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Lecture — 09
Solution of Linear Systems — II1
Hello friends, welcome to this lecture in this lecture we will continue our study of finding the n
linearly independent solution of x dash = Ax where a is n cross and n matrix. And in previous
class we have seen some examples where we have n distinct eigen values of the coefficient
matrix a and there we have find out n linearly independent eigen vectors. And hence we can

write down the general solution in the form of n linearly independent solution.

And we have seen that in the case when we do not have a distinct eigen values then we may or
may not get n linearly independent eigen factors. And hence we may not get n linearly
independent solution of the form of e power lambda t * vector v. So, we generalize and then we
try to generalize we try to get the motivation from the scalar case that in the scalar case of
solving x dash = ax let me write it here.

(Refer Slide Time: 01:36)

That x dash = ax our solution is coming out to be xt = e to the power at * sum constant ¢ now we
have done this case that the first place of this constant. We have written that e to the power at and

let us say v is n cross 1 and we have seen that it is very nice if a coefficient matrix A has distinct



eigen values for distinct eigen values. This can be verified it will give you solutions n linearly

independent solution.

But in case when A has repeated eigen values then this may not work good and then we thought
to generalize this candidate that this candidate here. And we thought that it is possible to find out
a formula for e to the power at v n as cross . We have seen in previous class that this will work as
a solution in fact we have shown that x dash t = A e to the power At * v and this implies that this

1s AX so X dash t will be A of X.

For any constant vector v here but e to the power At we have shown that it is nothing but power
series then it is At n/ factorial n n is from 0 to infinity. So, in this sense we simply say that this is
an infinity series in the powers of matrix A, and it is quite difficult to find out the sum of the
matrix sum of this infinite series. Then we will focus our attention on this vector v such that this

infinite matrix infinite series will be say truncated into a final many terms.

That is what we want to discuss in this lecture so what we have done in previous class.
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General solution

Suppose that the n x n matrix A has only k < nlinearly independent eigenvectors.
Then, the vector differential equation

% = Ax. (1)

has only k linearly independent solutions of the form x(t) = ey, for every
constant vectar v. -——

Now we need to find remaining n - k linearly independent solution of (1),

That in the case when we have say a k a number of linearly independent eigen vector which is
strictly less than n and then we have to look at the solution of the form e to the power At v. And

with the help of this we try to find out the remaining n-k linearly independent solution.



(Refer Slide Time: 04:06)

Similar to the scaler case we may try x(f) = &*'v as a solution. Let the matrix A be
an n x nmairix then the function & may be defined as the limit of the following
series y
A f Aﬂ'[.‘?
F—A!+?+...+F+.... 2)

provided the series of matrices converges.

It can be shown that the infinite series (2) converges uniformly for all f, in fact the
following inequality is frue

| < el for each fixed but arbitrary .

—— e

w

And we define e to the power At as a limit of this infinite series and we have shown that this
series is converse uniformly for all t norm of e to the power At is < = e of norm of At for each
fixed but arbitrary t.
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Since the convergence of the series (2) is uniform and hence series can be

differentiated term by term. In particular

d An".'- 1

EBM = AR 1",

il
1

AI+Ar—...+A—r“+...
| n
= A

Thatis e"v is a solution of (1) for every constant vector v, since
d : :
'dieA v="Ae = Ay,
And we have shown that d/dt of e to the power At v = A e to the power At which shows that this

is actually e to the power At v is actually a solution for constant vector v here.
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Now we want to find n linearly independent vectors v for which the infinite series
e™v can be turned down to be a finite series and can be summed exactly Observe

that .
gy — gl Mitghtty,

for any constant A, as (A - A)(M) = (AN)[A - M).
It can be proved that e*+2 = e%e” = &%¢* when AB = BA. Moreover,

VL

T+AM+—+..

T v=g'v

. 2R
E"H'V— [F—HH-T'I-...]V—

Hence, ey = g'lglA- Ay,

And to find out to simplify this e to the power At because using the infinite series formulation of
e to the power At is quite difficult to calculate. So, we look at this observation that e to the power
At can be written as e to the power A — lambda it* e to the power lambda it *v. So, here this we
are able to do because these two matrix commute. So, here we have shown that here we have

observe that e to the power A=B = e to the power A* e to the power B.

Or e to the power B* e to the power A. When this A and B are 2 commutative matrix it means if
AB = BA then I can write this in general it may not be true for arbitrary matrix A and B. So, here
since A —lambda I n lambda i commute then I can write e to the power At v as e to the power A -
lambda it e to the power lambda itv and also, we have shown that e to the power lambda it e is

nothing.

But lambda tv it means that e to the power Atv = e to the power lambda t * e to the power A-
lambda I t * v. So now we will focus on this and we try to find out the vector v such that this
matrix in fact e to the power A —lambda I t * v is basically [ + A —lambda I t + so on A- lambda
I n t to the power n/ factorial n and so on * v. So, we will focus, and we will find v such that
infinite series can be truncated in to a finite terms.
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(General Solution

While finding the general solution of (1) or equivalently finding n lingarly
independent solutions of (1), we may have the following two possibilties.

Q Infirst case, A has n linearly independent eigenvectors, and hence the
differential equation (1) has n linearly independent solutions of the form ev.

Q Inthe second case A has less than n linearly independent eigenvectors that is
if Ahas only k (k < n) linearly independen! eigenvectors. Then we have only
k linearly independent solutions of the form &''v. This may happen when all
eigenvalues are nol distinct i.e. some of the sigenvalues are repeated
eigenvalues.

So, our strategy will be like this that will finding the general solution of 1 that is x dash = A of x
or equally finding n linearly independent solution of 1.In fact if we are able to find out any n
linearly independent solution of 1 then we can write down the general solution as well. Then we
have the following 2 possibilities 1 possibility is that A has n linearly independent eigen vectors

and hence we can write down n linearly independent solution.

Of the form e to the power lambda tv and in the 2nd case A has less than n linearly independent
eigen vectors then A has only k linearly independent eigen vectors. Then we have only k linearly
independent eigen solution of the form e to the power lambda t v this may happen when eigen
values are not distinct. So, it means that here the case is corresponding to the case when eigen
values are repeated eigen values, so we know focus on this case 2.
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Here we may recall a result of linear algebra that the number of linearly
independent  eigenvectors (geometric multiplicity(GM)) can not exceed the
number of repet jmn of the correspond’ng eTngeT[ue[algebralc rnulnpllm y (AM))

ThElTIS’AM GM/ i ,1 'E_pf,M—

ig- M (1)
50 to find remaining -  solutions we consider only those |ge va%é‘
which AM > GM. y M‘

Let X is such an eigenvalue of Aand find all vectors v forwhich = 7

; [
(A-My#0. but(A-ABv=0.  f= (0" V| 1%
- - — |{f) 0 f,' -

For each such veclor@*(hnown as generalized eigenveclor)

P.:\"' |r|r|||'.|:l ;3
=Myl pta-d ()l
- daduie

is an additional solution of (1). We do this for all such eigenvalues A of A for which
AM = GM. The aim is to find AM — GM number of remaining salitions.

So, here we may recall a result of linear algebra that says that the linearly independent the
number of linearly independent eigen vectors correspond which we call as geometric multiplicity
cannot exceed the number of repetition of the corresponding eigen value that is a commonly
known as algebraic multiplicity that is AM > = GM. Let us try to understand this that we have a

matrix A then we have some eigen value lambda.

Suppose it is a repeated say k times suppose it is a lambda is the root which is repeated k times
then we call the algebraic multiplicity of lambda I is k so algebraic multiplicity of lambda i is
given as k. The number of reputation of this root is your algebraic multiplicity now
corresponding to lambda 1 just find out your number of linearly independent eigen vectors and
the number of linearly independent eigen vectors corresponding to lambda i is known as

geometric multiplicity of lambda i.

So, lambda 1 so geometric multiplicity is what the number of linearly independent eigen vectors
corresponding to this lambda i and that we call as G of M geometric multiplicity. Now if
geometric multiplicity is = algebraic multiplicity then for each lambda i then we have n linearly
independent eigen vectors, but we have shown that in this. In the case when algebraic
multiplicity is strictly > geometry multiplicity and the result says that this algebraic multiplicity

is > = geometric multiplicity.



In fact, if you remember this a matrix 1 1 00 1 1 0 0 1 here you have shown that algebraic
multiplicity of 1lambda 1 = 1 is 3. But geometric multiplicity corresponding to lambdal =1 is
only 1 so here algebraic multiplicity is 3 and geometric multiplicity is 1. Here we have seen that
there is only 1 linearly independent solution is available that is I think 0 0 1 that we can verify

again so here we have only 1 linearly independent solution.

So, geometry multiplicity is 1 algebraic multiplicity is 3. So, here this is the result of linear
algebra this you can find out in any standard textbook of linear algebra then. So, it means that we
are in trouble when we have the case then AM is strictly > GM. So, to find remaining n-k
solutions we consider only those eigen values of A for which AM is strictly > GM. So, let us say
that lambda is such an eigen value of A and find all vectors v for which A- lambda I v is != 0 it
means Vv is not an eigen vector of A corresponding to lambda but A — lambda 1 whole square * v =

0.

So, it means that it is not an eigen vector but that it is a kind of a solution of A — lambda square x
= 0. So, for each this of vector v which is commonly known as generalized eigen vector we can
write down the expression for e to the power At v as e to the power lambda t e to the power A
lambda I to the v. This we have already shown now focus on this e to the power A- lambda i t so
this e to the power lambda t have written as it is now this is what this is written as let me write it
here.

(Refer Slide Time: 11:31)
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It is what e to the power A —lambda i t v so it is I + A — lambda I t + A — lambda I square t
square/factorial 2 and so on then if we write it this as that is v+ A — lambda I tv + A — lambda I
whole square t square factorial 2 v and so on. So, it is basically e to the power lambda t so if it is
e to the power lambda t v. So, here if you look at if this is non 0 then we make that this term is 0

and if we make this term as 0 so remaining term will also be 10 to 0 simply goes to 0.

So, it means that this infinite series is now reduce to only 1st 2 term so that is what is the idea
here that here we simply find out e to the power A-lambda I t that is [* v + A — lambda t*v. And
since A-lambda square v e = 0 then we can verify that A- lambda I cube * v is also 0 in fact it can
be written as A-lambda I * A- lambda I whole square v now this is 0 so A — lambda

applied on 0 is gives you 0.

And hence we can say that higher powers of A - lambda I 3 4 operating on v will give you value
0 so it means that this infinite series is now reduced to only 2 term that is v +t A— lambda i v = 0.
Now if you say that if v is such that A- lambda iv = 0 then it will reduce to only 1 term that is e
to the power lambda t *v and that will shows us e to the power At is nothing but e to the power
lambda tv and in that case v is known as eigen vector of A corresponding to the eigen value

lambda.



So, here we have shown that if v is an eigen vector then it is reduces to e to the power lambda t *
c if v is not an eigenvector and we call it as a generalized eigen vector than it will contain a 1 at
least 1 more term to e to the power lambda t * v. So, here what we have shown that if we choose
v in a way. In this way then e to the power At v can be written as e to the power lambda t v+t A —

lambda I v.

And this will work as an addition solution of 1 and we do this for all such eigen value lambda of
a for which AM is strictly > GM and the idea is to find out the remaining AM- GM number of
solutions.

(Refer Slide Time: 14:56)

@ |t we have enough no of sulutlons then we sfop otherwise we fmd all vectors

v for which o o
— rd
- (1A= :B but(A My =0,

For each such vector v

[
ey = e[y + HA- Myt %( AP

— S

is an additional solution of ().

@ We perform the above sfeps until we have n linearly independent solutions,
that is, for eigenvalues with AM > GM we have additional AM — GM number
of solutions abtained by the above methods. i m "

J'll HJ f
I&m\ fM _!_iﬁ

And if we have enough number of solution by the previous step then we stop, and we write the
general solution in terms of n linearly independent solution. But if we do not have enough
number of solution then we find out all vectors v for which this A - lambda I square v is non 0.
But the next higher power that is A — lambda I q v is = 0 and in this case your e to the power At

be will contain 1 more term that is t square / factorial 2 A — lambda I whole square v .

So, if this term is O then it will be reduce up to only these 2 term but if this term is non 0. And
next term is higher term is 0 then we have additional 1 additional term so e to the power At v is
now used to e to the power lambda t v + t times A — lambda I v + t square/ factorial 2 A — lambda

I square v. And we call this is as an additional solution of fun and we keep on repeating this until



we get n linearly independent solution that is for eigen value which have AM is > GM AM — GM

number of solution obtained by the given method.

So this is the criteria, let me summarize this you have a matrix a. And there we have some eigen
values say lambda 1 to lambda k and suppose there exists some lambda I for which your AM is >
GM then for this lambda I you perform the given a step and you find out the generalized eigen
vectors. In fact, this vector is also known as generalized eigen vectors and you find out

generalized eigen vectors till that we have the GM number AM number of solution available.

We already have AM -; we already have GM number of solutions the remaining AM — GM
number of solutions we can obtain by the given method. It means that we need to find out a
generalize eigen vector AM- GM number of generalize eigen vector.

(Refer Slide Time: 17:14)

The following standard result of linear algebra, which we assume without proof,
quarantees that the above scheme will always work.

Lemma 1

Let the characteristic polynomial of A have k distinct roots Ay, Ay, ..., Ay With
mulplicities . ... Ny respectively. Suppose that A has only v, < n, inearly
indapendent eigenvectors with eigenvalue ). Then the equafion (A - A/1%v = 0
has at least v, + 1 independent solltions. More generally, if the equation

(A= A1) =0 has only m < n independent solutions, then the equation _

(A= M = 0 has af least m, + 1 indspendent solutions.

- ——

Now the guarantee that this method will work is given by the following a Lemma which we
assume without any proof. And this basically related to finding the Jordan canonical form of a
given matrix now what this Lemma says let us try to understand. Let the characteristic
polynomial of A have k distinct roots that is lambda 1 to lambda k with multiplicities nl to nk

commercial respectively.



So, it means algebraic multiplicity of lambda 1 is nl algebraic multiplicity of lambda 2 is n2 and
so on suppose that S has vj that is < nj linearly independent eigen vector with eigen value lambda
J. So, here algebraic multiplicity is nj but geometric multiplicity is only vj then the equation e-
lambda I whole square v = 0 at least 1 more independent solutions. So, it means that if we are

having only vj number of linearly independent eigen vectors.

Where vj is strictly > nj then the said equation A — lambda ji whole square v = 0 has at least 1
new independent solution that is vj+ 1 independent solution. Earlier we have only vj independent
solution now we have 1 that is vj+ 1 independent solution of A — lambda jI whole square v = 0.
So, more generally if the equation A — lambda j I m v = 0 has only mj which is strictly <

independent solution.

Then the equation A — lambda j I e to the power m + 1 v = 0 has at least mj+1 independent
solution. So, it means that here this system will have mj+1 independent solution out of which
you can say that is already obtained. So, we will chose 1 new solution which is linearly
independent solution to the previous 1. So, this Lemma is the guarantee that the above what we
have defined A will going to work.

(Refer Slide Time: 19:34)

Example 1
Find the solution of the following inilial value problem

19 1
v=[ 0N -1 |x x0)=]2]. )
0 0\2 i

The characteristic equation of the matrix A s given as
detlA- M) =(2- ) =0,

Hence A = 2is an eigenvalue of A with algebraic multiplicity 3.

So, now let us take 1 example based on this procedure so example 1 find the solution of the

following initial value problem x dash =213 02 -1 0 0 2 x and initial condition is given as at t



=0 thatis 1 2. So, here 1st thing we need to find out since we need to find out the initial value
problem, so we need to look at the general solution and then we are to find out the values of

constant and with the help of initial conditions.

So, 1st first we find out the 3 linearly independent solution so far that we need to look at the
eigen values. So, if you will look at the eigen values since it is upper triangular matrix so eigen
values are nothing but the diagonal entries and if you look at diagonal entries are 2 2 2. So, here
eigen values are 2 with a algebraic multiplicity 3 so eigen values of this matrix is 2 with
algebraic multiplicity 3.

(Refer Slide Time: 20:35)

In this example A has only one linearly independent eigenvector for repealed
eigervalue A = 2. for A = 2, the algebraic multiplicity AM is 3 and the geomelric
multiplicty GM is 1 that is AM > GM.

S0 we have to apply the above given method to find the remaining 3 - 1 =2
solutions. Consider the equaion

00\ (w) (0
A-2fU=100 0 |[w]|=]0
000 Uy 0

Now look at the eigen vector so to find out an eigen vector let us find out the solution of A—21'V
= 0 so we simply say that we solve this A — 21 V = 0. And when you solve this, we will get that
v2 an v3 = 0 in fact we can solve this, and it is v2+ v3= 0 and v3 = 0 so v3 = 0 implies that v2 =
0 so we have only 1 arbitrary value that is v1. So, here vl may take arbitrary value and we can

write down that vl may be 1 0 0 and 1 solution.

We can obtain of the form of e to the power lambda tv that is given as x1t = e to the power 2 1 0
0. So, by the previous method we have only 1 solution of the form e to the power lambda t v, so
we need to find out the remaining 2, linearly independent solution for that we have to find out

they generalize eigen vector.
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In this example A has only one linearly independent eigenvector for repeated
eigenvalue A 2 L. for X = 2, the algebraic mulipl iplcity AM s 3 and the genmelrm
multiplcity Gl ty GM | |s 1 thatis AM GM

So we have to apply the above given method to find the remamlng 3 1 {2 /J
solutions. Consider the equation

— g

[§

=
=

. 00 U=z 002
A-2U={00 0 |[w]|=[0] 2
000 Uy 0 [, { Uy
[Pt-ﬁl.'ljb\ 7 / ‘1 1(’ IOH
\ | | '.L)/J

0
So, here in this example A has only 1 linearly, independent eigen vector for repeated eigen value
that is lambda = 2. So, algebraic multiplicity is 3 and geometric multiplicity is 1 so AM is strictly
> GM so one thing we observed like this that AM > GM in this example. So, here we need to
find out the discuss method to find out the remaining 3 - 1 that is 2 linearly independent solutions

so for that look at the solution of A — 21 square U = 0.

So, if A— 21 U =0 has say 1 solution than A — 21 whole square U must have 2 solution at least so
just calculate A — 21 whole square and it is coming out tobe 0 0 -1 00 0 0 0 0. And ul u2 u3 here
I am taking the liberty that A — 2I is square calculated in this way you please calculate so when
you look at the new 3 is = 0 ul and u2 R between so there are possibility like 1 0 0 and 0 1 0 so

here we have 2 linearly independent solution of A- 21 square U = 0.

And here we choose a value which is not which is independent to your previous eigen vector
because here we had to put 1 more condition that is A — 21 u is non 0 so it means that the earlier
eigen vector that is 1 0 0 if we take than A — 2I u has to be 0 so we drop this and write down our
solution as 0 1 0.
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This implies u; = 0 and both vy and s are arbitrary. Now, we choose the vector

0 -
U=|11| o~
0

such that (A-2/)U # O thatis L/ o ¢ he eigenvector V and satisfies 33 / ‘L‘J
{A 212U DH‘éntE' - __ﬂr(ﬁi‘“—

b=

0 0 t
IE“)_?jr ( 1 ) __.E E'M JE]E( ) _EEI( 1 ) (5]
0 Y 0

is a second linearly independent solution of x = Ax. g ,E

T
o —

So, here we take the vector u as 0 1 0 so that A — 21 u is not = 0 and of course that is linearly
independent eigen vector and it satisfies A — 2I square u = 0. And with the help of this you know
solution 2nd solution next to t is written as e to the power At 0 1 0 now e to the power At has this
expression e to the power 2t e to the power A- 21t 0 1 0 and now A — 21 is basically what this is I

+ A—2It+ A -2l square factorial 2 t square and so on.

When you operate on v then this will give you v and this will give you some value and this there
onward it is 0. So, it will have only few term that is identity means 1000 1 0 0 01 +t times A —
21 t basically is what you have already calculated.

(Refer Slide Time: 24:41)

Let us find an eigenvector of A corresponding to the eigenvalue A = 2.

01 3\ (%) [0\ Lusvs=0
(A-2V={00 -1 |{w|={0] =0
000 /\w/ \o

and hence v, = vy = E{]fand@ may take arbitrary value. Therefore

1

A=¢| 0 v 4

is the only one nonzera salution of the form &"'v of (3).

—



So,A—21is01300-1s001300-100 0 and this* v when you simplify what you will get
you will get here the value e to the power 2 t1 0 so here this I is basically 10001000 1 +t
times 0 1300-1000 *vand * e to the power 2t. Now let us calculate this for this will let us
write it t € to the power 2t and thisis [ +ttimes A—21*0 1 0.
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This implies t; = 0 and both vy and u, are arbitrary. Now, we choose the vector

-

such that (A - 2/)U # O that is L/ to the eigenvector V and satisfies /lef ]

(A-20PU=0Henee— '\'{4@.-1_;15:*

-~

When you simplify it is written as e to the power 2t as it is this is written as 1 t3t0 1 -t 0 0 1 and
operating 1 is 0 1 0 to solve this you will get e to the power 2t * t 1 0. And that what we have
written as the 2nd solution x to t as e to the power 2t t1 0 and this is linearly independent solution
of x = AX. So, how you can check this, and this is a linearly independent solution that you can

easily check at a pointt =2 0.

If you look at the 1 st solution will be what e to the power 2t 1 0 0 and it is e to the power 2t t 1 0
if you put t = 0 you can see that x 1 0 x 2 0 are linearly independent. What is x1 0 here x10 is
basically 1 0 0 and x2 0 is basically is coming out to be 0 1 0 and you can see that this 2 are
linearly independent so x2t and x1t are also linearly independent now.
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But still we have only two linearly independent solutions, therefore we perform one
more step of the method and find all the 3 solutions of (3). Now

000\ /w 0

A-20W=[000||w|=0

( )
000 Wy 0

Obviously every vector w is a solution of this equation. The vector

0
4] W= U
1

is a vector which satisfy (A - 2/)°w = 0, but (A - 2/)%w # 0 and (A - 2/)w # 0.

But still we have only 2 solution because by the previous method we are having only 1 new
solution we have obtained. But we need 2 linearly independent solutions so we perform 1 more
iteration of the method and find all the 3 solution of 3 so look at A — 2I cube * W = 0 now A-2 |
cube is basically nothing but a 0 matrix * W1 W2 W3 =0 so here you can simply say that this

will have 1 more solution of the previous method.

That is in previous method that is in previous step we have 2 solution so here we will have 3
solutions so here we have solutions we can have 1 0 0 0 1 0. And 0 0 since we need to look at
that A-21 W is non 0 and A-2I square W is non 0 so we have to leave this 2 options. So, here we
take the solution as W as 0 0 1 so that A — 2I cube w is 0 but A- 21 square w is non 0 and A — 21
w is also non 0 so here we take w as 0 0 1 and corresponding to w the solution is what.
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Hence

(8)

is the third solution corresponding to A = 2.
Solution is given as x3 t = e to the power 2t * e to the power A—21t*00 1 and if you expand
this e to the power A — 21 t then it is nothing but [ +t A -21 + t square / factorial 2 A -2I square
operating on 0 0 1. And when you simplify, I am not simplifying here I am observing that if you
simplify you will get e to the power 2t 3t — 1/2t square -t 1 so this will be your 3rd solution

corresponding to lambda= 2

Now we have obtained 3 linearly independent solution corresponding to lambda = 2. So, we stop
our method and we can write down the general solution as.

(Refer Slide Time: 28:53)

Hence the general solution of the equation (3) is given by

X(t) = cix(t) + coxlt) + caxalt),

where x;(t), I = 1,2,3 are linearly independent solutions of (refamgm) and given
by the equations (4),(5).and (6) respectively. By using nitial conditions, we have
¢ =1c=2andg=1. KLW, hjku{f K (0)

145t 5t
x(r)-g?_’( 2-t v
t ] ’E”H

1
is the solution of the initial value problem (3). )@r'fel (- |+ LLE ‘ ’* %E E

.-*l'lll“I | l'ljf l /
b o) A0 U
Wl Sele) ”

Hence




Cl1x1 t +c2x2 t + ¢3x3 t where x1 t is the form of e to the power lambda t * v and x2 and x3 t are
solution obtain with the help of generalize eigen vector. And here we can check that these are
linearly independent solution for that you simply put t = 0 and calculate x1 0x20 x30 and you can
see that these are linearly independent eigen vectors. We can write that xit are linearly

independent solution of equation 9 and given by the equation 4 5 and 6 respectively.

And using an initial condition we can fix our say constant ¢l and c2 and c¢3 and in this case our
solution is conscience on coming out to be 1 2 and 3. In fact we can write it a solution as follows
same so X of t = cl now e to the power 2t you can take it out and this 1 0 0 + c2 e to the power 2t
and here it is t10 + c2 +c3 e to the power 2t.And here solution is basically 3t-1/2 t square 3t — 1/2

t square and 2 —t it is —t. and 1

So in initial condition is given as what initial condition that we look at initial condition is 1 2 1
soxof 0is 1 2 1 so when youputt=0whatyouwillget121—-c1100+c2010+c300.
And you can easily check that cl is coming out to be 1 ¢2 is coming out to be 2 and ¢3 is coming
out to be 1 so putting ¢l c2 and c3 values in the general solution. You can write down the

solution of the initial value problem as e to the power 2 t and 1+5t-1/2tsquare 2-t and 1.

So, this is the solution of the initial value problem 3 so here by this example we have shown that
in case of a repeated eigen value how to find out the n linearly independent solutions here. Now
we to concept fundamental matrix solution so once we have n linearly independent solutions then
we can write down the general solution. And we can write down the general solution as this x of t
as.
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Fundamental matrix solutions

Consider the system of lingar equations
X=Alx, (9)

where A(f)5., is continuous on an interval / and x,,; is a column vector.

—

Letwy (1), xo(1), -+ xq(t))be n linearly independent solutions of (3), we often say
that these solution forms a fundamental set of solutions.

Using a given set of fundamental solutions, we may write thé general solution x(f)
of (9) as follows:

/A =icf-xf-(f) =X(1C. (10)
i=1

A linear combination of x dash AT where x of At are linearly independent solution of the
equation x dash = AT x then when we have n linearly independent solutions x1 to xn t. We
commonly called this linearly independent solution as a fundamental set of solutions. Now here
we may have different choices of n linearly independent solution of equation 9 so we may have

different fundamental set of solutions.

So, fundamental set of solutions basically gives you a set off n linearly independent solution of x
dash = Atx. And once we have fundamental set of solutions then you can write down the general
solution in the form of fundamental set of solution and it is given as xt * ¢ where xt is basically
what.
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G

where G=| @ | isacolumn vector and X(f) =%, %, -, X;] is a square
Cn -

matrix whose columns are x;, Xs. -+, Xa

Definition 2

A matrix of n rows whose columns are solutions of (9) is called a solution matrix of
(9).

Definition 3

A matrix X(t) is called a fundamental matrix solution of (3) on / if its columns form
a set of nlinearly independent solutions of x = A(t)x on /.

Xt can be considered as a matrix whose columns are n linearly independent solutions off x dash
= Atx. And c is a column vectors cl to cn it means that your any solution x of t is given as x of t*
¢ where x of t is basically n cross n matrix and ¢ is n cross 1 where xt is a matrix whose columns
are x1t x2t and so on. It means that with the help of these n linearly independent solution we

form a matrix which we call as a matrix solution.

With the help of matrix solution we can write down the general solution as this xt = at*c so we
have a new definition. We say that a matrix of n rows whose columns are solutions of x = At I is
called a solution matrix this xt is a solution matrix because columns of this matrix forms a
columns of this matrix is basically solutions of x dash = At x then we define fundamental matrix

solution.

The only difference between the matrix solution and fundamental matrix solution is that the
columns are now linearly independent solutions of x dash = At x. So, it means a matrix x t is
called a fundamental matrix solution of 9 on I if its columns form a set of n linearly independent
solutions of x dash = A tx. So, it means that if columns form a fundamental set of solutions then
this matrix is a fundamental matrix solution. Is it okay?
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Example 2

Find a fundamental matrix solution of the system of differential equations

14
k=3 2 -1 |x (1)
2 1 -1

w L e
Observe that the eigenvalues of the matrix are Ay = 1, A, = 3and 4y = -2. Also,
we can calculate the respective eigenvalues of the matrix which are given as
-1 1 -1
vi=| 4 |, w=|2 |, andyy=| 1
1 1 i

V4 v/ v

So, now let us consider the example here in this example we need to find out a fundamental
matrix solution of the system of differential equation x dash=1-1432-12 1 -1* x. So, here 1st
thing we need to absorb that what are the eigen values of this matrix here I am leaving it to you

to see that the eigen values are given asl 3 and -2. And please observe that these are all distinct,

so it means that corresponding eigen vectors are also linearly independent.

And we can find out like 1 as-14 1v2as 121 andv3as-111 aslinearly independent eigen

vectors corresponding tol 3 and -2.
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Here we have 3 linearly independent eigenvectors so 3 linearly independent
solutions of (11) are given as

-1 1 -1
el 4|, 2] and e¥| 1
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So, here we can find out the linearly independent solutions as e to the power t * -1 4 1 * e to the
power 3t * 12 1 and e to the power -2t -1 1 1. So, it means that here this is your x1t and this is
x2t and this is your x3t so once you have x1 x2 x3 t these are linearly independent matrix having
this x1 t x2t and x3t as columns is not only a matrix solution. But it is also a fundamental matrix
solution because these 3 are linearly independent solution.
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Example 2
Find a fundamental matrix solution of the system of differential equations

1 -1 4

k=13 2 -1 | (1)
2 1 -1

e o e
Observe that the Eigen‘."ames of the matrix are «‘11_3 1, }12 =_3 and /‘%3 =-2. Also,

we can calculate the respective eigenvalues of the marix which are given as
-1 1 -1
vi=| 4 |, wm=2 |, andy={ 1
1 1 1

v v v
So, here this xt = - e to the power t e to the power 3t -e to the power -2t 4 e to the power t 2 e to
the power 3t e to the power —2t e to the power t e to the power 3t e to the power -2t is
fundamental matrix solution of the equation x dash = Ax where Ais givenby 1 -1432-121 -1.
So, here we obtained the fundamental matrix solution like this so with this we stop discussing of

this lecture.

And we will continue discussion of about the fundamental matrix solution in the next class,

thank you very much for listening us. Thank you.



