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Lecture - 20
Boolean Algebra - 11

Hello friends, welcome to my second lecture on Boolean Algebra. Let us consider this

problem and see the Boolean algebra with D,ywhich consists of the divisors of 70, ok.
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Example: Consider the Boolean algebra Dy, the divisors of 70. Find 10+14, =1t
10'14 and 10" 2e[W¥3S
Example: Consider the Boolean algebra Dy in problem. Find the value of: =%~ “U’ﬂ
(a)x=35+(2+7). (b)y=(35+10) Y17 (0)z=(2 t7)#(14510). =7
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So, let us list the divisors of 70, D,, = {1, 2, 5, 7, 10, 14, 35, 70}, ok so they are the divisors
of 70. Now, let us find the value of 10+14, ok remember that let us recall that a+b, a+b the

sum of a and b be defined as Iem(a, b) in D,jand a*b be defined as gcd(a, b) and then

. 70
complement of an element a in D,, we defined as —, ok.
a

So, 10 +14, let us look at 10+14 then it is lem(10, 14), ok and lem(10, 14) let us find, so 2, 5,
7, ok so we have 5, so this means 7 x5x 2 that is 70, ok so Icm is 70, so 10+14 =70, 10x14
is ged(10, 14), ok so gcd(10, 14)=2 because the divisors of 10 are the, I mean 10 is divided
by 2 and 5 and 14 is divided by 2 and 7, so gcd(10, 14)=2, ok and then 10", 10" means Z—g
so that is equal to 7, ok. So the a value is of 10+14=70, 10*14=2, 10"=7. Type equation here.

Now, let us can you consider another example let us consider the Boolean algebra D, ok the

the elements of Dgare {1, 2,5, 7, 10, 14, 35, 70} we have to find the value of x=35%(2+7 ),



. . 70 .. -
ok s0 35%(2+7 ), so let us first find 7, 7 is equal to 80 this is equal to 10, ok hence 2+7

=2+10, ok.

Now, 2+10 means lem(2,10), ok lem(2,10) is 10, ok so we have so 35%(2+7 )= 35x10, ok.
Now, this is equal to gcd(35,10) and we know the gcd(35, 10) =5, so the value of x=5, ok.

Now, let us consider the other part (b) of this example y=35%10+ 14, so let us first
: 70 . .
calculate 14 , 14 :ﬁzbi ok and then for, 35*%10=gcd (35, 10) , 0k gcd (35, 10) is 5, ok.

So, we have the value of this as 5, ok so we have 5 plus 5. So then y=5+5, so there is a lem

(5, 5)=5, so value of y is also 5, ok y is also 5.

Now, let us take third part (c) z=(2+7|%(14%10)", ok so let us calculate , 14*10and then we
shall calculate its complement, ok. So 14*10, ok 14*10=gcd (14, 10), ok so gcd(14, 10) is,
the factors of 14 are 2 and 7, the factors of 10 are 2 and 5, so gcd(14, 10) =2, ok. So (14%10)"

,ok (14%10)'=2", 2'27—202635, ok so the value of (14%10|" is 35.
Now, 2+7 let us calculate 2+7, 2+7 = lcm(2, 7) and clearly lem(2, 7) is 14, ok so we have
z=14%35, ok 14%35 means gcd(14, 35), gcd(14, 35) = 7 because the factors of 14 are 2 and

4, factors of 35 are 5 and 7, so z=7.
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Sub algebra

Suppose C is a non-empty subset of a boolean algebra B. We say C is a sub
algebra of B if C itself is a Boolean algebra (with respect to the operations of B).
we note that C is a subalgebra of B if and only if C is closed under the three
operations of B, 1., +% and’.

Now, let us go to Sub algebra. Suppose C is a non-empty subset of a Boolean algebra B. We
say C is a sub algebra of B if c itself is a Boolean algebra with respect to the operations of B.
We note that C is a sub algebra of B if and only if C is closed under the operations of B that
is +, * and ". So, if you take any two elements A, B € C then A+B must belong to C, A(B

must belong to C and a” must belong to C.
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Example: Determine whether or not each of the following is a subalgebra of Dy

(a)x = {1,5,10.70), (B)y = [1,2.3.70).
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Let us look at this problem for example, determine whether or not each of the following is a
sub algebra of D.,. Let us recall the elements of D ythey are {1, 2, 5, 7, 10, 14, 35, 70}, ok
and we see that this set {1, 5, 10, 70}, ok is a subset of D,,, {1, 5, 10, 70} is a subset of D,

So, let us see whether it if it is a sub algebra of D,,, ok for that if you take any two elements



belonging to this set x, ok this set x then a+b must belong to x for all a, b € x, alb € x for

alla,b& xanda’, okE x forall a& x.

Now, we see the this one, ok let us take this element 5, ok you see that the observe that the

complement of 5, 5°, ok complement of 5, ok is equal to 7?0 =14 and 14 does not belong to

this set x, ok, so x is not a sub algebra, it is not a sub algebra, ok.

Now, let us take the set y, the set y if you take any two elements a,b€ y, ok then a+b, a+b
is the lem(a, b), ok if you take any two elements for example let us say 2 and 70, ok so lem of
2 and 70, ok lem (2, 70)= 70, ok you take any pair of elements here their lcm is always there

in the set y, ok.

So, if you take any two elements a,b& y thena+b also is there in y and so y is close with
respect to the operation of +, ok. And, then if you take any two elements a,b € y then aib, ok
it is gcd(a, b), ok. So take any two elements say for example I take 35 and 70, ok the 35 and
70, then ged 1s 35, ok. So and gcd belongs to this set y, if you take say for example 1 and 2,
142, ok 142 =1,gcd(1, 2)=1 and then if you take 2 and 70, ok 2(,70 gcd is 2, ok.

So, and you should take 2 and 35, ok then gecd is 1, ok because 2 and 35 both are divided by
1 each, ok and 1€y, ok. Soatb&€y,Va,bEy.

Now, let us see whether complement of each element is there in y. So, let a€ y, ok then if
. 70 . 70 . .
you take a” be defined as o oksoifltakea=1, T=70 and 70€ y,, if | take a=2 then 2"=

? which is 35, 35 is there in the set, if I take a =35, %22 and 2 belongs to this set, if | take

a =70 then ;—821 ,which also belongs to the set.

So y is closed with respect to the operations +, (, and ~ and so y is a sub algebra, y is a sub

algebra of D, ok.
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Isomorphic boolean algebras

Two boolean algebras B and B' are said to be isomorphic if there is one-to-one
correspondence  : B -+ B' which preserves the three operations, i ., such that
f(a+b)=f(a)+f(b), flaxb)="f(a)sf(b),and f(d)=1f(a)

for any elements a, b in B.

Now, let us go to Isomorphic Boolean algebras. Two Boolean algebras B and B~ are called

isomorphic if we can find a one to one correspondence f : B B~ which preserves the three

operations such that f (a+b) = f (a)+f (b), f (a { b)=f (a) ¢ f( b), f(a” ¢ =f (a)", ok.

Now here this, this + is define is a sum of is operation of sum operation in the set B while this
plus is the operation in the sum operation in the set B, here a¢ is the sum operation in B is

product operation in B and this is product operation in B".

Similarly, a”, a” is the complement of a as defined in the set B and f(a” ¢ is the complement of
f(a) as defined in the set B", ok. So, we are I mean giving the same notations here, but they
are not same, ok so if we can find a function f: B - B~ such that it is one one and one two
and f (atb) = f (a)+f (b), f (a ¢ b)=f (a) { f( b) , that is it if and f(a"(=f(al” , that is it

preserves the three operations then we say that B and B~ Boolean algebras are isomorphic.



(Refer Slide Time: 14:39)

Duality

The dual of § is the statement obtained by interchanging the operations + and *,
and interchanging the corresponding identity elements 0 and 1, in the original
statement S. e
Example: Write down the dual of each boolean equation: Ro=Axb
(a)(a«1)(0+4)=0, (b)atab=atb.
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The dual of S is the statement, let us see how we define dual of a statement. Dual of S is the
statement obtained by interchanging the operations +, (, ok and interchanging the
corresponding identity elements, ok 0 and 1, ok. So, in the original statement S, ok. If we
have to write down the dual of this equation a ¢, 1 then what we will do? a {, 1 let us say part

a, ok.

So, a ¢ 1 ¢ will be replaced by +, so + identity element will be the unit element 1 will be
replaced by the zero element 0, and then there is a ( here in between the two, ok so we
replace that by +, ok and then we have 0+a”, 0 will be replace by 1,+ will be replaced by ¢, ok
and a” will be a”, ok equal to 1 that is part (a), the part (b) will be a ¢, + will be replace by ¢,
ok a’x(bthisisa” ( b, ok a” b is nothing but a” (b, so we shall replace that by a” + b, ok equal

to alb, ok so they are the dual of the equations given in a and b.
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Example: Write down the dual of each boolean equation:
(a)a(a +b)=ab, (b)(a+1)(@a+0)=a (c)a+b)b+c)=ac+Db.
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Write down the dual of each Boolean equation here, so this (a) part is a ( ,a"+b) equal to aib,

ab is aib, so this dual is at+(a"*( b) =a+b, ok.

In part (b) we have (a+1) ¢ (a+0) = a, so dual will be (a ¢ 0) unit element 1 will be replace by
0 element (a ¢ 0) plus for this ( we write + and then (a ¢ 1), 0 will be replace by 1 equal to a,
(a¢ 0)+(ad 1)=1, ok.

And (c) part, we have (atb (* (b +¢) =ai ct+b, ok so we have dual as a { b, ok + b (¢, ok and
then here we have a (¢ will be replace by a+c and + will be replaced by ¢,b, ok so that is the

dual in this case.
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Theorem: (Principle of duality): The dual of any theorem in a Boolean algebra B
is also a theorem.

Proof: The dual of the set of axioms of B is the same as the original set of axioms.
Accordingly, if any statement is a consequence of the axioms of a Boolean
algebra, then the dualis also a consequence of those axioms since the dual
statement can be proven by using the dual of each step of the proof of the original

statement. Y
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Now, let us go to principle of duality. The dual of any theorem in a Boolean algebra is also a
theorem, why? Because the dual of the set of axioms of B is the same as the set original set of
axioms. See what are the axioms of B? First is the commutative laws, so if you have any two
elements a, b € B then we have a+b= b+a and we have a ( b =D (a, ok you can see 1 is the

dual of the other, ok.

Then, second one is associative laws, associative laws. So, we have a+(b +c) = (a+ b) + ¢ we
have district we have commutative laws, we have commutative laws, we have distributive
laws, we have ok, we have commutative laws, distributive laws not associative laws, so we
will write a commutative laws then distributive laws, so we have a +(b ( ¢) =(a+ b ){ éa +c),

ok and then we have a ((b +¢) = (a { b)+ (a { c), so they are commutative laws.

So, you can see one is the dual of the other, ok + is replace by ¢ here and ¢ is replace by +
here, ok here + is replace by ¢, ¢ is replace by + and + is replace by ¢ so they are dual of each

other.

And then third one is identity laws, identity laws a +1, ok if you take a +1, a+1=a, ok at+1=a
and then its dual is a { 0 =0, ok a+1=1, a {0 = 0 you can see a +1 =1 with dual of thisisa ¢ 1

is replace by 0, 1 is replace by 0, ok.

Then, the fourth one is complement laws, ok for each element a € B there is a” € B such that
ata’, ok ata’=1 and aca” = 0, ok. So you can see, if you look at the axioms here, ok then the
dual of the axioms if you say the dual of this, ok dual of this is this and dual of this is this, so
dual of these axioms is the same as the original set of axioms, if you look at this dual of this

is this one and dual of this is this one.

So, you do not get any new equations they are they come in after you taking after you take
the dual you have arrived at the same set of axioms, so the dual of the set of axioms of B is
the same as the original set of axioms. Accordingly if any statement is a consequence of the
axioms of the Boolean algebra then the dual is also a consequence of those axioms, ok since
the dual statement can be proven by using the dual of each step of the proof of the original

statement.

So, let us consider aja =a, let us consider this statement, ok we shall so first show that a( a
=a,oksoa=a( l,oka=a¢( I and thisis equal toa (, 1l =at+a’, a+ a” and if I make use of
these axioms then a (, a we getand we geta( a’,okala=aiaandata’,ala’,ala =0so

we get 0, ok and a ¢, (a+0) =a ( a, so we get a =a (, a, so we have proved that aja = a.



Now, let us consider its dual statement. The dual statement is obtained by writing by
replacing a + by the (, {(by + and then interchanging the unit and the zero elements, ok. So,
we have a=a (1, we shall show that dual statement is a =a+a, ok a +a = a that is the dual
statement, ok let us make write the proof of this we have ata=a , writing the dual of each step

here we shall arrive at the proof of this dual statement.

So, a=a +, {, is replace by +, 1 is replace by 0, a =a+0 then we have a+ we have a+a”, a’, so
we write a (a’, ok the dual of a +a” is aja”. Now, let us make use of this property a+(b ¢ c)
=(atbi*( (atc), so this is ata and we get ( at+ a’, ok at+ a” is = 1, ok so we have (a+a) (1 and

(ata) ( 1 =ata, ok so we have a=a+ a.

So, so you can see at each step here we are taking the dual of each statement corresponding
step here in the proof of a (a = a, first step was a=a(/ 1 which we wrote as a =a + 0 here, next
step was a (1= a ( (a+a” ) which we wrote as the corresponding dual statement dual of that
this step, so a +0=a +¢{ (alta” ), and then we make use of this, so yeah so here we are not

using the property we are writing dual statement.

So a (a we wrote as a+a and then + is replaced by ¢, a ( a” is replaced by a+a”, ok and then
we come to this, so aia becomes at+a, + becomes a (, 0 becomes 1, ok and then we have a (a
which becomes a+a, so we are just writing dual of each statement while proving this dual
statement, dual of each step here when we write we arrive at the proof of the dual statement,

so this means that dual of any theorem in a Boolean algebra is also a theorem, ok.

So, that can be a I mean dual of any statement can be obtained by taking the dual of each step
of the proof of the original statement. So that we have shown here by considering a the
statement a (, a= a, we proved aja=a, ok this is the proof of aia =a, then we showed that the
dual statement of the this statement a (a=a which is a +a=a can be obtained the proof of this
dual statement can be obtained by writing the dual of each step here, ok just write the dual of
each step here you will reach the when you will get the proof corresponding proof of a+a=a .

So that is all in this lecture, thank you very much for your attention.



