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Lecture — 33
Review of Z-transforms - I
Hello friends. Welcome to my lecture on Review of Z-transforms. In this lecture, we shall

discuss Z-transforms and their properties.

(Refer Slide Time: 00:40)

The Z-transform of sequences

Laplace transforms are used extensively to analyze continuous-time(analog)
signals as well as systems that process continuous-time signals. The Laplace
transform is used to represent a large class of continuous-time signals as a
superposition of many simpler signals, sometimes called "basis funclion” ar
"kernels".

Let us first discuss the Laplace transform because Z-transform is a discrete analog of Laplace
transforms. Laplace transforms are used extensively to analyse continuous time analog signals as
well as systems that process continuous time signals. The Laplace transform is used to represent
a large class of continuous time signals as a superposition of many simpler signals, sometimes
called basis function or kernels.
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The Z-fransform of sequences cont...
For signals that are zero, for negalive time, the Laplace formula given by

X(s) = j x(te~d.

is taken over positive time, giving the one sided, or unilateral Laplace transform,

X(s) = Jf;x'x[r)e'“’dr.

(3%
I DA REL ot G

For signals that are 0, for negative time, the Laplace formula given by Xs=integral over -infinity
to infinity xte to the power -st dt is taken over positive time, giving the one sided or unilateral
Laplace transform Xs=integral 0 to infinity ste to the power -st dt.

(Refer Slide Time: 01:33)

The Z-transfarm of sequences cont...

For many linear time-invariant(LT!) continuous-time systems, the relationship
between the input and output signals can be expressed in terms of linear constant
coefficient differential equations. The one sided Laplace transform is a usedul tool
far solving these differential equations. For such systems, the Laplace transform of
the input signal and that of output signal can be expressed in terms of a "ransfer
function” or "system function".
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For many linear time invariant continuous time systems, the relationship between the input and
output signals can be expressed in terms of linear constant coefficient differential equations. The
one sided Laplace transform us a useful tool for solving these differential equations. For such
systems, the Laplace transform of the input signal and that of output signal can be expressed in
terms of a transfer function or system function.
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The Z-transform of sequences cont...

Many of the properties such as casuality or stability of LTI system can be easily
explored by considering the system function of the continugus-time system.
Another property of the Laplace transform is that it maps the convelution
relationship between the input and output signals in the time domain to a
conceptually simpler multiplicative relationship.
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Many of the properties such as casuality or stability of LTI system that is a linear time invariant
system can be easily explored by considering the system function of the continuous time system.
Another property of the Laplace transform is that it maps the convolution relationship between
the input and output signals in the time domain to a conceptually simpler multiplicative
relationship.

(Refer Slide Time: 02:31)

The Z-transform of sequences cont...

For discrete time signals, an analogous relationship is developed between signals
and systems using the z-transform. The discrete time complex exponential signal,
2" where 7 is a complex number, plays a similar role to the continuous-time
complex exponential signal e*'. Discrete time signals of this form play an important
role in the analysis of linear, constant coefficient difference equations.
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For discrete time signals, an analogous relationship is developed between signals and systems
using the z-transform. the discrete time complex exponential signal, z to the power n, where z is
a complex number, plays a similar role to the continuous time complex exponential signal e to

the power st. Discrete time signals of this form play an important role in the analysis of linear,



constant coefficient difference equations.

(Refer Slide Time: 02:59)

The Z-transform of sequences cont...

Z-tfransform is a valuable tool for the analysis of discrete time signals and systems.
As with Laplace transform, the z-transform is a function of a complex variable. The
transform itself can also taxe on complex values. Hence it is a complex function of
a complex variable.
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Z-transform is a valuable tool for the analysis of discrete time signals and systems as with the
case of Laplace transform, the Z-transform is a function of a complex variable. The transform
itself can also take on complex values. hence it is a complex function of a complex variable.

(Refer Slide Time: 03:24)

Unilateral {one sided) z-transfarm

First let us cansider, the one sided or unilateral version of the z—transform. The
unilateral z-transform of the sequence {x,}7- ; is given by the sum

Z(xq) = Zrnz'” (1)
=0

for all z such that (1] converges. Here 7 is a complex variable and the sef of
values of z for which the sum (1) converges, is called the region of canvergence
(ROC) of the z—transform. The z—transform maps the sequences to functions
and their associated region of convergence, such thal Z(x,) is the 2—transform of
the sequence {x:}} .
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Let us first define a unilateral Z-transform that is one sided Z-transform. So the one sided or
unilateral version of the Z-transform is defined as follows. Suppose we have a sequence xn
where n runs from 0 to infinity through the positive integers. So n=0 1 2 3 and so on. So when

w¢€ arc given a sequence xn.



The unilateral Z-transform of the sequence xn is defined as Zxn=sigma n=0 to infinity xn*z to
the power -n for all z such that 1, the summation, the infinite series in 1 converges. Here z is a
complex variable and the set of values of z for which the sum converges, is called the region of
convergence of the Z-transform. The Z-transform maps the sequence to functions and their
associated region of convergence, such that Zxn is the aztr- of the sequence xn.

(Refer Slide Time: 04:21)

Unilateral (one sided) z-transform cant...

The sequences for which the z—transtorm is defined can be real valued, or
complex valued. The region of convergence will be all values of z outside of some
circle in the complex z—plane of radius R, the "radius of convergance” for the
series (1) as shown in the figure below,
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Now let us consider the sequences for which the Z-transform is defined, the sequences for which
the Z-transform is defined can be real valued or complex valued. The region of convergence will
be all values of z outside of some circle in the complex z plane of radius R, the radius of
convergence for the series 1 as shown in the figure below. So the radius of convergence will be
the some region outside the circle of convergence of radius R with center at the origin where R is

given as the radius of convergence.

So here for example the region of convergence is the shaded portion and it is outside the circle
with center at origin and radius R in the complex z plane. So this region can be represented by
mod of Z>R.

(Refer Slide Time: 05:18)



Unilateral (one sided) z-transfarm cont...

The uniqueness of the z—transform derives from properties of power series
expansions of complex functions of complex variables.

Example 1
Consider the sequence {x,} . = 2", defined for non negative n as shown in
figure.
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Now the uniqueness of the Z-transform derives from properties of power series expansions of
complex functions of complex variables. Let us consider the sequence xn=2 to the power n
where n begins from 0 to infinity. So then consider this sequence which is defined for non-
negative integers n=0 1 2 3 and so on. So here you can see in this figure, these are the values of

n. When n=1, x1=2, so we have this point 2.

Then at n=0, we have 2 to the power 0, so 1 and we have for n=1, we have 2. n=2, we have 2
square that is 4. n=3, we have 2 cube that is 8 and n=4, that is, here, 2 to the power 4 which is 16.
n=0, you can see it is 1 here. Then let us find the Z-transform of this sequence.

(Refer Slide Time: 06:21)

This discrete time sequence has a z—transform given by
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that is the ROC of Z(x.) is |2|=2. In general, Z(x.) converges for all z that are
large enough, thatis , when z is sufficiently large, that the signal x,z~" becomes
summable.
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So the discrete time sequence has a Z-transform given by Z of 2 to the power n=sigma n=0 to
infinity 2 to the power n z to the power -n. We can also write this as Z of 2 to the power n=sigma
n= 0 to infinity 2/z to the power n. Now this is a geometric series and so its sum will be 1/1-2/z
provided mod of 2/z<1. So mod of 2/z<1 gives you mod of z>2. So the sum of this series is z/z-2

provided mod of z>2.

So mod of z>2 is the region of convergence of this series and you can draw this region of
convergence. So this is your circle with center at origin and radius 2. So this is mod of z=2. Then
the region of convergence is this. So for this series, region of convergence is mod of z>2. Now in
general, Zxn is sigma n= 0 to infinity xn z to the power -n. So in general, Zxn converges for all z
that are large enough. That is when z is sufficiently large that the signal xn z to the power -n

becomes summable.

(Refer Slide Time: 07:00)

Consider the sequence {x,} = {a"}, for n = 0, where a is a complex constant.
Then

0 x \n | &
Z{a")—Za"‘z‘”—T(fpt szl
=0 a=0
- H
Z{a") - ——, for |z| > |a.
z-a

When we mention the 7 transform of a sequance, we need to not only provide an
expression for Z(x,), but to also define the values of z for which this exprassion
holds, i.e. the RQC.
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Now consider the sequence xn=n to the power n where n greater than or equal to 0 and is an
integer. So then this will be Za to the power n, a is any complex constant here. So Z of a to the
power n will be sigma n=0 to infinity anz to the power -n and this can be written as sigma n=0 to
infinity a/z raise to the power n. Now again this is a geometric series. So its sum is 1/1-a/z

provided mod of a/z<1.

So this can be written as z/z-a provided mod of z>mod of a. So the sequence an has Z-transform



given by z/z-a where mod of z>mod of a. Now we mentioned that the Z-transform of a sequence
whenever we mentioned the Z-transform of a sequence, we should also write the region of
convergence of the series. So not only the expression of Zxn is to be given, its region of
convergence must also be specified. Now let us show that Z-transform is linear, okay.

(Refer Slide Time: 09:05)
First, let us show that z-transform is linear,
Let {x:}5, and {y:}7", be any two sequences such that Z(x,) and Z(y:) exist.
Then
Z(atp + byn) = 8Z(xy) + DZ(y),
where a and b are complex constant. -
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So let xn and yn be any 2 sequences such that their Z-transforms exist, then z of axn+byn is
given by, by definition, let us write it as sigma n=0 to infinity axn+byn*Z to the power -n and
this can be written as then sigma n=0 to infinity axnZ to the power —n + summation n=0 to
infinity bynZ to the power -n. Now sigma n=0 to infinity xnZ to the power -n is convergent. So
this is equal to a*sigma n=0 to infinity xn Z to the power -n and we have b* similarly n=0 to

infinity ynZ to the power -n.

So since sigma n=0 to infinity xnZ to the power -n and sigma n=0 to infinity ynZ to the power -n
are convergent, okay, we can write this sum, infinite sum as sum of these 2 series and then we
can bring this colour a and b outside. So then this is a*Z of xn+b*Z of yn. So we have 2
sequences, xn and yn whose Z-transforms are known and a and b are any complex constant, then
Z-transform of axn+byn will be a*Zxn+b*Zyn. So that we can obtain. It shows that Z-transform
is a linear operation.

(Refer Slide Time: 10:59)
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Now let us consider a sequence xn=n to the power p where n is there in N and p belongs to N. So
Z of n to the power p=sigma n=0 to infinity n to the power p z to the power -n, okay. Now let us
differentiate z of n to the power p. So then what we get? Summation n=0 to infinity n to the
power p*-n z to the power -n-1. Let us multiply both sides by -z, then -zd/dz of z n to the power

p=sigma n=0 to infinity n to the power p+1*z to the power -n, okay.

Now right side is Z-transform of n to the power p+1. So Z-transform of n to the power p+1 is
given by -z*d/dz of Z-transform of n to the power p. And this relation is called as the recurrence
relation, okay. If you know the Z-transform of n to the power p, you can find Z-transform of n to
the power p+1. By differentiating z of n to the power p with respect to z and then multiplying by

mod z.

For example, let us find the Z-transform of n, okay. Z-transform of n, you can take p=, if you
take p, we have taken p as 1, okay. So Z-transform of n if we want to know, we Z-transform of n
square we can find here. If we take p=0, even for p=0 it is true because Z-transform of n we can
find here. So if you take p=0 here, we get z of -zd/dz of Z-transform of, p is 0, so we get 1, okay.

Now Z-transform of a to the power n we have found.

Z-transform of a to the power n where a is any complex number. We can take a as 1, okay. Then

1 to the power n will be 1 for all n. So we will have the sequence xn as 1 for all n, okay. And that



sequence we can consider. So then that gives you Z-transform of 1=z/z-1, where mod of z>1. So
this is equal to -zd/dz of z/z-1 provided mod of z>1. So then we can differentiate this. We can

write it as Zn=-zd/dz of, we can write it as 1+1/z-1.

So then z/z-1 can be written as 1+1/z-1, we can differentiate this. This is -z and then we get -1/z-
1 whole square. So what we get is z/z-1 whole square, okay. So we get Z-transform of n. Z-
transform of n is z/z-1 whole square. Now we know the Z-transform of n. We can find the Z-
transform of n square. So Z-transform of n square will be equal to -z*d/dz of z/z-1 whole square.
So when you differentiate z/z-1 whole square with respect to z and multiply by -z, we get the Z-
transform of n square which is z square+z/z-1 whole cube.

(Refer Slide Time: 15:20)
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Now let us discuss a property of Z-transform, another property. if Z of xn=Xz, then Z of a to the
power -n xn=Xaz. And a corollary to this result is Z of a to the power n*xn 1s X of z/a. So let us
first show that if Z of xn is Xz, then Z of a to the power -n*xn is Xaz. So by definition, Z of
xn=Xz=sigma n=0 to infinity xnz to the power -n. Now let us multiply xn by a to the power -n.
So then Z-transform of a to the power -n*xn will be equal to limit sigma n=0 to infinity a to the

power -nxn*z to the power -n.

Now this right hand side can be written as sigma n=0 to infinity xn az to the power -n. And

therefore, by our definition, this is X of az, okay. So Z-transform of a to the power -n xn=X of



az, okay. Now here if you replace 1/a by a, then you get the corollary, okay. So replacing a by 1/a
in the above result, we get Z-transform of a to the power n xn=X of z/a. So we get this corollary,

okay.

Now the geometric factor a to the power -n, when mod of a<l, damps the function xn and that is
why we call it as a damping rule. So now if you use the damping rule, we can determine the Z-
transform of the sequence n*an, okay. Because we know the Z-transform of n. So recall that Z-
transform of n is given by z/z-1 whole square, okay. We know Z-transform of n=z/z-1 whole
square. So this is your Xz, okay. Sequence Xn is n, okay. Now we want Z-transform of n*a to the

power n. So Z-transform of n*a to the power n. We can apply the corollary, okay.

So Z-transform of Xn*a to the power n is Xz/a. So replace z by z/a in the expression for Xz. So
we get z/a/z/a-1 whole square, okay. So this is z/a/z-a whole square/a square. So this a square
comes here and what we get? az/z-a whole square, okay. So z of n a to the power n is az/z-a
whole square. Similarly, Z-transform of n square a to the power n can be determined because we

now know the Z-transform of n a to the power n, okay.

So we know the Z-transform or we can apply, we know the Z-transform of n square, okay. We
have to use that. Z-transform of n square is z square+z/z-1 whole cube. Now we want the Z-
transform of n square*a to the power n. So we can apply the damping rule. So let us recall that Z
of n square=z square+z/z-1 whole cube. So this gives you Z-transform of n square a to the power
n=, replace z by z/a, okay.

(Refer Slide Time: 20:16)
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So we can write that Z-transform of n square a to the power n=z/a whole square+z/a/z/a-1 whole
cube, okay. So this will give you z squaret+az/z squre/z-a whole cube. This is z squaretaz/a
square and here we get z-a whole cube/a cube. So we get az square+a square z/z-a whole cube.

So Z-transform of n square a to the power n is az square+a square z/z-a whole cube.

(Refer Slide Time: 21:18)

Example 4

We can use linearity of the z-{ransfarm to compute the z-transform of trigonometric

functions, such as x, = cas(wn), for n > 0.
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Now we can find the Z-transform of sequence which is of trigonometric functions. Let us say
xn=cos omega n where n greater than or equal to 0. So for this, we can use the linearity of the Z-
transform, okay. Linearity of the Z-transform can be used to determine the Z-transform of

xn=cos omega n. So Z of cos omega n=, by definition, sigma n=0 to infinity cos omega n z to the

power -n.



Now we know that cos z=e to the power iz+e to the power -iz/2, okay. So we have sigma n=0 to
infinity 1/2 e to the power i omega n, okay, +e to the power -i omega n z to the power -n. We put
the value of cos omega n here. So e to the power 1 omega n+e to the power -1 omega n/2. Now e
to the power 1 omega n can be written as e to the power 1 omega whole to the power n*z to the

power -n and we are using linearity here, okay.

So using linearity, this half comes out and we write sigma n=0 to infinity e to the power i omega
n*z to the power -n. e to the power i omega n is further=e to the power i omega raise to the
power n and then we have 1/2 sigma n=0 to infinity e to the power -i omega raise to the power
n*z to the power -n. Now this omega is a real quantity, okay. This omega is real quantity. So

what we have?

Let us recall that Z-transform of a to the power n, okay. Z-transform of a to the power n is z/z-a
where mod of z>mod of a, okay. So taking a=e to the power i omega, okay. Taking a=e to the
power 1 omega because a here could be a complex number. So we get the Z-transform of the first
summation, Z-transform of this will be 1/2z/z-e to the power i omega, where mod of z>mod of e

to the power 1 omega which is 1, okay.

So mod of z>1. And second term will be? 1/2, similarly we now take e to the power -1 omega and
mod of e to the power -1 omega when omega is real, is equal to 1. So again when mod of z>1, Z-
transform here will be 1/2. This will be 1/2*z/z-e to the power -1 omega, okay. So what we get is
this. 1/2z/z-e to the power i omega+z/z-e to the power -i omega. And this is 1/2*z-e to the power

1 omega*z-e to the power -1 omega.

Here we have z square*-z*e to the power i omega+e to the power -i omega, okay. z square-, and
then we have, this is equal to 1/2 2z square, this will be 2z square, so 2z square-2z cos omega e
to the power 1 omega+e to the power -1 omega is 2cos omega/; here in the denominator, we will
have z square-z*e to the power i omega+e to the power -i omega. So -2z cos omega and then we

have +e to the power i omega*e to the power -1 omega which is e to the power 0, so that is 1.



So this 2 will cancel with this 2 and we will have z square-z cos omega/z square-2z cos
omega+1. Now this series converges when mod of z>mod of e to the power i omega. So mod of
z>1. And this series converges when mod of z>mod of e to the power -i omega, which is also 1,
okay. So here also mod of z>mod of e to the power -1 omega which is equal to 1. So for both the
series, okay, the region of convergence is the same, mod of z>1, okay. So this is equal to Z-
transform of cos omega n=this where mod of z>1, okay.

(Refer Slide Time: 26:27)

Example cont...

Let us now find the z—transform for x, = sin(wn). _E(/,.,;,...J“;.J W e
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Now let us similarly, we can find the Z-transform of the sequence sin omega n when xn=sin
omega n. So xn is 1/21 e to the power 1 omega n-e to the power -1 omega n. And we can write as
in the case of the cos omega n, we can write it as 1/21 e to the power i omega raise to the power n

and -1/2i e to the power -1 omega raise to the power n.

Then Z of sin omega n will be equal to 1/21, using linearity, Z-transform of e to the power 1
omega-1/21 omega e raise to the power n and Z-transform of e to the power -1 omega raise to the
power n, okay. So this is 1/2i z/z-e to the power i omega-z/z-e to the power -1 omega. Again, we
are applying here the formula z of a to the power n. So this series, the Z-transform of a to the

power n is z/z-a when mod of zZ>mod of a.

So mod of z for the convergence of this, we have mod of zZ>mod of e to the power i omega which

is equal to 1. And for the convergence of the series here, okay, the region of convergence is mod



of z>mod of e to the power -1 omega. So this is equal to also 1, okay. So region of convergence is

again same for both the series, the series that occurs here and the series that occurs here.

So then this 1s 1/21, we can write z-e1 omega*z-e-1 omega, that is z square-2z cos omega as in the
pre-case of cos omega n we have seen, +1 and here we will get z square and here -z square, that
will cancel. So here we will get -ze to the power i omega. Here +ze to the power i omega. So z*e
to the power i omega-e to the power -1 omega, okay. Now z of e to the power i omega, z*e to the
power 1 omega-e to the power -1 omega/2i is sin omega, okay. So we get z sin omega/z square-
2z+1, okay. And this region of convergence is mod z>1.

(Refer Slide Time: 29:05)

From the definition of the z-transform, the discrete time impulse definad by,
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Now let us take the discrete time impulse delta n, okay. Delta n is defined as 1 when n=0 and 0
otherwise. So unilateral Z-transform here will be what? Z-transform of delta n, okay will be
equal to sigma n=0 to infinity delta n z to the power -n. Now at n=0, delta n=1. So when you put
n=0 here, we get delta 0 which is 1 z to the power 0 is also 1, so we get 1. And delta n=0 for all

values of n other than 0.

So delta n=0 makes other terms 0. And therefore, Z-transform of delta n=1. So delta n goes to 1
and 1 goes to delta n, the inverse Z-transform of 1 will be equal to delta n, okay. So Z-transform
of delta n is 1 and inverse Z-transform of 1 is delta n. Now another sequence for which we can

apply the knowledge of an existing transform is the unit step function. Z-transform of un. un=1



for all n greater than or equal to 0, okay and 0 when n<0.

So we can apply the formula that we have already found for a to the power n sequence. We have
seen that Z-transform of a to the power n=z/z-a when mod of z>mod of a, okay. Here a is any
complex constant. So let us take a=1, okay. So Z-transform of 1 to the power n. 1 to the power n
is 1, so 1=z/z-1, okay, when mod of z>1, okay. So here the sequence un=a to the power n where

a=1 for all n greater than or equal to 0.

Because other terms of the sequence are all 0. So sigma, if you find the Z-transform of un, it is
equal to sigma n=0 to infinity 1xn is 1 or you can say un is 1*z to the power -n, okay. So this is
same as Z-transform of the sequence 1. So Z-transform of the unit step function is z/z-1 where
mod of z>1.
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Now let us consider the delay property. When a sequence is delayed by a positive amount, then
we have Z of yn-k un-k=z to the power -k Yz. Here k is any natural number. Now this we can
easily see Z-transform of, where we have yn-k sequence, yn-k un-k, this equal to sigma n=0 to
infinity yn-k un-k, okay. When n=0 1 2 and so on, then un-k is 0 whenever n is negative, okay.

un is we have seen, un is equal to 0, okay when n is negative.

So here, this summation will be reduced to sigma n=k to infinity because if n<k, n-k<0, so un-k



is 0. So yn-k un-k. And un-k now is equal to 1. So we get here, and we also have z to the power
-n here. So 1*z to the power -n we have. Now replace n-k by equal to j, okay. So when you do
that, this is sigma j=0 to infinity, okay, yj, and n=k+j, so z to the power -k+j. So we can write this
as z to the power -k we can write outside the summation and sigma j=0 to infinity and we have yj

z to the power -j.

So this is z to the power -k*Z-transform of yn sequence, okay. So which is Yz. So z to the power
-k*Yz, okay. So we get this formula. This is the delay property of the Z-transform. Now advance
property, okay. When yn is advanced by an amount k. So Z of yn+k un we want to find, okay. So
Z-transform of yn+k*un, we want to find this, okay. So this is sigma n=0 to infinity yn+k*unz to

the power -n, okay.

Replacing this we can write. So this is when n takes values from 0, this is what? un=1, okay.
un=1 for all n greater than or equal to 0, okay. So we get here sigma n=0 to infinity yn+k z to the
power -n, okay. Now n+k if I write as j, then what will happen? j will begin with n=0, okay. So j
will begin with k and go up to infinity and here we shall have yjz to the power n=k-j, so -k-j,

okay.

So we shall write it as z to the power -k*sigma j=k to infinity or it is j-k, okay. n=j-k, z to the
power k sigma j=k to infinity yjz to the power -j. Now I can write it as z to the power k*sigma
j=0 to infinity yjz to the power -j, when I subtract the terms from j=0 to k-1, yjz to the power j,
okay. So this means that Z-transform of yn+kun=z to the power k and I replace this, this is Z-

transform of yj sequence, okay.

Z-transform of yn sequence it is, so i write it as yz, okay. Then we have here yz-y0-yl/z-y2/z
square and so on, -yk-1/z to the power k-1. So this is the advanced property. Z-transform of
yntkun is z to the power k*yz-y0-y1/z-y2/z square and so on, yk-1 z to the power k-1. So this is
what we get, okay.

(Refer Slide Time: 37:00)
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Now let us go to convolution property. So one of the useful properties of the Z-transform is that,
it maps convolution in the time domain into multiplication in the time domain. If you have 2
sequences xn and hn which are defined as 0, when n<0, then the convolution of the sequences hn

and xn is defined as yn=.

Convolution of hn and yn gives another sequence which is given by yn, yn=sigma m=-infinity to
infinity hmxn-m. Now in this case xn=0 when n is negative and hn=0 when n is negative. So
here hm will be 0 as long as m is negative. So this m will vary from 0 to infinity. hmxn-m,
because of hm, okay, sum will be 0, I mean terms will be 0 here so long as m is taking negative

values.

Now xn-m, okay, will be 0 whenever n<m, okay. So this means that m>n, okay. So this means
that this is equal to sigma m-0 to n hmxn-m, okay. So if you assume that xn and hn are 0's for
n<0, negative integer values of n, then yn=sigma m=0 to n hmxn-m because if m is more than n,
okay, then n-m is negative, so xn-m is 0, okay.

(Refer Slide Time: 38:49)



Convalution Cont...
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So now let us find the Z-transform of yn. We are going to show that Z-transform of yn is the
product of the Z-transforms of the 2 sequences xn and hn, okay. So Z-transform of yn is sigma n-
0 to infinity ynz to the power -n and let us now put the value of yn, okay. So yn if you put, yn
will be equal to, sigma n=0 to n hmxn-m, okay. So this will be yn=sigma m=0 to n hmxn-m,

alright.

So we have this, this gives you sigma n=0 to infinity sigma m=0 to n, okay, hmxn-mz to the
power -n, okay. So this will be equal to, now let us see m depends on n, right. So this is your
m=n, okay. m varies from, n is independent variable, n is here and m is here, okay. So m varies
from 0 to n, okay. So we are taking this like this and then I change the order of integration. So |

put it like this.

So if you do this, then we shall change the order of integration and we will get n varies now from
m to infinity, so this is, can we put as n varies from m to infinity, okay. And m varies from 0 to
infinity, okay. And we have hmxn-mz to the power -n, okay. This interchanging the order of the
summation, we get this. Now put n-m=j, okay. So what we will have? Sigma m=0 to infinity and

here we shall have n-m=j, so j varies from 0 and goes up to infinity, okay.

And we have hm, xn-m will be xj and z to the power -j+m, right. So this will be equal to sigma

m=0 to infinity we can now separate it, we have hmz to the power -m and then we have



summation j=0 to infinity Xjz to the power -j, okay. Now this is Z-transform of hn, this is Z-
transform of xn, okay. So we get Z-transform of xn*Z-transform of hn here, okay. So this is the

proof.

So Z-transform, if we know the Z-transforms of 2 sequences xn and hn, okay, then the Z-
transform of their convolution can be found. It is the product of their Z-transforms. Now this
property of Z-transforms is used in the solution of difference equations. Also we use this
property in the probability theory. Now let us discuss the initial value problem for casual signal.

(Refer Slide Time: 43:09)
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So let us say we want to prove that the initial value, the sequence we know is xn, the first term of
the sequence is x0, okay, x0, x1, x2 and so on, okay. So we want to determine the initial value or
initial term of the sequence that is x0. So the initial value theorem says that the initial value of
the sequence x0 can be found if we take n tends to infinity and Z of xn, okay. So Z of xn is what?

Z of xn is sigma n=0 to infinity, xnz to the power -n.

So this is x0+x1/z+x2/z square+, okay. So limit z tends to infinity Zxn, okay, =x0 because when
z goes to infinity, 1/z goes to 0. So these terms all will be 0, will tend to 0. So x1/z, x2/z square,
x3/z cube, all will tend to 0. So in the Z-transform of xn, when we take z to go to infinity, we get
x0. So if the limit of Z of xn as z tends to infinity exist, then it will give us the value of x0, the

initial value of the sequence. So this is the proof.
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Thearem: It Z{x;) = X(z) and limy_, . xy exists, then

lim x, = lim{z - 1)X(z).
k=i 7=1

Proof: Lat's take the z-transform of the quantity (x;,q — x,). We have

o
Z[Xpp1 = ) Z[Xh - %)z 7" il
k=0 == "',\‘_r:é:l'.'lm,llj

. T CSOAREL

Let us go to next theorem which is final value theorem for Z-transform. If Z of xn=Xz and limit
of xk as k goes to infinity, the final term of the sequence is X infinity. So that is why we call it as
final value theorem. So final value X infinity can be found or limit of xk as k tends to infinity
can be found form this formula, limit z tends to 1, z-1*Xz. Now let us, to prove this result, let us

take the Z-transform of the expression xk+1-xk.

So Z-transform of xk+1-xk is sigma k=0 to infinity xk+1-xk*z to the power -k and this can be
written as, now this xk+1-xk we can write in this form, limit k tends to infinity n=0 to k xn+1-
xn*z to the power -n. Now here what is happening; we can now write this finite sum, these are
finite sum, so we can write it as sigma n=0 to k xn+1z to the power -n -sigma n=0 to k xnz to the
power -n. So then what we will do?

(Refer Slide Time: 46:12)
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So we can write down this further as limit k goes to infinity, okay, and you put the values of n
and first term will be -x0, okay. Here you will get when you put n=0, you get -x0. When you put
n=0 here, what you get? x1z to the power -n and here when you put n=1, what you get? -x1. Here
when you put n=0, you get x1z to the power 0, okay. When you put n=0 here, we get x1z to the

power 0.

Here you get -x1z to the power -1. So this is equal to x1*1-z to the power -1. Similarly, we can
put n=1 here. You get x2z to the power -1 and you will get here n=2, if you put, you get x2z to
the power -2, okay. So this way we will get these terms. So at -x0, x1 1-z to the power -1, then
the next term will be x2z to the power -1 1-z to the power -1, okay like this. So if we go like this,

here what will happen?

x1*z to the power -1-1, okay. So like we had here, x2z to the power -1, okay. So when you put
here 1, okay, x1z to the power, we will have -1-1. So we will get this one, xlz to the power -1-1
when -z to the power -1 and then the term, last term is this one. Last term is xn+1. So last term
will be xk+1z to the power -k and here what we will get? xkz to the power -k, you get xk+1z to
the power -k and here you get -xk, just a minute, xk+1z to the power -k, that is the last term,

okay.

And the term before that is, when you put n=k-1, so xkz to the power -k-1, okay and here what



we will get? -xkz to the power -k. So xkz to the power -k*1-z to the power -1 we get. Here when
we put here n=k-1, so we got this, okay. And n=k here gives you this, okay. So z to the power -k-
1 we write, okay. So xkz to the power -k-1*1-z to the power -1, this is the term here, okay. And

here we have xk+1z to the power -k.

So then limit z tends to 1 Z of xk+1-xk will give you limit z tends to 1 limit k tends to infinity-x0
x1z to the power -1+1 1-z to the power -1 and so on xn+1z to the power xk+1 z to the power -k.
And this will give you, interchanging limits, limit k goes to infinity z goes to 1 limit z goes to 1
-x0+xlz to the power -1+1 1-z to the power -1 and so on xk+1z to the power -k. And then when z

goes to 1, these terms will all go to 0, okay.

Those who contain 1-z to the power -1 as a factor, only these 2 terms we will get. This term and
this term, okay. So what we will get? Limit k goes to infinity, this will become -x0 and then we
have xk+1, okay.

(Refer Slide Time: 50:26)
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So what we get is this. -x0 limit k goes to infinity xk+1, this is the value of limit of zk+1 at Z of
xk+1-xk as z goes to 1. Now on the other hand, if you find Z of xk+1-xk. By the advanced
property, let us apply this advanced property, this one, okay. Z of yn+k we have found. The Z of
yntk is zk*yz-sigma m=0 to k-1. So here if you want Z of yn+1, okay, take k=1, so Z of yn+1,

when n is greater than or equal to 0, un is 1.



So we write un as 1, then this is z to the power 1yz-, when k is 1, so m is 0, so we get y0z to the
power 0, okay. So we get z*yz-y0. Now in our case, it is the sequence xn+1, xk+1, Z of xk+1
will be z*Xz-x0. So we get this here, okay. Z-transform of xk+1 is z*Xz-x0, okay by the
advanced property. And Z of xk is Xz. So this is z-1*Xz-z*x0. This is z*x0. Now what we have,
okay?

So limit z tends to 1 Z of xk+1-xk, okay, this will be equal to this value, when your z goes to 1,
this value will tend to -zx0, okay because this will tend to 0. So limit z tends to 1, Zxk+1-xk is
limit z tends to 1 z-1Xz-zx0 which is limit z tends to 1 of this expression-limit z tends to 1 of this
expression, so we get -x0+limit z tends to 1, okay, this will not go to 0 because Xz may contain
z-1 in the denominator. So this is limit z tends to 1 z-1 Xz. So what we will get? This value now
can be put as -x0+limit k goes to infinity xk+1, okay.

(Refer Slide Time: 53:00)
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So what we will have is? and limit of xk+1 as k goes to infinity is same as limit of xk, so I can
also write it as -x0+limit k goes to infinity xk, okay. So this value is equal to this value and
therefore, this is equal to this. So we get this result here. -x0+limit k goes to infinity xk=-this and
this implies that limit k goes to infinity xk=limit z tends to 1z-1Xz, okay. So this is the final
value theorem.
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Now let me take an example on this initial and final value theorem. Here we are given the Z-
transform of a sequence Xz=2z square+5z+14/z-1 to the power 4. We want to determine X2,
okay. So x2 is, let us look at the result. limit k goes to infinity xk, okay. So limit, in order to find
x2, we shall have to determine x0 first, okay, the initial, this one we will have to determine first,

okay.

So we have to go there. See Xz is what? Xz is Z-transform of xn, okay. So this is sigma n=0 to
infinity xnz to the power -n. So this is x0+x1/z+x2/z square and so on, x3/z cube and so on, okay.
Let me find x0 first. xO=limit z tends to infinity, okay, yes. We can do like this. See x0=limit z
tends to infinity Xz, okay. So this will be now limit z tends to infinity 2Xz square+5z+14/z-1 to
the power 4, okay.

Now in the denominator we have power of z 4, in the numerator we have power of z as 2. So
dividing by z to the power 4 in the numerator and denominator, we write limit z tends to infinity
2/z square+5/z cube+14/z to the power 4 and denominator we have 1-1/z to the power 4, okay.
Now when z goes to infinity, 1/z goes to 0. So we get 0, okay. And then we find x1. Limit z tends
to infinity.

Now what we will do? From Xz, we subtract x0 and then multiply by z. So we get Xz-x0*z, then

what we get? x1+x2/z x3/z square and so on. So we can determine x1, if we take the limit of this



expression. So x1=limit z tends to infinity z*Xz-x0, okay. So x1=limit z tends to infinity z*Xz-,
x0 is 0. So limit z tends to infinity z*, again we put the value of Xz, 2z square+5z+14/z-1 to the

power 4.

So again we divide by z to the power 4. In the numerator, the power of z, highest power of z is 3,
okay. So we will have limit z tends to infinity 2/z 5/z square and then we have 14/z cube/1-1/z to
the power 4. And again we get the limit 0, okay. So x1 is also 0. Now we can find x2. x2 can be
found if from Xz we subtract x0, then x1/z and multiply by z square and take the limit as z tends

to infinity.

So x2=limit z tends to infinity Xz-x0-x1/z, okay. So we subtract x0, we subtract x1/z and then
multiply by z square and take the limit as z tends to infinity, so we will get x2. So this is now
limit z tends to infinity. Now x0 is 0 here, okay. x1 is 0 here. So we get limit z tends to infinity
Xz and you can see here Xz, multiply by z square here, okay. So we have to multiply by z

square, okay.

So limit z tends to infinity. When you multiply this expression by z square, the power of z4
becomes 2. In the denominator, power of z4 is 1, okay. So we get, when you divide by z to the
power 4 in the numerator and denominator and take the limit as z tends to infinity, we will get
the limit as 2. So this is z square after you multiply and divide by z to the power 4, you get

2+5/z, okay, and then you have 14/z square/1-1/z to the power 4.

And then you take the limit as z goes to infinity, you get the limit as 2, okay. So answer is 2 here,
okay. x2 is 2. And now we have to determine x3. So again what we will do? We subtract from
Xz, x0, x1/z, x2/z square and then multiply by z cube, okay.
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So in order to determine x3, we have x3=limit z tends to infinity z cube Xz-x0-x1/z-x2/z square,
okay. So this is limit z tends to infinity z cube, Xz is this, 2z square+5z+14, z-1 to the power 4.
x0is 0, x1 is 0, x2 is 2. So -2/z square, okay. x2 is 2. So this gives you limit z tends to infinity z
cube*2z square+5z+14-2*z-1 to the power 4, okay which is equal to limit z tends to infinity z

times 2z square+5z+14-2*z to the power 4-4z cube+6z square-4z+1.

And here we will multiply by z square. Let me multiply by z square. So we have this is equal to
limit z tends to infinity z*, 2z to the power 4 will cancel with 2z to the power 4, we have 5z cube
here and here we have 8z cube, so 13z cube. And we have 14z square-12z square, so 2z square.
2z square+8z-2/z-1 to the power 4, okay. So this is equal to limit z tends to infinity. When we
divide by z to the power 4, we get 13+, 2 z cube (()) (01:03:18) to the power 4, so 2/z+8/z

square-2/z cube/1-1/z to the power 4.

So when z goes to infinity, the limit comes out to be 13. And therefore, the value of x3 is equal to
13. So x2 is 2, x3 is 13. So this is the example on the initial and final value theorem. With this, I

would like to end my lecture. Thank you very much for your attention.



