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Undirected Graph

An undirected graph G consists of a set V of vertices and a set E of edges such
that each edge ¢ € E is associated with an unordered pair of vertices. The figure
shown below is an example of an undirected graph. An edge joining the vertex
pair i and | is referred to as either (/) or (f, ).

(a) Undirected graph
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Hello friends, welcome to my lecture on Undirected and Directed Graphs. Let, us first define

an undirected graph. An undirected graph G consists of a set V of vertices and a set E of
edges such that each edge e € E is associated with an unordered pair of vertices. Say for
example here, you can see the vertex ‘a’, the vertex ‘a’ is associated with the vertex ‘b’ and
the vertex ‘c’ (so) and it is an unordered pair of vertices, so we can write (a, b) the edge, this
edge can be written as (a, b) or (b, a) because there is no direction associated with it and this

edge which is, by which a is associated to ¢ can be written as (a, ¢) or (c, a).

So, the figure shown below is an example of an undirected graph, an edge joining the vertex

pair i and j is referred to as either (i, j) or (j, 1).
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Directed Graph
A directed graph or digraph, G consists of :
Q aset V=V(G) whose elements are called vertices, points or nodes.

Q acollection E=E(G) of ordered pairs of vertices called arcs or directed edges
or, simply, edges.

The digraph is said to finite if the set V of vertices and the set E of arcs are finite.

- (% wrri owne

Now, on the other hand a directed graph or we also call it a diagraph, (consists) G consists of,

a set V=V (G) whose elements are called vertices, points or nodes. A collection E = E (G) of
ordered pairs of vertices called arcs or directed edges. So, here you can see the edges are
directed, there is a direction associated with it, so it is called a directed graph or simply edges.
So, in the case of a directed graph we have a set V whose elements are called vertices, and a

collection E of ordered pairs of vertices called arcs or directed edges.

Say for example in this figure, you can see there are four vertices,Vv,,V,,V;,V,. So V = {
Vi, V,,V,,V,} and E is equal to, okay so, now, you can see there is a direction associated with
each edge v,,V, is joined by the edge e; and e; is in the direction from v, (v, . So, we have
e,, let us say begin with e, . e, joins v, to v,, so e, = (v, , v,), e,=(v,,Vv,),e; =(v,,Vv,), (
v, v,),and e, 18 (v, , v3), e 1S (v, , V3), s 1S (v, , V3), e, 1s (v, , V,), it is a loop at v, . So there

are seven edges e, ,e,, €;,€,,€;5, €.e, , which are ordered pairs of vertices.
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Suppose e = (u, v) is a directed edge in a digraph G. Then the following
terminology is used:

@ ebegins at u and ends at v.

Q uis the origin or initial point of e, and v is the destination or terminal point of e.
Q vis asuccessor of u.

Q uis adjacent to v, and v is adjacent from u. T ot

If u=v, then e is called a loop. e (U\)
The set of successors of a vertex u is denoted and formally defined by BT

suce(u) = {v e V : there exists (u.v) € E}.

It is called the successor list or adjacency list of u.
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Now, let us say e = (u, v) is a directed edge in a diagraph, then we use the following

terminology, e begins at u and ends at v, u is the origin or initial point of e, and v is the
destination or terminal point of e. Say for example, this is u and this is v, so this is your edge
e and the direction is u, v so € = (u, v). So u is the origin or this is initial point of e and this is
terminal point of e, so this is terminal point of e, terminal or destination point of e, v is a
successor of u, this v is a successor of u, or we also say u is adjacent to v, or v is adjacent

from u.

If u = v, then e is called a loop. Now, the set of successors of a vertex u is denoted by this
succ (u) = {veV: there exists (u,v) € E}. So this set consists of all those v belonging to V
such that there is an edge from u to v and v is a successor of then u, v is a successor of u, so
this is successor list of u or adjacency list of u, this set is called as successor list or adjacency

list of u.
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Describe the diagram of digraph G = G(V, E) in the figure given below:
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Now, describe the diagram of diagraph G, G = G (V, E) in the figure below. So, let us see

what are the vertices here. First we describe the vertices, so V is the set of vertices here,
vertices are A, B, C, D and then set of edges, edges are e, ,e,, e;,e,,e;, ez.e,,e5.S0 €, ,e,,
e;,€,,6x, es.e,,e5. Now, whatise, ? e, is (A, D), e, is (B, A), e; = (B, A), e, is (D, B), e:is
(B, C,) egis (D, C), e, is (B, B) itis a loop and eg = (C, D). We had earlier defined parallel

edges, parallel edges were those edges which were, which had the same join the same points.

Here A and B these two join the same points, B and A, but here in the case of directed graph
those edges are called parallel which join the same points and their directions are also same.
Say for example here, e,,and e; they join B and A and moreover their directions are also
same. So you can see €,, is (B, A) right? And e; is also (B, A), so e,,and e; since they join B

and A and their directions are same so they are parallel edges, so e,,and e; are parallel edges.

Now, in the case of eg,and eg, €4 is (D, C), e4 is (C, D) although they join same points C and
D, but their directions are opposite, &g, is (D, C) from D to C, egis from C to D, so e5,and e,

are not parallel edges. As we said earlier this e, , e, is B, B so it defines a loop at B, it gives a

loop at B.



(Refer Slide Time: 9:10)
|

Let G=G(V.E) be a directed graph, and let V' be a subset of set V of vertices of G.
Suppose E' is a subset of E such that the end points of the edges in E' belongs to
V'. Then H(V', E') is a directed graph and it is called a subgraph of G. If £’
contains all the edges in E whose endpoints belong to V', then H(V', E') is called
the subgraph of G generated by V'.
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Now, let G=G (V, E) be a directed graph, and Vv’ be a subset of V, V is the set of vertices of

G. Then E’ is a subset of E such that the, suppose E’ is a subset of E such that end points of
the edges in E’ belongs to v, the end points of the edges in E* belongs to (E) belongs to V.
Then H(V’,E’,) is a directed graph and it is called a subgraph of G. If E’ contains all the
edges in E whose endpoints belong to V', then we say that H(V’ E’)) is a subgraph of G
generated by V.
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Let G=G(V,E) be a directed graph, and let V' be a subset of set V of vertices of G.
Suppose E"is a subset of E such that the end points of the edges in E' belongs to
V', Then H(V', E') is a directed graph and it is called a subgraph of G, If E'
contains all the edges in E whose endpoints belong to V', then H(V', E') is called
the subgraph of G generated by V'.
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Example: Consider the graph G=G(V,E) in the figure given below and let

V' = (B,C,D}, E' = {es, 65,6, 6} = {(D,B).(8,C).(D,C).(B.B)}, then

H(V'.E") is the subgraph of G generated by the vertex set V'. )
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Now, let us say this example. Let us look at this, consider the graph G = G (V, E) in the
figure given below, let V' = { B, C, D}. So B, C, D. See, what is V here? V ={ A, B, C, D},
and what is E here? E = { e,,e,, e;,e,,e;, €5.6,,€; } just now we had studied this example.

Now v’, whatis V'? V' is {B, C, D}. We are given V' = {B, C, D}. Soclearly v’ € V.

Now, E’, E’ is consists of e,, e, €., and it is a subset of E, E consists of e;,e,, e;,¢e,,ées,
eq.e, and ez So,e, is (D, B); (B, C) is e, (D, C) is e, and (B, B) is e, . Now, we have to
show that H(V, E’) is the subgraph of G generated by the vertex set V. Now, let us look at,

go to the definition of subgraph of G generated by the vertex V.

Here, we say that H(V’, E’) is a directed graph and it is called a subgraph of G, that we have
seen V' €V, E CE,so H(V’,E) is a directed graph and it is a subgraph of G.

So, H(V’,E’) is a subgraph of G because E' € E, V' € V. Now, we have to show that it is
subgraph of G generated by the vertex V.

So, let us see how we define that, H(V’ E’) is called the subgraph of G generated by Vv, if E’

E dash contains all the edges in E whose endpoints belong to V.
So, let us see what is V" here? Vv is {B, C, D}, okay B, C, D are the endpoints B, C, D.

So, we say that E’ contains all the edges in E whose endpoints belong to V. So E’ contains
all the edges in E,E’ contains, now E’ contains what edges?E’ contains D, B, B, C, and then

D, C, and then B, B. So endpoints of these vertices are you see endpoints are here for this



edge endpoints are D and B, for this endpoints are B, C, for this endpoints are D and C, and
for this endpoints are B, so endpoints are B, C, D the endpoints here, endpoints of the edges
of E’, endpoints of the edges of E' are B, C, D and they clearly belong to which are, which
belong to V. So, H(V', E’) is the subgraph of G generated by the vertex set V.
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Consider the diagraph G(V, E) where
V= {v. v, 1, v, V5, Vg
E_. {(v,.va).'{bfg.w).(l«'g.-.ﬁ}.(vz.v.,).(Ef_g._l.fnz}_[igJ.t{,;].(v}vg)_
(o, ¥6). (5, ), (s W) (o V)t g,

Draw the diagrams of the subgraphs of G generated by VeV
@V' = {v,va, s, v}, BV = {vo, vs, v, vs} ’
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Now, let us consider this graph G (V, E), where V is the set of vertices v,,V,, V;,V,, Vs, Vg,
and E is the set of edges (Vi,V3), (Vo,Vil, & V3&, & Vil (ViE3,v,)é (vid3,v,),6
(vii3,vs), 6 (v, ve), (vs,vs), (Ve,v,), (ve,v,), so that means at this (v,, v,, v,,, v, Vs, 1O
this v, Vs ) this (ve,v:),gives us a loop at the vertex Vs. Now, let us draw the diagrams of
the subgraphs of G generated by v,,V,, V;,V,. So V{,V,, V;,V, is clearly a subset of V,
clearly v' € V , this V dash which is subset of V, we have to draw the diagram of the

subgraphs of G generated by v,,V,, V3, V,.

So, we have to find all those edges of E whose endpoints are v;,V,, vV;,V,s0 (V;,V;), we will
take (v;,V;), then we will take (v,, V¢, then ( v4¢, then we have ( v, ¢, then we will have
(vii3,v,)¢ then we have (vii3,v,)é and then we have, yeah. So, let us take E to be equal
to this. So E’ consists of those edges whose endpoints belong to V' and therefore, the graph

of, graph G(V’, E’) will be the subgraph of G (V, E) generated by Vv, generated by V.

And its figure could be like this, you see this figure, look at this figure it satisfies all these I
mean the edges here are nothing but the edges of E’. So, you can see a (,¢), thisis (), okay (

V,,V, 6,50 this is (v,, v, ¢, then;, v4é, so we have ( v;¢, here this is ( vy¢, then we have ¢



v, 6 thisis ¢ v, ¢ then we have (vé3,v,)ésothisis (vié3,v,)i this one, and then we have

(vii3,v,)é so this is (vié3,v,)é, this one.

So this graph, okay this graph is the graph which is generated by the vertices V' v, V,, V3, V,
consisting of vy, V,, v3,v,. So H(V’, E’) this is H(V’, E’) this one and it is generated by V" is
the subgraph. Now, in the other part V' is ,V,, V3,V,,Vs . So, let us consider those ordered
pairs here in E, whose endpoints arev,, V5, V,, Vs s0 V,, V3 so we can take this one (v,, V56,
then we can take(vié3,v,)é, we can take(vii3,v,), we can also take ( V,¢ and then
(vt 3,v,)i we can consider this one (v(i3,v,)é and then (vii3,v.)é this is (vié3,ve)é

and then(v (4 5,v. )i we can consider, okay (v¢(5,v:)é and then (vié5,v,)é, we can take.

So, 1, 2, 3,4, 5, 6, 7, okay there are (6) 7 edges and a graph showing these edges and vertices

V,, V3,V,, Vs 18 this one, so v,, v;,Vv,, V..

Now, let us see the edges of this graph or these edges (V,, V54 you see (V,, V36, okay (Vs,
v,é here. So, here g for part (b), okay for part (b), g is (v,, v5¢ and then ¢, v, ¢ , then we
have (vié3,v,)é, then we have(vii3,v,)é , then we have (vié3,v.)é and then we have
(vii5,vs)e and (vii5,v,), okay so (v,, vii , okay (v,, v, is here, then ¢ v, ¢ is there,
then we have (véé3,v,)é this one, so (vié3,v,)é, is there (vié3,v,)é, is there,(vid 3,ve)é
this is (vi¢3,v)é , and then we have (vi65,v.)é this is (vii5,v;), okay and then
(vié5,v,)6, so this one. So this is the graph of H(y E’) it is the diagram of the, diagram of

H(v’, E’) this subgraph of G generated by V.
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Suppose G is a directed graph. The outdegree of a vertex v of G, written as
outdeg(v), is the number of edges beginning at v, and the indegree of v, written
indeg(v), is the number of edges ending at v.

Theorem: The sum of the outdegrees of the vertices of a digraph G equals the
sum of indegrees of vertices, which equals the number of edges in G.

Proof: Since each edge begins and ends at the vertex, the sum of the indegrees
and the sum of the outdegrees must equal n, the number of arcs in G.

A vertex v with posilive outdegree and zero indegree is called a source and a
vertex v with zero outdegree is called sink.
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Now, suppose G is a directed graph, suppose G is a directed graph, the out degree of a vertex

v, the out degree of a vertex v of G, written as out degree v is the number of edges beginning
at v, the number of edges which begin at v they give us the out degree of v, and the indegree
of v is written as indeg(Vv), so this is the number of edges that are ending at v. So out degree is

the number of edges which begin at v and end degree is the number of edges ending at v.

The sum of the outdegrees of the vertices of a diagraph G equals the sum of indegrees of
vertices. So sum of outdegrees of the vertices of a diagraph is equal to the sum of indegrees
of the vertices and it is also equal to the number of edges in G. Now, let us see how we proof
this. Since each edge begins and ends at the vertex, see, you take any vertex, a vertex begins
and ends at vertex, any edge begins at a vertex and ends at a vertex, so the sum of the
indegrees and the sum of the outdegrees must be equal to n, if there are n vertices, the

number of arcs in G.

So, now a vertex v with positive outdegree, if we have a vertex with positive outdegree, and
zero indegree, that zero indegree means there are no edges ending at v, but there are edges
beginning at v. So, if v has a positive outdegree and zero indegree it is called a source. So, if
you take a vertex such that the edge begin at this vertex, the edge begin at this vertex, there is
no edge which is ending at this vertex then it is called a source, it will be called a source and
if there is a edge there is a vertex with zero outdegree and positive indegree, zero outdegree

means you have edges ending at v, no edge is beginning at v, so this is called sink.

So, if positive outdegree is there and zero indegree is there then the vertex will be source and

if positive indegree is there and zero outdegree is there then it will be called a sink.
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Example: Consider the graph G in the given figure and discuss outdegree and
indegree of the vertices of G: i
awddeg ()
iedtay (I
pridtes(t) f §
A j‘,’ [B)= A ;
imkleg ()= [¥
wndeg(e)=1

0 --.J.f_};;.g.'-) 4

imdeg(0)= 2
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Now, consider the graph G in the given figure and discuss outdegree and indegree of the

vertices of G. Let us see, let us first find the outdegree of A, so how many vertices are
beginning at A? You see, this vertex the vertex this e; is beginning at A, there is no vertex
other than e,  which is beginning at A, so outdegree of A is 1. Indegree of A will be how
much? The edges that are ending at A, so e, is ending at A, e; is ending at A, so (outdegree)

indegree is 2.

Now, similarly outdegree of B, at B you see we have e; , e; beginning at B, e; beginning at
B, e, beginning at B, and moreover e, beginning at B because e, is going like this soe,
actually is beginning at B as well as ending at B. So, when we are counting the edges that are
beginning at B, then we will count e;,e;, e, and also e,. So, we have 4. And indegree of B
will be, indegree of B will be equal to, indegree will be equal to, now 1 because this edge is

ending at B, so eis ending at B, so we have 1 for this and then e, is also ending at B, so 2.

Then outdegree of C, outdegree of C. So, at C, you can see €, €5 is beginning at C and only
e, 1s beginning at C, so outdegree of C is 1, indegree of C, how many are ending at C? e, is

ending at C, e is ending at C, so 2.

And, then outdegree of D let us see, how much? Yeah, so outdegree of D means e, € is
beginning at D and also e, is beginning at D, so we have 2. Indegree of D, indegree of D will

be e, is ending at D, ey is ending at D, so indegree is 2. So we have considered A, B, C, D all

of them.



Now, let us find the sum of outdegrees, sum of outdegrees is, sum of outdegrees is 1, 4, 1, 2,
so 1 +4+1+2=28. And sum of indegrees of the vertices of this diagraph, thisis 2 +2 + 2 +
2 = 8, and number of edges of this diagraph, number of edges, see we have e,,e,, e;,e,,e;,
eq.e,,eg so there are 8. So sum of outdegrees of the vertices of a diagraph is equal to sum of

indegrees of the vertices of the diagraph and is equal to so number of edges of the diagraph.
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Labeled Directed Graph

I the arcs and or vertices of a directed graph are labeled with some kind of data,
then the directed graph is called a labeled directed graph.

Example: Consider the three states shown in the digraph in the figure given
below. The numbers assigned to each arc represent the percentage of a stale’s
population that emigrates the initial state to the terminal state each year. Thus 10
percent of the New York population moves to California each year while 14 percent
of the California population moves to New York.

G o ane
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Now, labelled directed graph. If the arcs and or vertices of a directed graph are labelled with

some kind of data, then the directed graph is called a labelled directed graph. So if the edges,
edges or vertices or both of them are labelled in the case of a directed graph are labelled with
some kind of data, then we will call the directed graph as a labelled directed graph. Now, let

us consider the three states shown in the diagraph in the figure given below.
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Michigan

New York ¢

(a) What percentage of population of Michigan moves to New York each year?

(b) What percentage of the population of California moves to either New York or
Michigan each year?

(c) To which state does 10 percent of the population of New York move each year?
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So, let us see this one, you see this diagraph, here the edges are labelled, edges and the

vertices are labelled, this vertex is New York, this vertex shows Michigan, this vertex shows
California, and these edges (show) are labelled with 8 %, 12 %, 4 %, 5 %, 14 %, 10 %, so it
is a labelled directed graph.
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Labeled Directed Graph

If the arcs and or vertices of a directed graph are labeled with some kind of data,
then the directed graph is called a labeled directed graph.

Example: Consider the three states shown in the digraph in the figure given
below. The numbers assigned to each arc represent the percentage of a state’s
population that emigrates the initial state to the terminal state each year. Thus 10
percent of the New York population moves to California each year while 14 percent
of the California population moves to New York,
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Now, let us see. So, what is the problem? Consider the three states shown in the diagraph in

the figure given below. The numbers assigned to each arc represent the percent of percentage
of a state’s population that emigrates the initial state to the terminal state each year. Thus, 10
% of the New York population, you see 10 % of the New York population moves to

California each year.
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Michigan

12%

New York €& 14% 4 Calforia

10%

(a) What percentage of population of Michigan moves to New York each year? ‘v:f_,}:;
(b) What percentage of the population of California moves to either New York or
Michigan each year? -5 ( s fofec

(c) To which state does 10 percent of the population of New York move each year?
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You can see here, you see this one, this edge, this edge shows that 10 % of the New York

population emigrates to California each year, and 14 % of the California population emigrates
to New York each year, so it is a labelled directed graph. Now, let us answer these questions,

what percentage of population of Michigan moves to New York each year?

So, let us say Michigan to New York, Michigan to New York, this one, so 8 %, 8 % of the
population of Michigan moves to New York each year. Then what percentage of population
of California moves to either New York or Michigan? So California population moves to
New York, California population moves to New York is 14 %, California to New York 14 %

and California to Michigan we have, California to Michigan 5 %.

So percentage of population of California which move to New York or Michigan is 19 %. So,
total is 19 %, 19 % of California population moves either to Michigan or to New York each

year.

Now, to which state does 10 % of the population of New York move each year? Let us see
from New York 10 % population moves to, yeah New York to California. So 10 %
population of New York moves to California each year, so this, the state here is California.

So, that is the end of my lecture. Thank you very much for your attention.



