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Partially Ordered Set 11

Hello friends, welcome to my second lecture on Partially Ordered Sets. So let us suppose we

have two sets, S and T Ok. Let us take two elements, (s, s’) in S,(t,t’) in T.
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Definition

Fors,s € Sandt,t' ¢ T, the product set Sx T is defined by
(s.t) (s, t)ifs <y s'inSandt <, t'inT, where (s, t)and (s',f) c Sx Tis
called the product order. i

Theorem If (A, <4) and (B, 5{) are posets, then (A x B, 5/) is a poset, with par
order < defined by 3 | -
(a.b) < (a.b)ita<ydinAand b=, b in B
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Then we define the product set S X T as follows, Ok.(s t) precedes (s’ t’) if s precedes s’ in
the set S. So this is the precedes notation and suffix 1 here, Ok. That means for s, Ok. And
then t precedes t” in T so that is why we have written 2 here. So this is, this notation means it

is the partial order relation in T and this is partial order relation in S. And this is partial order

relation in S X T. We shall show that this is partial order relation in S X T.

So (s, t) and (s,” t”) belong to S X T. So if you take two sets S and T then their product set S
X T is defined as (s, t) precedes (s,” t’) if s precedes s’ in S, t precedes t” in T where (s, t) and

(s,” t’) belong to S X T. This is called as product order.Now let us show that if A is a partially
ordered set with this notation, B is a partially ordered set with this notation they are posets,
Ok. Then A X B, Ok is a poset with partially order relation defined like this. (a, b) precedes
(a’,b’) if a precedes a’ in A, b precedes b’ in B, Ok.



So let us prove that this relation is a partial order in the set A X B. So let us first show
0:02:13.2 reflexive property. Ok so we have to show that (a, a) is R related to a that is we
have to show that (a, a), yes and this, for this, Ok a is less than, precedes a in A, and a

precedes a in B. Ok we know that a is reflexive. We can...so...we have to prove this, Ok. We

have to prove this, that a is related to a, Ok in A X B, Ok. And relation is this. That means

we have to show this one.

Ok now let us notice that A is partially ordered set, B is partially ordered set. So (a, a) € A X

B then a will belong to A, (a, a) belong to A X B means (a,b) € A and (a,b) € B. And (a,b)

A and (a,b) € B means a precedes a in A and a precedes a in B, Ok. Now these two together
then imply that a a precedes a ain S X T, Ok. Now let us say antisymmetric. So assume that

(a, b) is related to (a’, b”). And (a’, b’) is related to (a,b) in S X T, Ok. Then we have to show
that (a,b) and a’ b’ are same, Ok.

So (a,b) belong, (a,b) is related to a’ b’ means what? (a,b) is related to a’ b’ means (a,b)
precedes a’ b’. And a’ b’ is related to (a,b) means a’ b’ precedes (a,b), Ok. So by definition,
Ok a precedes a’, b precedes b’, Ok. Then a precedes a’ in S, Ok. b precedes b’ in T. So this
is 1 here, this is 2 here because in T we are taking 2. So, Ok and a’ b’ precedes (a,b) means a’

precedes a in S and b’ precedes b in T, Ok

Now let us see. a precedes a’ in S and a’ precedes a in S. Together we consider a precedes a’
and a’ precedes a, Ok. And S is a partially ordered set. So this implies that a = a’. Next b
precedes b’ and b’ precedes b, Ok and T is a partially ordered set with the, this partially
ordered relation. So not T, it is A and B we are taking, Ok. So S is A and, so this is A and this
is B sorry. This is A, this is B. Wherever S T we have written, there actually A and B. So this
is in A and this is in B, Ok. Now what? So b precedes b’ in B and b’ precedes b in B implies
that b=">’, Ok. Thus (a,b) is=a’ b’. So that is the proof for the antisymmetry property.
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Now let us go to the transitive property. Ok so let us say (a,b) be related to a’ b’ and a’ b’ be
related to (a’’, b”), Ok. Then we have to show that (a,b) is related to (a’’, ¢’”) . And relation

R is this precedes in A X B, Ok. So (a,b) is related to (a’ b’) means (a,b) precedes (a’ b’),
which is nothing but a precedes a’ in A, b precedes b’ in B, Ok.

And (a’ b’) precedes (a’’, b’’), no (a’ b’) R (a’’, b’”), means that (a’ b’) precedes (a’’, b”").
But this means that a’ precedes a’” and b’ precedes b’’, Ok. Now let us consider this one and
this one. So a precedes a’ and a’ precedes a’’ implies that a precedes a’’, Ok because a is

partially ordered, this is a poset. This is a poset, Ok.

And b is partially, precedes b’ and b’ precedes b’’ implies that b precedes b’’, Ok because b,

this is a poset. Ok so a precedes a’’ in A, b precedes b’’ in B. This means that (a,b) precedes,

(a,b) precedes (a’’, b’”). And hence this, this relation is transitive in A X B. Ok so A X Bis a

poset when A and B are posets.
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The partial order < defined on the cartesian product A x Biis also called the
product partial order and the poset (A x B, <) is called product poset of posets
(A, =1) and (8, =,).

The same concept can be extended for any finite no. of posets. If

(A1, =1), (A2, =2), ..., (An, <p) are n posets, then (Ay x Apx, ...A, <) is a posel
where < is defined on Ay x Ay x ... x A, as (ay, @, ..., an) =< (by, by, ...by) if an
only if a; <y by in Ay, @ <2 bpin Ay,.... @y < byin A,.
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Now let us see, we go to the partial order relation precedes defined on the Cartesian product
A X B is also called the product partial order. And the poset A X B with this partial order is
called as product poset of posets. A precedes 1 and B precedes 2. The same concept can be
extended for any finite number of posets. IfA; is partial ordered set with this notation, A,is
partial ordered with this, precedes 2 and then A n with this n posets then A;XA,XA,with this
notation for precedes is a poset where this notation is defined on A;XA;X Anasala2an
precedes b 1 b2 bnifand only ifa 1 precedesb 1 in A;, a2 precedes b 2 in A,, a n precedes

bnin A, . So we can easily extend that.

(Refer Slide Time: 12:28)



Example Suppose N x N is given the product order where N has natural order
Insert the correct symbol, <, =7 or || (not comparable), between each of the
following pairs of elements of N x N:

(a) (5.7)41.(7.1) (b) (5.5).1.(4,8) (c) (7.9).x.(4,1)

(d) (4,6).1..(4.2) (e) (1,3).£.(1,7) (f) (7,9).1L.(8,2).
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Now suppose N X N is given the product order, Ok, N X N is given the product order where
N has the natural order, Ok less than or =. We have to insert the correct symbol. This symbol,

this symbol or this symbol, Ok between each of the following pairs of elements of N X N,
Ok. So we have to see whether we have to put this symbol or this symbol or this symbol or
this symbol, whether they ... where N has the natural order, Ok. So N with less than or =, Ok

is a well-ordered set.

Ok it is, you take any two elements, one is always less than or = the other, so it is always
well-ordered, or totally ordered with this.Now we have to insert the correct symbol. So (5, 7),
(7, 1). You can see (5, 7),( 7, 1), so we see that 5 is less than or = 7, Ok but 7 is not less than
or = 1, Ok. 7 is not less than or = 1. And therefore we can say that they are not comparable.
Ok, they are not comparable. Now let us look at (5, 4); (4, 8). So 5 is greater than or = 4, Ok

and 5 here is less than or = 8. So again they are not comparable.

Now (7, 9) if you consider, 7 is greater than 4, 9 is greater than 2. So we can, thus we can put
this strictly, it strictly succeeds (4 1), Ok (7 9) strictly succeeds (4 1). So we have to put this
notation for strictly succeeds. And then (4, 6), (4, 2), Ok? 4 less than or = 4, 6 less than or =
2, so that is not true. So we can say, not comparable, Ok. And then (1 3), 1 is less than or = 3

less than or = 7. So we put, because 3 is less than 7. So we can put this one, this one here Ok.

And then (7, 9). 7 is less than 8, 7 is less than 8. 9 is not less than 2. So this is not
comparable. Ok so we can see a part, b part, d and f they are not comparable while ¢ and e are

comparable. In ¢ we have to put this strictly succeeding and here we, strictly preceeding;



because although 1 is = 1, 3 is strictly less than 7. And here 7 is strictly less than, 7 is strictly
greater than 4, 9 is strictly greater than 1, Ok.
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Lexicographic Order

Given two posets (A;, <) and (A, <) we construct an induced or lexicograph
partial order <, on Ay x Ay by defining (X1, y1) <1 (X2, yo) iff

0 Xy <1 Xo OF

oX) =X and y; <z . :

This definition is extended recursively to Cartesian products of partially orderec
sets Ay x Ay X ...... X Ap.
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So now let us go to lexicographic order. Given two posets a 1 and a 2 be constructed, induced
or lexicographic partial order preceding L, L represents lexicographic on A;XA; by defining
(x4, ¥1) precedes in the lexicographic order (X,, ¥,) if and only if X, is strictly precedes, X, is
strictly precedes X,, either this should hold or if x,is = X,, then y, precedes y, , that should

hold, Ok. So this definition is defined recursively to Cartesian products of partial ordered sets

A XA, X...A,. Let us see how we do this. So we can take an example on this.

(Refer Slide Time: 16:30)

Example: Let Ay = A, = ZT and <;=<,= | (divides). Then
o(2,4) < (2,8)

(2,4) is not related under < to (2,6)

o(2,4) <, (4,5)
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Suppose we have two sets A;,A, OkZ", means set of positive integers Ok and the A, is
poset with this divisibility, A, is also a poset with the divisibility, then (2 4) is lexicographic

to (2 8). How (2 4) is lexicographic order to (2 8), we can see. See this is (X; Y;).

(Refer Slide Time: 17:02)

Lexicographic Order

Given two posets (A;, <1) and (A, <) we construct an induced or lexicograph
partial ordem=<; on Ay x Ay by defining (1, y1) <1 (X, y2) iff

Xy <y XpOF

ox; = Xpand yy =<z .

This definition is extended recursively to Cartesian products of partially orderec
sets Ay x Ao X ... x Ap.
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This is, if we go by this notation, so this is (x; ¥;), Ok and this is (X,, ¥,) .

(Refer Slide Time: 17:05)
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Example: Let Aj = Ay = Z" and <;==,= | (divides). Then

0(2,4) <, (2,8)
¢(2,4) is not related under <, to (2,6)
0(2,4) <, (4,5)
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Then we have x; = x,, Ok equal to 2. x; = X,, = 2. And 4, 4 divides 8. Ok this 4 divides 8. So
4, so we have this condition holds true here. You see here. X; equals to X,, and y,is strictly, y,

precedes y 2; precedes here is divisibility. So y, divides y,. That means 4 divides 8. So we



have 2 4 is lexicographic to, I mean 2 8. And then 2 4 is not related to, lexicographic to 2 6
because 2 is = 2, that is X,= x,, = 2 holds but 4 does not divide 6. Ok 4 does not divide 6. And
here in (2 4), what we see? 2 is, 2 divides 4, Ok. We see that 2 divides 4, Ok. So that means
that 2 4 is related to 4 in the lexicographic order. Now let us see, because either this should

hold or if this is = this, then this should hold. So here we notice that this x 1 divides x 2 holds.

(Refer Slide Time: 18:31)

Lexicographic Order

Given two posets (A;, <) and (A, <) we construct an induced or lexicograph
partial order <, on Ay x Ay by defining (x1. y1) <1 (X2, yo) iff

X @{or

ox; = xpand yy < .

This definition is extended recursively to Cartesian products of partially orderec
sets Ay x Ap X ...... X Ap.
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This notation we have defined here as the divisibility. You can see. So here 2 divides 4 and

therefore we say that this lexicographic partial order holds between (2 4) and (4 5), Ok.

(Refer Slide Time: 18:55)

Example: Let A, = Z" and <;= |, tor/f =1,2,3,4. Then
+(2.3.4,5) is not related under <, (2.3,8,2)
*(2,3,4,5) is not related under <, to(3,6,8,10)
*(2,3,4,5) is not related under <, to(2,3,5,10).
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Now let us take this one, A=Z"", set of positive integers Ok and all these A"} are posets with
this divisibility order, Ok, divisibility, they are posets with divisibility. This is valid fori =1,
2, 3, 4 all of them. Then let us look at this, whether this is related to this under this
lexicographic order. So you see 2 is = 2, Ok. 2 is = 2. Then 3 divides 3. 4 divides 8 but 5 does
not divide 2, Ok.

And therefore this is not related under this order. Because we notice that when x 1 is = x 2
then y 1 should divide y 2, y 3,  mean this is suppose x 1,y 1 z 1, let me call itas x 1, x 2, x
3, x4 Ok. And this one we callas y 1,y 2,y 3, y 4, Ok. So we notice that x 1is =y 1, Ok.
x_1is =y 1 then x 2 should divide y 2, x 3 should divide y 3, x 4 should divide y 4 which is
not true because 5 does not, 5 does not divide 2. Now here 2, 3, 4, 5 let us take and 3, 6, 8,
10. Then 2 is, 2 does not divide 3, Ok, 2 does not divide 3 and 2 is also not = 3. So this is not
related under this relation. Now {2, 3, 4, 5};{ 2 3, 5, 10} Ok. So here 2 is = 2. Ok. Now 3
divides 3. 4 does not divide 5, Ok; 4 does not divide 5. So this is not related under this
relation to this, 2, 3, 5, 10

(Refer Slide Time: 20:55)

Immediate predecessor and Inmediate successor

Definition: (54)

Let S be a partially ordered set. We say a is immediate predecessor of bin S, ¢
is an immediate successor of ain S, written

a<<b

if a < b but no element of S lies between a and b, i.e, there exists no element ¢
Ssuchthata<c<b.
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Immediate predecessor and immediate successor, let S be a partial ordered set. Ok S be
partially ordered set. Say I can take the partial ordering to be this. Let S be a partially ordered
set, Ok. On S this is the partial order, Ok, precedes. We say that a is immediate predecessor
of b in S or b is an immediate successor of a in S written like this, Ok. a is immediate
predecessor of b. If we want to write that then we put this symbol, Ok. So a is immediate

predecessor of b or b is immediate successor of a, Ok if a is less than b but no element of S



lies between a and b. That is there exists no element ¢ in S such that a is less than c less than

b and c is related to a and b by this partial order. Ok that we have to see.

(Refer Slide Time: 22:05)
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Example: Let S ={2,3,4,5,12,16,24, 36,48} be ordered by divisibility. Find
(a) the predecessors and immediate predecessors of 12, and
(b) the successors and immediate successors of 12.
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Now let us see this example, S = {234 5; 12 16 24 36 48}. Let us say it is this set is partial,
poset with respect to the divisibility. Then we have to find predecessors and immediate
predecessors of 12, Ok. Now so predecessors of, when we want to find predecessors of 12,
we should find the elements which divide 12, Ok and which are less than 12. So 2, 4 divide

12, Ok, are predecessors of; 2 and 4 are predecessors of 12.

Now 2 is not immediate predecessor of 12 because 2 divides 4, 4 divides 12. So there is 4 in
between 2 and 12, Ok. Because of the occurrence of 4, and 4 is an element of S, so because of
this 4 which occurs between 2 and 12, Ok, this 2 is not immediate predecessor of 12. Now let
us see whether 4 is immediate predecessor of 12 or not. 4 is of course, 4 is an immediate
predecessor of 12 because there is no element in between 4 and 12, Ok which is, say you can

say that, that element is ¢ such that, that divides 12, Ok.

So since there does not occur, since there is no element ¢ between 4 and 12 such that 4
divides ¢ and c¢ divides 12, Ok. ¢ belonging to S, Ok and therefore 4 is an immediate
predecessor of 12. Now let us look at the successors and immediate successors of 12. So 24,
36, 48 Ok because 12, 12 does not divide 16, Ok. So successors of 12 are 24, 36, 48. Ok so

successors of 12 are 24, 36, 48.



Now we have to see, we have to find immediate successor of 12, Ok. So immediate successor
of 12, immediate successors of 12 are 24 and 36 because, between 12 and 24, 16 is there Ok
and 16, 12 does not divide 16, Ok so 16 does not divide 24. So there is no element between
12 and 24, Ok. Therefore, to which, I mean which is divisible by 12 and which divides 24, so
we say that 12 is an, this 24 is an immediate successor of 12. Also 36 is an immediate
successor of 12 because what do we notice? That 12, 24 although 24 lies between 12 and 36

but 24 does not divide 36, Ok. So 36 is also an immediate successor of, successor of, your 12.

(Refer Slide Time: 26:41)

Representation and Hasse diagrams

A partial order < on a set X can be represented by means of a diagram known
Hasse diagram of (X, <). In such a diagram, we represent each element by a

small circle or by a dot and any two comparable elements are joined by lines in
such a way that if a < bthen alies below b in the diagram.

' T ROORKEE

Now we go to representation in Hasse diagrams. A partial order precedes on a set X can be
represented by means of a diagram known as Hasse diagram of X, poset X. Now in such a
diagram we represent each element by a small circle or by a dot and any two comparable
elements. Comparable elements let us see, two elements of a poset are called comparable if a
precedes b or b precedes a is true, Ok. So any two comparable elements are joined by lines in

such a way that if a precedes b then a lies below in the, below b in the diagram.



(Refer Slide Time: 27:21)

Non-comparable elements are not joined. Thus there will not be any horizontal
lines in the diagram of a poset. If Hasse diagram of a poset is given then we ca
obtain the set of ordered pairs in < from the diagram.

Note that the Hasse diagram for a total order relation can be drawn as a single
vertical chain.

P
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Ok now non-comparable elements, if there are two elements which are not comparable, that
is a does not precede b and b does not precede a then such elements are not joined. Ok so we
have to remember this. Now thus there will not be any horizontal lines in the diagram of a
poset. If Hasse diagram of a poset is given then we can obtain the set of ordered pairs in this
notation from the diagram. We can write the ordered, set of ordered pairs from the Hasse
diagram. Now Hasse diagram for a total order relation, Ok if you have relation on the set X is
a total order relation, total order relation means if you take any two elements of the set X then
they are comparable. Either x is, precedes y or y precedes x so then in the Hasse diagram

what we will get is a single vertical chain.



(Refer Slide Time: 28:21)

Example: Let X = {2,3,6,12,24,36} and the relation < be such that x < y if ;
divides y (written as x|y). Draw the Hasse digram of (X, <).

Example: Let X = {1,2,3}. Then power set of

X; P(x) = {o,{1},{2},{3},{1,2},{1,3},{2,3},{1,2,3}}. Let C be the inclusic
relation on P(X). Draw Hasse diagram of (P(X), C).

Example: Let X be the set of factors of 12 and let < be the relation divides, i.e,
x <y if and only if x|y. Draw the Hasse diagram of (X, <).

(3 weteL onue
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Now let us see how we consider, how we draw the Hasse diagram and some examples. Let X
={2,3,6, 12,24, 36} and the relation in X is such that x is, x precedes y if x divides y. So in
the set X then partial order is the divisibility, Ok. So x precedes y if and only if x divides y.
That is the definition. Now let us draw the Hasse diagram of X. Ok so let us see, we have the

Hasse diagram of X here.

(Refer Slide Time: 28:58)
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You can see. We have the elements as 2, 3, 6, 12, 24, 36.2, 3, 6, 12, 24, 36 Ok so this is my
set X and we are taking the relation to be divisibility, Ok. Now we can see. X, if the element,

let us say, take 2. 2, 2 does not divide 3, Ok. 2 does not divide 3 and 3 does not divide 2. So



between 2 and 3, Ok, as we have seen earlier we have seen that non-comparable elements are

not joined, Ok.

So the elements 2 and 3 are not joined, Ok. Now 2 divides 6, so we join 2 to 6 by this
horizontal line, Ok. We join them, 2 to 6 and then 3. 3 divides 6 so we join 3 to 6. And then 6
divides 12, Ok. So we draw this horizontal line. Now one more thing you would remember,
we have said that two comparable elements... Ok let us see this one, two comparable
elements are joined by lines in such a way that if a, now this notation we are taking as
divides, if a divides b then a lies below b in the diagram, Ok. So let us keep that into mind,

Ok.

So this 3 divides 6 means 3 should lie below 6, Ok. So see 6 is up here. Then 6 divides 12,
Ok. So 6 lies below 12 and then 12 divides 24 and 12 divides 36. So this is Hasse diagram of
the set, poset X. Now let us take example 2. X ={ 1, 2, 3}. Then power set of X is consisting
of sets ¢, singleton set {1}, {2}, {3], {1 2}, {1 3}, {2 3}, {1 2 3}. And the relation is

inclusion relation, Ok on the set P X. Let us draw the Hasse diagram for this, Ok

So we begin with phi, Ok. Now phi is contained in singleton set 1, Ok. Phi is contained in
singleton set 1, phi is contained in singleton set 2, phi is contained in singleton set 3, Ok. So
we join them by lines. And then 1 is contained in 1, 2, Ok. 1 is contained in 1, 2 so we join it
by this line. And 1 is contained in 1 3. So we join by this line, this one Ok. And then 3 is

contained in 1 3 so we join it by this line, Ok.

Now 2 is contained in {2, 3}. So we join by this line. And 2 is contained in {1 2}, so we join
by this line. Now 2, 2 is a subset of {1 2} so 2 lies below {1 2}, Ok. 1 is a subset of {1 3}, so
1 lies below {1 3}. 3 is a subset of {1 3} so 3 lies below {1 3}. And then {1 2}, {1 3} and [2
3}, each one of them is a subset of [1 2 3}. So they join, we join them by these lines. And
then this is what is the Hasse diagram for the example 2. Ok now let us go to the third one.
Let X be the set of factors of 12 and this be the relation divides. That is x divides, x precedes
y if and only if x divides y. So we take the division relation. Let us draw the Hasse diagram

of this, Ok



(Refer Slide Time: 32:37)
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So we have 12. The factors of 12 are 1, 2, 3,4, 6, 12, Ok. 1, 2, 3, 4, 6, 12. Now we begin with
1, Ok. So 1 divides 2, Ok. So we join 1 to 2. 1 divides 3 so we join 1 to 3. Then 2 divides 4 so
we join 2 to 4, Ok and 3 divides 6. So we join 3 to 6 and 2 also divides 6. So we join 2 to 6.
And then 4 divides 12, 6 divides 12. So we join 4 to 12 and 6 to 12. So this is the Hasse
diagram for the third example. So with that I would like to end my lecture. Thank you very

much for your attention.



