Dynamical Systems and Control
Prof. N. Sukavanam
Department of Mathematics
Indian Institute of Technology - Roorkee

Lecture — 49
Lyapunov Stability Theory - 111

Dear students. Welcome to the third lecture on Lyapunov stability theory. In the previous 2
lectures, we have seen the sufficient condition for the stability of the nonlinear dynamical system
dx/dt=f of x, f of 0=0.

(Refer Slide Time: 00:41)

Construction of Lyapunov function

The following theoram guaraniees the existence of a Lyapunav funclion for the
system

k=1fix), fQ)=0 {1

If the originis asymptotically stable and all the components of f and their first order
partial derivative with respect to x: are continuous in some regien cantaining the
origin then in this region a Lyapunov function V exists | V is positive definite and V
is hegative definite).

The above thearem is converse of the stability theorem proved earlier. But this
result is of theoretical interest and it does not provide any methad of canstructing
" Lyapunov functions.
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The stability at the critical point was analyzed. So in those 2 theorems, it was given that if the
Lyapunov function V is positive definite and V dot is negative definite, then the system is
asymptotically stable at x=0. Similarly, if V and V dot, both of them are of the same nature,
positive definite or negative definite, then the system is unstable. And other theorems have been
seen. The theorem which is given below, it states a converse of the theorems which we discussed

earlier.

So here if the system is asymptotically stable at x=0 and if the function f is sufficiently smooth,
fx is continuous and the partial derivative are continuous around the origin, in the neighbourhood
of the origin, then there exist a Lyapunov function V. So this is the statement of the theorem but

this theorem is of theoretical importance. We cannot, it does not propose any procedure for



computing the Lyapunov function as it is. So in this lecture, we will see 2 procedures for

computing the Lyapunov functions.

(Refer Slide Time: 02:13)

I Variational Method

For proving asymptotic stability or instability we require V 1o be negative definite,
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where VV is the gradiant of V.
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So for computing Lyapunov function, we require the derivative with respect to t which is defined
like this V dot=del V/del x1*x1 dot + etc. and x1 dot x2 dot, etc. are the dynamical system
equation. So x1 dot is replaced by f1, x2 dot is replaced by 2, etc. So ultimately we get
dV/dt=del V dot f, the vector notation which is, where del V is the gradient of the function V.
(Refer Slide Time: 02:51)
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So now our aim is to find a Lyapunov function V. So for this, we just assume the following. Let

us assume that del V is in this particular form because del V is a vector. We say the first



component is al Ix1+al2x2, etc. And the nth component is an1x1+an2x2, etc. Where aij are also
functions of xi, okay. They are not constants here. We can assume them to be functions of xi, i=1,
2, 3 up to n. Now this aij must be chosen in such a way that the vector given here is a gradient

vector and V dot should be negative definite.

These 2 conditions should be satisfied. Accordingly, we should select the aij functions. So if del
V is the gradient vector of a scalar function, then it should satisfy this condition. It is a familiar
result because del*del V should be equal to 0 and the component of the cross product should be 0
here. So it satisfies the condition del gi/del xj should be equal to del gj/del xi, and 1 not equal to j.
(Refer Slide Time: 04:27)

Finally, V is obtained from the line integral
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Note also that failure to find a suitable function using the variable gradient method
does not imply anything about the stahility nature of the equilibrium point,
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So with this condition and the requirement that V dot should be negative definite, we should
select the functions aij. So that is the procedure. So to find the function V, we can follow this
particular procedure because gldx1+g2dx2, etc., it is nothing but dV/dt. And if you integrate
dV/dt with respect to t, we get the function V itself. So we can just integrate the function which
is given inside the bracket and get the function V of x. So a procedure is given in the equation 3.
We can follow this procedure and get this one.

(Refer Slide Time: 05:19)
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So to see an example of this procedure, let us consider the following. So we consider the
equation x1 dot=-x2-x1 cube and x2 dot=-2x1+x1 cube. So here there is a linearization method
in the study of stability theory if the right hand side is nonlinear, we linearize it and then analyze
the stability of the nonlinear system. The linear system is asymptotically stable, then under some

condition, the nonlinear system is also asymptotically stable.

Similarly, if the linear system is unstable, the nonlinear system is also unstable. But if the linear
system is simply stable, we cannot say anything about the nonlinear system. So that was the
theorem in the previous lectures by Professor Pandey, it was done. But here, now if you linearize
this system, what we will get is? The nonlinear terms will go away. So the linear equation,

linearized system is simply x1 dot=-x2, x2 dot=-2x2.

So if we convert it into the matrix form, we will get 0 -1 and 0 -2. And we can easily see that the
eigenvalues of the matrix are 0 and -2. One of the eigenvalue is 0 here. So this implies the linear
system is only stable. So if the linear system is stable, we cannot guarantee anything about the
nonlinear system. It may be asymptotically stable or it may be unstable also. So we cannot come

to any conclusion about the nonlinear system using this linear system.

So we can use this particular procedure which we have tried just now. So we want to find a

Lyapunov function V of x1, x2. So for this, we assume that the gradient of this function is



allxl+al2x2 a21x1+a22x2 where aij are functions of x1 and x2. Now this has to be the gradient
of a function. So now if you calculate V dot, that is dV/dt=del V dot f where f is the right hand

side of the differential system.

So that is nothing but al 1x1+al2x2 that is the first component multiplied by the first component
of the equation-x2-x1 cube, then +, the second component is a21x1+a22x2 and this f2 is -2x2,
sorry, +x1 cube. So that is V dot. We want that V dot should be negative definite as well as del V
should be a gradient function. Arbitrary aij will not work here. So we have to select it suitably. If
you collect the coefficient of these things, let us say x1 square we take the coefficient, it is equal

to allx1 squaret+a21x1 square again.

And then we take x2 square-x2 square and its coefficient, you will get 2a22+al2 and let us take
the remaining x1x2, coefficient will be -al1-2al2+a22x1 square-al2x1 square. So if you take,
after expanding all this, we collect the coefficient in this particular way because we want V dot to
be negative definite. The bracket, the first bracket should be a positive value. Second bracket

should be a positive.

And if you make the third bracket to be 0, then it will become a negative definite function. So
one choice is we can write al2=0 and a21=0, so that the first equation will become allx1 square.
So we should take all to be a positive number. Similarly, a22 should be positive so that the first
2 terms becomes a negative definite function. Now we want to make this bracket to be 0. So for
that, we should select -all. al2 and a21, both of them are 0, so the remaining is a22x1 square,

should be equal to 0.

So this implies we get all is nothing but a22x1 square. So if we arbitrarily select a22 some
number 1, then we will get all from this equation it is x1 square. Now substitute all these values
in the V dot equation. So V dot=-x1 square and all is x1 square again. So it is -x2 square and
a22 is simply 1, it is 2. And x1, x2 bracket 1s 0, so only this number, it is strictly less than 0,

negative definite function, we got the value V dot.

Now from here if you calculate V, that will be the gradient del V/del x1 that is the first value. It is



allxl. all is x1 square*x1, that is x1 cube. al2 is 0, so del V/del x1 is nothing but x1 cube and
del V/del x2, here a2l is 0, a22 is 1, so it is simply x2. Now if you integrate with respect to x1,
the first value, so this implies V of x1x2, if you integrate the first one, we will get x1 to the

power 4/4.

And integrate the second with respect to x2, it is x2 square/2. So we can conclude from this, we
will get del V/del x1 is x1 cube and del V/del x2 is x2 only. So this implies V is positive definite.
V dot is negative definite. So this given system is asymptotically stable using this particular

procedure. So this is not the only way.

There are infinitely many ways of finding this aij in this particular manner. If you are not able to
find any such aij, it does not mean anything about the stability of the system. There may be some
other procedure through which we can find this thing. So immediately we cannot conclude, just
because this method is not working, the system is not stable or any conclusion cannot be drawn.

(Refer Slide Time: 15:07)

Zubov's Method

The aim is again to try to find a Lyapunov function by starting with a negative
definite function ¢{x) the partial ditferential equation
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subject to the boundary condition V(0) = 0. Equation (4) can be written

dv

i
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Now we will see the second method, the Zubov's method. So in this method, it is also straight
forward. First thing is we want that V dot should be negative definite and V is positive definite.
So that is for asymptotically stability. And similarly, if V dot is negative definite, V also becomes
negative definite, then the system is unstable. So we will try to find some function V satisfying

any of these conditions.



So this equation is nothing but V dot. del V/del x1*x1 dot that is equal to fl etc. is given. We
assume that V dot=phi, any function which we can select it to be less than 0, that is negative
definite. We just select any negative definite function of xi and try put it in the right hand side.
So dV/dt=phi is the equation which we have.

It is a partial differential equation and we can solve with using the LaGrange method in the
partial differential equation and get the function V. And if V turns out to be positive; after solving
this equation, if V turns out to be positive definite, then we can immediately conclude that the
system is asymptotically stable. So that is the procedure here.

(Refer Slide Time: 16:41)
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See if V is, if the system is asymptotically stable, then we know that x of t tend to 0 as t tends to
infinity. So from the last step, that is dV/dt=phi, we can integrate it from 0 to some T. We will get
V of x of T-V of x of 0, the initial condition=the integral t0 to T phi of t and as t tends to infinity,
x of t will tend to 0 and we want that V of 0 should be equal to 0.

So we can write that as t tends to infinity, this becomes 0 to infinity phi of x of tdt and this
becomes -V of x0 and this becomes 0 because V of 0 should be 0. So we get this particular
expression. And from here, we can get the value of the, it is a positive definite because -phi, phi

is negative definite, so -phi is positive definite and this expression is a positive definite function.



From here, we can obtain this thing, okay.

So we can make use of this particular procedure to find here Lyapunov function in the following
way. So let us try to find the following equation. For example, if you consider the equation V
dot, the simple equation, x dot=x cube-x. So to analyze, this is a 1 variable function. So
obviously it can be easily analyzed and this can be checked to be asymptotically stable at x=0.
But using this particular procedure, we will write the equation dV/dt by making use of this

particular, V dot=phi.

So let us assume any negative function. Let us say -2x square. It is arbitrary choice. It is always
less than 0 except at x=0. Now if you solve this equation, this can be written as dV/dx and dx/dt,
that is equal to x cube-x, that is equal to -2x square. So this implies that dV/dx=-2x/x square-1 or
it is 2x/1-x square. So if you integrate both sides with respect to x, we will get this to be -log of

1-x square. And in the interval, mod x<1, this is valid.

The Lyapunov function, it is always positive value because log of the number<1 is negative and
there is a negative sign. It is always a positive value and V dot is negative definite, it is we have
already selected. So this implies that we are able to get a V and V dot as we wish and the
theorem for asymptotically stable condition. So this implies that the system is asymptotically
stable. So this is our second method and if we have more than 1 variable, we will get a partial
differential equation like this and it has to be solved using the LaGrange method.

(Refer Slide Time: 20:56)



Lyapunov Theory for Time Varying Systems

Time Varying System

Consider the system x = f(t. x) where f(t,0) = 0 for all t and f(t, ¥) is non zero in
a neighborhood B, of the origin. Then x = D is an‘equilibrium paint.
For analyzing stability we define time depandent Lyapunov function.

i
. ot :

Now so far we have seen the Lyapunov theory for time invariant system, that is autonomous
system. Now for the non-autonomous system, we consider the system x dot=f of t, x where t
appears explicitly in the dynamical system and f is such that f of t, 0=0 for all t. So in this case, if
this implies that x=0 is the equilibrium point, f should satisfy the condition f of t, 0=0 as well as f

of't, x is non-0 in a neighbourhood of the origin.

So then x=0 is the isolated equilibrium point and its stability can be analyzed by Lyapunov
theory. So for the time varying system, the Lyapunov function also should be a time dependent
function.

(Refer Slide Time: 21:52)

Posilive Definite Funclion

A real valued function V(£, x) defined on t, 00} x B, is said to be positive definite
it V(£.0) =0 for f = & and there exists a function o of class K such that
Vit x) = o{||x|)) for all {t,x) € [t.50) = B,.
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So that has to be defined like this. So for doing that, first we define what is the meaning of
positive definite function for a function depending on t also. Vt, x is defined on the interval t0 t0,
some initial condition, to infinity*the B rho, the neighbourhood of the origin. So for example in
2 variable, let us say x means x1 x2 in R2. The value of the function V of t, x, x1 x2. So in that

case, for each t, if you fix one particular t, then we will get the surface something like this.

If V is positive definite function, it will be 0 at the point 0, 0 and for any x1 x2, the value of the
function V is a positive value. So we will get a surface. Now if you change the value of t, then
we will get another surface. So in the case of time invariant system, we got V as a single surface.
But here, the surfaces keep on changing as t changes. So it is not only 1 surface. A continuous

change of surfaces we will get.

Now if it is positive definite function, then there will be a function of class K. We have seen
function of class K in the previous lecture. So we will find, so a function of class K if we plot the
graph of this in 2 variable, phi of norm of x, so this is the value of the function. That means if
norm of X is constant, if you take a circle of radius r, its norm of x=r, then the phi value for all

this value will be the same.

So it means it will be a symmetric type of surface. So the function of class K, if you draw the
surface, we will get in this particular form where the level curves or simply circles always. Here
if you take level curves, they may not be circle. It may be ellipse or any kind of closed curve

available for the surface V. But here, it will be always a circle.

So if' V is a positive definite function, then we will be able to find a surface of class K, a function
of class K like this and which will be like below that one, okay. Always for any x1 x2, Vt, x1, x2
will be greater than or equal to this phi of this x1 x2 at the same point. So we will be able to find
a surface of class K in this particular way. Then only it is called a positive definite function. So
let us see some examples of this thing.

(Refer Slide Time: 25:42)
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So if you take Vt, x1, x2, it is equal to 1+sin square tx1 square + let us say 3x2 square. So it is
always positive, both the terms are positive, and it is 0 only at x1, x2 are 0, okay. So it represent
a positive definite function because we will be able to find a surface like this. It is greater than or
equal to, the first term is always greater than or equal to 1 and the second coefficient is also

greater than or equal to 1.

We can say that it is greater than or equal to x1 square+x2 square, this particular expression. So
this implies Vt, x is positive definite function. Similarly, we can find, let us say Vt, x1, x2, if we
take this to be; in the second example, we take V of t, x1, x2 is 1/1+t square x1 square+, say, 1+e
to the power -tx2 square. So if you observe here, it is also positive, always for any value of t and

any value of x1, x2, both of them are positive terms and it is 0 at x1 x2=0.

But here we cannot find any surface, there exist no surface so that it is greater than or equal to
some phi of x1 square+x2 square. Is not it? It is not greater than or equal to phi of x1 square+x2
square. This type of expression, we will not be able to get because whatever surface we take, as t
tends to infinity, this will become smaller and smaller. The first term becomes smaller and

smaller.

So it cannot be greater than or equal to any particular quantity, fixed quantity. So this implies it is

not positive definite function. Even though the expression shows that it is always positive, it is



not a positive definite function.

(Refer Slide Time: 28:36)

Decrescent Function

V(. x) defined on [fy, oc) = B, is said to be decrescent iff V({,0) = 0forall t = &
and there exist a function «/ of class K such that V(t, x) < »(|[x|) for x £ B,

For the function V{t,x) = V(1. %. Xz, -+, X,) the derivative Vis given by
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So now we define the next one, the decrescent function. The function is called a decrescent if Vt,
0 is 0. So at the origin, the value is 0 for all t, that is similar to the positive definite thing but it
should satisfy the condition like this. So here we have seen that there should be a surface of class
K below the surface defined by V. Now for decrescent, we should find a surface of class K above

the surface V.

So that is the difference between the positive definite and decrescent. So decrescent means, if
you have 2 variables, x1, x2 and this is V of t, x1, x2. So if you have a surface V, something like
this, then it is keep on changing with respect to t. For 1 particular t, this is the surface. For some

other t, it will be some other surface. You may get a band of surfaces, okay.

So for different t, you may get different surfaces, but all the surface from 0 to infinity should be
within a band and you should be able to get another surface of class K, this is, that means the
level surfaces should be circle type of thing. So that should lie above all the surfaces Vt, x. So
Vt, x should be less than or equal to xi of norm of x where xi denotes a function of class K. So it
should be like this. In that case, you can say that the function is a decrescent function. So for
example, let us take this example.

(Refer Slide Time: 30:49)
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Vt, x1, x2, so first we have seen that it is 1+sin square t*x1 square+3x2 square, as we have seen
it is a positive definite function. Now it is also decrescent because it is less than or equal to, first
we have written that it is greater than or equal to x1 square+x2 square. Now it is always less than
or equal to, we can say, 3*x1 square+x2 square because 1+sin square t is always less than or

equal to 2.

So definitely less than or equal to 3 and this is also 3 here. So it is the surface xi of x1 square+x2
square. So this is what we get. So this implies decrescent. Now if we consider this surface, if it is
equal to, let us say 3+t square, so both of them are positive expressions, always they are all
positive. So this is positive definite because you can write it as greater than or equal to x1

square+x2 square. Because here cos t can be 0 and it can be -1, etc.

So this will be always greater than 1, this expression, greater than or equal to 2, okay. And this is
always greater than or equal to 3 for t>0. So this and this, both of them are greater than or equal
to x1 square+x2 square, this is the function phi. So this implies positive definite, okay. But we
cannot find any surface such that it is less than or equal to xi of x1 square+x2 square. It is not
possible. Because as t tends to infinity, this coefficient keep on growing towards infinity. So it
cannot be bounded by any such function of class K, okay. So it is not decrescent.

(Refer Slide Time: 33:57)
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If there exists a positive definite scalar function V(1. x) £ CUV[[ty, ) x B, AY]
(called Lyapunov function) such that V(t, x) < 0in (i, o} » B, then the irivial
solution of the system is stable

Theorem {3)
[f there exists a positive definite and decrescent scalar function )

Vit,x) e €[y, 2c) » By, R'| (caflled Lyapunov function) such that V(t, x) < 0 in
[fa, o) = B, then the trivial soluticn of the system is asymptofically stabfe.

Now the theorem on the stability of the time varying system is like this. If you are able to find a
positive definite function V and V dot is negative semidefinite, then the system is stable. So the
theorem and proof, both of them are exactly similar to that of the time invariant case. All the

steps which we have seen in the previous lecture will hold good for this theorem.

Similarly, if the function Vt, x is positive definite as well as decrescent, okay, these 2 conditions
are to be satisfied and if V dot is negative definite, then the system is asymptotically stable. Here
we are saying that positive definite as well as decrescent because the same condition is true in
the case of time invariant also. Earlier we have seen that V of x is positive definite, that is what

we have seen for, and V dot is negative definite, then it is asymptotically stable.

But for the time invariant case, if a function V of x is positive definite, automatically it is
decrescent also because we can see that if a surface, because it is a single surface. We can find a
surface below that as well as above that, both can be easily found out. Therefore, it is positive
definite as well as decrescent in the time invariant case. But in the time variant case, we have

seen example. It may be positive definite but it may not be decrescent.

So we need these 2 conditions to be specified for the asymptotically stable of the system and the
proof of the same, without t also holds good here. All the steps which we have shown in the

previous lecture can be applied to this also. Because in the time invariant case as we have seen, it



is automatically decrescent. So whereever the decrescent step is used for that purpose, we have
to mention here separately that the system is decrescent, okay.

(Refer Slide Time: 36:25)
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So we will see here, for example, if we take x1 dot=x2 and x2 dot is -alpha of t and x1. So if you
take this system, it is a time varying system because the coefficient is a function of time. And 0,
0 is the critical point or the equilibrium point of the system. So in this case, define the Lyapunov
function as this one, alpha of t*x1 square+x2 square. So if you define this Lyapunov function, it

is given that alpha of t is positive definite, greater than 0 and d alpha/dt<0.

So under these 2 conditions, because this type of system occur in practical situation under this
coefficient alpha to be, because if you take this, it is nothing but the harmonic oscillator in the
physical situation. If you write it as a second order differential equation, this equation is nothing
but the harmonic oscillator. So it is a practical problem in which this alpha should satisfy these

conditions, okay.

So now we can take the Lyapunov function V to be like this. So it is positive definite function
and because alpha>0, there should be a value greater than some constant K, positive constant K
because it is strictly greater than 0. And therefore, we can find the function, it is greater than or
equal to this one. So if you take the minimum of K and 1, let us call it as some other number K1,

then it is greater than or equal to K1*x1 square+x2 square.



So we are able to find a surface like this. So it is positive definite function. And we can easily
prove that V dot is negative definite, del V/del x1 that is alpha*2x1*x1 dot is x2, +alpha dot, d
alpha/dt*x1 square, +2x2*x2 dot is -alpha*x1. So we get here alpha dot*x1 square. This is less
than or equal to 0 because x2 term is missing here. Only positive term alpha dot*, alpha dot is

negative and x1 square is positive.

So it is less than or equal to 0 because the x2 is not mentioned here. So this implies the system is
stable, okay, according to the result which we have seen. So we have seen some theorems and
examples related the Lyapunov stability theory. So for we have seen the theorems on the stability
using the Lyapunov function for the time varying and time invariant system and some examples
have been seen. So in the next lecture, we will see another type of stability theory, okay. Thank

you.



