a;x;—s=b,.
j=1

z a;x;—s;=b, where with this s, nonnegative variables s, are called surplus variables. So
j=1

this we do for every i. These s;’s are called surplus variables.
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Canonical form and Standard form

After the formulation of L.P.P., the next step is to obtain its solution. But before any
method is used to find its solution, the problem must be presented in a suitable
form. As such, we explain its following two forms:

(1.) Canonical form

(2.) Standard form

(3 weres oume
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Now let us discuss the 2 forms of LPP they are canonical form and standard form. After the
formulation of LPP, the next step is to obtain its solution. But before any method is used to
find its solution, the problem must be presented in a suitable form. Now what are those
suitable forms? One form is canonical form, the other for me standard form. Let us define

what do we mean by canonical form and a standard form?
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Canonical form and Standard form

Atter the formulation of L.P.P., the next step is to obtain its solution. But before any
method is used to find its solution, the problem must be presented in a suitable
form. As such, we explain its following two forms:

(1.) Canonical form

(2.) Standard form
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Now, let us first take the canonical form. The general linear programming problem can

always be expressed in the following form maximize Z=c,x,+C,X,+...+C, X,.



Subject to the constraints a;, X,;+a;,X,+...+a,x,<b,,i=1,2,...,m. So there are m constraints

here, okay given by the m inequalities which are of less than or equal to type and

Xy, X,,..., X, are nonnegative variables. So non-negativity restriction is there on x,,x,,...,X,.
Now, this General Linear Programming Problem can be expressed, now suppose a constant is
of greater than or equal to type, okay. Greater than or equal to type instead of less than or
equal to type then we multiply this constant by minus 1 and bring here instead of greater than

or equal to less than or equal to. Say for example, say certain equation
Ay X, +ay, X+, +a,, X, > by is there, okay in the LPP.

Then we will write it as @, ; X;— @, X, —...—a,, X,< by, so all the constraints, okay will have to
be brought in the form less than or equal to. If there is anyone which is greater than or equal
to that we multiply by minus 1, okay the whole inequality and bring it to form less than or

equal to. And now here the objective function if they are given that you minimize Z.

Z=c,x,+C,X,+...+C, x, than equivalently we can write it as maximize, we convert it into the
form maximize Z =—Z7 , okay. So that is equal to —¢, x,—¢,X,—...—C,X,, okay. So if there is
a minimization problem, we have to minimize the objective function then for that we

consider the corresponding maximization of Z =— Z.

7 =—7, okay which is —c,x,—c,x,—...—c,x, and bring the LPP in the form maximization
of Z=c,x,+c,x,+...+¢,x, and all the constraints are brought in the form less than or equal
to. X;,X,,...,X,20 is already given to us. Now that is what we say by making some

elementary transformations. The LPP can always be brought into this form. This form of LPP

is called as canonical form and it has the following characteristics.

What are the characteristics of this canonical form? First thing is that objective function is of
maximization type, okay. Objective function is of maximization type, if it is not of
maximization type in the LPP then we have to bring it to the form of maximization, right

considering maximization of Z' =— 7 . Now all constraints are of less than or equal to type.

All constraints must be of less than or equal to type. All variables xi are nonnegative. So all
the variables xi are nonnegative. The canonical form is a format for a LPP which will find its

use in the Duality theory. When we will consider duality theory that we will see that this form



of LPP which is called canonical form of LPP, it is a format for the duality theory. In the case

of linear programming problem it is a format in the case of Duality theory.
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1. Canonical form

The general L.P.P. can always be expressed in the following form:

Maximize Z = ¢X + CoXo + CoXn 2 i
/h 1 e

subject to the constraints .
Tk tn
del O
ainXy + apXo + ..+ ainXn < by 1=1,2,..m, el
Vv v al t Gyt
Xg,Xa, ooy Xp > 0, M= 3 et
Vh'u\ -,\"-‘,y = £ 3/ rj

by making some elementary transformations. This form of the L.PP.is called its g ,f‘;,’,;
canonical form and has the following characteristics:

(i) Objective function is of maximization type,

(ii) All constraints are of (<) type,

(iii) All variables x; are non-negative.

The canonical form is a format for a L.P.P. which finds its use in the Duality theory.
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Now, the second one is Standard form. The General Linear Programming Problem can also
be put in the form maximization of Z=c,Xx,+c,x,+...+C,X,. Subject to the constraints

a;, X, +a,,x,+...+a,x,=b,;,i=1,2,....,m and x,,X,,...,x,20. So here the constraints are all

y‘\n=—

of equality type, okay. We have a;; X, +a;,X,+...+a, x,=b;, so we are given m equations here.

There must be m equations and the objective function must be a maximization type. So this
form of the LPP is called standard form and it has the following characteristics. Now standard
form of LPP we will discuss when we use simplex method to solve a General Linear
Programming Problem. In the simplex method first thing that we do is we bring the LPP into
the standard form, so by bringing that into the standard form means if the function, if the
objective function Z is to be minimized we will consider the corresponding problem where

maximization of Z dash. Z =— Z we will consider, so maximization of minus Z we will find.

So first thing is that objective function must be maximized and moreover that the m equations
are there, okay. Equality type, okay. So if the constraints in the general linear programming
problem are less than or equal to or greater than or equal to then by adding, in the case of less
than or equal to the Slack variables and in the case of your greater than or equal to subtracting
surplus variables from the left side you will be converting them to equality into equations
with equality sign. So there are m equations with equality here, okay. So all constraints are

expressed as equations, okay.



And now this is very important right-hand side of each constraint must be nonnegative that is
bi has to be nonnegative, okay. So bi if it is nonnegative we multiply the equation by minus 1
and bring it to the form where the right-hand side is nonnegative. And all variables must be
nonnegative. So when we have here constraint of less than or equal to type, we are adding
Slack variables s;,S, and so on which are greater than or equal to 0 and when we have
greater than or equal to type here in the constraint then we are subtracting surplus variable

s,,S, and so on which are again nonnegative, okay.

So first thing is that objective function must be of maximization type. All constraints must be
equations. Third thing is right-hand side must be nonnegative of each constraint and forth is

all variables must be nonnegative.
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1. Example

Convert the following L.P.P. to the standard form:

Max. Z = 3x +5x+7x,
subjectto  6x;—4x, < 5,
3xp + 2% +55 > 11,
4x +3x < 2
and  xy,x > 07

P
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Now for example let us convert the following LPP to the standard form. We have here the
objective function Z=3x,+5x,+7 X; and we want to maximize this and the constraints are

6x,—4x,<5,3x,+2x,+5x,>11,4x,+3x,<2,x,,x,20.

Now we are given these restrictions on X, , X, okay. X;,X, are given to be nonnegative but the
third variable is unrestricted, there is no restriction on the third variable x;. So we will

convert it into this LPP into the standard form.
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As X3 is unrestricted, let xy = X, - X, where x;, x; > 0. Now the given constraints
can be expressed as

Bx; —dx, < 5»/
g+ 2% + 5% -5 > 11,
dx +3x -3k < 2
and  xi(xx% > 0.
{’." b, $/,’ 5
R R A e

Yo+ -v~f 4 pey = 2

1
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What we will do? Since X; is unrestricted, let us put x,=x,—x,. We can always write x3 in

the form x,=x,—x, where x,,x,>0. Now the given constraint can be expressed as, so with

X, =X, — X, , What we will have?

The new constraints will be of the type 6 x; this is an affected because there is no X; here, So

6 x,—4 x,<5 that is the first inequality constraint. Second constraint is 3 x,+2x,+5x,>11, so

Xy =X;— X, , and we get 3 x,+2x,+5(x,—x, )>11.

And the third constraint is 4x,+3(x,—x,)<2. So here we get 4x,+3x,—3 x, <2 and here all

the variables x,,X,, X, X;, X,>0. So now we can see this problem LPP the original problem,

General Linear Programming Problem we have brought into the form where we have

objective function is to be maximized.

Second thing all the constraints we have to express them into equations, okay. So these have

to be expressed into equations. It is not still into the standard form, we just have observe that

X, is unrestricted, so X, can be written as x, or as x,, we have written the constraints in the

form of variables x, , x,, x5, x;, x, where they are all nonnegative.

Now, let us convert them into equations. So since this is less than or equal to 5 we will have
to add a Slack variable there. So 6 x,+4 x,+s,=5, okay where s, is a Slack variable. Now
here we have greater than or equal to, so we will subtract a surplus variable, so

3x,+2x,+5x,=5, okay. Now here again it is less than or equal to type, so 4x,+3x, there



—3x, and we add a Slack variable s,=2 okay. So by the help of 2 Slack variables s,,s, and a
surplus variable S, we are able to convert the given constraints into equations, so we have

this.
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Introducing the slack/surplus/ variables, the problem in standard form becomes:

Max. Z = 3 +5%+76-T%"
subjectto  6x; -4x,+§ = 5!
11,
5/
0.

3% +2% + 5% - 5% - &

4% + 3% - 3% + 5

]

and X1.X2.X:'.,.X;;.S1.Sz‘ $3

v
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Now we introducing Slack surplus variables, the problem in standard form becomes
maximization of Z equal to, no Z=3x,+5x,+7x;, Means 7x,=7x,—7x, because

X;=x,—x, and subject to the equations 6x,—4x,+s,=5, this is this equation. Then

3 x1+2x2+5(x'3—x;)+52= 11. So this is this equation, okay.

And then the third equation 4x,+3(x,—X,)+s,=2, that is the third equation, okay and we

have x,,x,,5s,,5,,S5,X;, X;>0, so they can see all the characteristics of the standard form of

the LPP are there. Our objective function is of maximization type, this objective function is

of maximization type, okay.

All constraints are expressed as equations. All constraints are expressed as equations, okay.
Right-hand side of each constraint must be nonnegative. Now this is 5, this is 11 and this is 2,
so right-hand side of each constraint is nonnegative. All variables are nonnegative, so all
variables xl,xz,sl,sz,s?,,x;, X;Z 0. So the LPP, okay this LPP it has been brought into the

standard form, so this is a standard form of the LPP.
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Express the following problem in the standard form:

- v/ ]
Min.  Z = 3 +4x" mn = L]j 1
' (M
subjectto  2xi-x -3 = -4, LY, e

3 +50+x7 = 10, 1+ 1~ S P
/ b i
X —dx = 12 L =Y+ =l

and X, x3.X% > 0

Solution: Here x3, x; are the slack/surplus variables and xi, X, are the decision
variables. As xp is unrestricted, let x, = x, — x, where x,,x, > 0.

- y ¥ / g4, =
May. flf( 2)e =Y 4l | -2+ e A S
1 “ "
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Now let’s consider another example where we have to minimize the objective function

Z=3Xx,+4 x, and we are given the constraints which are given in the form of equations

2x,—Xx,—3x,=—4,3x,+5x,+x,=10,x,—4x,=12 and Xx,,x,,x,>0. Now you can see there

is no restriction on the variable x,, okay so X, is unrestricted variable, okay.

So here x; again moreover that we have in the objective function X;, X,, X5, X, are not there in
the objective function, so X3, X, are Slack oblique surplus variables, okay. These variables

X, ,X, which determine the minimum value of Z are the decision variables, okay. Now x, is

unrestricted, so we can write x,=x,—x, where x,,x, >0 okay.

Now, with x,=x,—x, what we will have? This problem will become minimum of Z

(3X,+X,,X,—X, » S0 4x,—4x, , okay. And these equations will become
2X,—X,+X,—3 x3=—3x1+5x'2—5x'2'+x4:10, okay. And then x,—4x,—4x,=12, okay.

Now right-hand side of all the constraints must be nonnegative, okay but we notice here that
first constraint in the right-hand side of the first constraint we have negative constraint minus

4 is there. So we multiply this first constraint by minus 1 and bring it to the form

2x,—X,+X,—3x,=4 okay.

So this first equation is termed defined in such a way that right-hand side becomes plus 4,
okay. The second equation and third equation are okay because right-hand side has is already

nonnegative. The minimization of Z is given as the LPP, so we convert it to maximization



problem, so maximization of Z=-Z=3x,+4x,—4x,, okay. This is how we convert this

minimumZ=maximum Z . SO now we have maximization of minus

3x,+4x,—4x, subjectto the constraints are —2x,+4x,—4x,=4 that is one constraint and

the other 2 are 3 x,+5x,—5x, +x,=10 and x,—4 x,— 4 x, =12.

And we have x,,x,,x,,x,,x,>0, okay.

(Refer Slide Time: 26:22)
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. The problem in standard form is

Max. Z(=-2) = -3x -dx+4x
subjectto -2 +%-X +3% = 4.
r o v i
Ixi +5% - 5x% +x = 10,
n-dg-dg = 12/
and  Xy,%,X, X5, % > 0

p
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So the problem has now been converted to the standard form maximization of

7' =—Z=-3x,—4x,—x,. The first constraint is —2x, +x,—x, +3x,=4, this one. And then

the second one is 3 x,+5x,—5x, +x,=10, so this is the second one.

And then x,—4x,—4x,=12 that is third, okay. And all these variables are nonnegative. So
the given problem has been brought into the standard form and now we will proceed and

solve it by using simplex method which we will discuss in the next lecture.

So we have brought a General Linear Programming Problem into the standard form and we
have seen how we can do that. Now in the next lecture we shall discuss how to solve a
General Linear Programming Problem. We will bring it to the standard form and then use
simplex method to solve that problem. With that I would like to end this lecture, thank you

very much for your attention.



