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Lecture — 04
System of Linear Equations-I

Hello friends, so welcome to lecture series on Matrix Analysis with Applications. In the
last lecture we have seen how we can find out rank of a matrix. I have discussed that
rank of matrix is nothing, but number of non-zero rows in that non form of that matrix or
it 1s the maximum number of linearly independent rows or columns of the matrix. We
have also seen some of the important properties of rank or the matrix. Now how it is

useful to solve system of linear equations we will see in this lecture.
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System of linear equations

A system of linear equations is a list of linear equations with the same unknowns.
Consider, the following system of m linear equations with 1 unknowns

anxy +apx + -+ apx = by

Xy 4 apyy -+ ayx, = by
Qi X) + Xy + o Gy = bm

where a;; and b; are constants & x; are unknowns. (where i = 1,2,...m&j=1,2,...n)
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So, what system of linear equations is let us see. A system of linear equations is the set of
linear equations or a list of linear equations with the same unknowns. Consider, the
following system of m linear equations with n unknowns you see, we are having here we
are having m number of equations, our equations are linear having same set of same set
of variables x 1 to x n, x 1 to x n ok. So, this system is having n number of unknowns
with m equations. So, this here a ijs are known all a ijs are known and the right hand side
is also known and we have to find out x js. Here j is varying from 1 to n, these are the

unknowns ok.
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Standard form of a system of linear equations

The system of linear equations can be written in the matyix form as
Ax=b

where,
GIIERCG DEEEREE O I X by

ay ap - Gy X by
AR = (=

(O I B T Xn hm
A= Coefficient Matrix
x= Unknown Vector
b= Constant Vector (right hand side column vector)
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Now this can also be expressed in the matrix form as follows you see, if you write Ax
equal to b where A is given by this matrix you see. If you see here the coefficient matrix
isallal2uptoalna2la22uptoa2n and similarly the m th equation m a m1 a m2

up to a mn.

So, this is the coefficient matrix this x is x 1 X 2 up to x n the unknown vector and this b
isb 1 b2 up to b m this is right hand sight. So, this a is also called coefficient matrix this
x is called unknown vector which is to find out, this b is called constant vector or right
hand side column vector. So, the matrix representation of a system of linear equation
with m unknowns I mean with n unknowns and m equation is given by this expression.
Now, system of linear equations are of two types is it is either homogenous or non

homogenous.
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Types of systems

o Homogeneous System : If all the constant terms are zero i.e.
by = by =+ = by, = 0then the system is called homogeneous.

o Non-Homogeneous System : If at least one of the constant term is non-zero i.e. the
constant vector b is not a zero vector then the system is called non-homogeneous.
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What do you mean by homogenous? You see if the right hand side that is this b, if all b’s
are 0 if b 1 equal to 0 b 2 equal to 0 up to b m equal to 0. Then this system of equations
are called homogenous system, and if there exists at least one b j which is not equal to 0

then this system of equation is called non-homogenous system of equations.
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N
Consistent system

o The system of linear equations Ax = b is said to be consistent if it has one or more
solutions.

Inconsistent system

o The system of linear equations Ax = b is said to be inconsistent if it has no solution.

Note: A system of linear equations can not have finitely many (more than one) number of
solutions.
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The system of linear equation Ax equal to b is called consistent if it has one or more than
one solutions. System of equations are either consistent or in consistent; consistent

means it has solution, solution may be one or may be more than one. And inconsistent



means no solution ok, no solution. Now, system of linear equation cannot have finitely
many more than one number of solutions ok; that means, if you are talking about system
of linear equations whether it is homogenous or non-homogenous there are only three

possibilities.

The system may either have unique solution that is only one solution, or it has no
solution ok, or it has infinitely many solutions. It can never it can never have finitely
many solution that is more than one solutions. Why? You can see here you have you have
system equation Ax equal to b; where A is the m cross n matrix, x is a vector which is an

R n and b is again a vector which is an R m ok.
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Now, suppose this system has two solutions x 1 and x 2 are the 2 solutions of Ax equal to
b. Now, if x 1 and x 2 are the two solutions of this means Ax 1 equal to b and Ax 2 equal
to b.

If it is a solution this means it satisfies the system of equations, now if you take any x bar
which is lambda x 1 plus 1 minus lambda x 2 where lambda is any real number. If you
take any x bar which is defined like this you take Ax bar then Ax bar will be A of lambda
x 1 plus 1 minus lambda x 2, which can be equal to lambda Ax 1 plus 1 minus lambda

Ax 2 Ax 1 is b here Ax 2 is also b from here.



So, it is lambda into b plus 1 minus lambda into b so it is equal to b. So, this implies Ax
bar this implies Ax bar is equal to b; that means, x bar is also the solution of the system
of linear equation x equal to b and x bar x bar is simply a lambda x 1 plus 1 minus
lambda x 2. So, you vary lambda in R you will get, so many x bar satisfying this
equation. So, this equation will be having infinitely many solutions ok. So, it this system
can never be having can never have finitely many solutions or more than 1 solutions. It

will be having if it has 2 solutions than this may it is having infinitely many solutions ok.
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Solution of homogeneous system

Homogeneous system is always consistent. i.e. either it has unigue solution or infinitely
many solutions.

Let A = [ajj],ux, be a matrix such that rank(A) = r and there are n number of unknowns,
then

o Ifr=n = Unique solution — zero solution (trivial solution).

o If r <n = Infinite solutions — non-zero Solution (non-trivial solution).

o Now give any arbitrary values to (n — r) variables and solve the remaining system.
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Now, first we will consider how we can find out the solution of homogenous system of
equations, homogenous system of equation means the right hand side the 0 ok. Now, the
homogenous system is always consistent it will never be having no solution the reason is
if you take to Ax equal to 0. So, x equal to 0 which is the trivial solution always satisfy
the system of linear equations so; that means, the homogenous system is always
consistent. So, only we have only two possibilities either it has unique solution or it has

infinitely many solutions ok.

Now, how can we say when we can say that it has unique solution or infinitely many
solutions, this unique solution is also called trivial solution which is 0 solution x equal to
0 all x 1’s are 0 and infinitely many solution is also called non trivial solution, some x 1
may not be 0. Now how can we find out whether the system has unique solution or

infinitely many solutions? So, now, we can use a concept of rank you see let us consider



a matrix of order m cross n such that the rank of matrix is r suppose the rank of this

matrix is r.

Now, rank of this matrix is r what does it mean, it means that that this coefficient matrix
A are having r number of linearly independent rows or columns, because rank is simply
means maximum number of linear independent rows or columns. If the rank is r this
means this matrix is having r number of maximum r number of linearly independent

rows or columns.

Now, here for this coefficient matrix a number of unknowns are n a x equal to b number
of unknowns are n. Now, if r is equal to n if r is equal to n; that means, rank of the matrix
is n, n is number of unknowns; that means, what that means, you see if you are taking if
you are taking Ax equal to 0 the homogenous system, A is the matrix of order m cross n

andxisx 1 x2uptoxn.
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Now, this system is either having unique solution as we have discussed or this system
has infinitely many solution. This is also called trivial solution this is also called non
trivial solution. A unique solution means x equal to 0, and infinitely many solution means

x naught equal to 0 all x are not equal to all xi’s are not equal to 0 ok.

Now, if rank of the matrix is r rank of A is r. So, there are only two possibilities either the

rank is equal to n, n is number of unknowns you see n is number of unknowns. Now, if



rank is equal to n this means, this means this matrix the rank of this matrix is n this
matrix rank is n. This means the maximum number of linearly independent equation r n
because the rank is n this means the echelon form of this matrix are having n number of
linearly independent rows and; that means, that means we are having n number of
linearly independent rows with n number of unknowns. So, it will be having unique

solution and which is the 0 solutions or trivial solution.

Now, if r is less than n n r is r is either less than or equal to n because r is less than less
than minimum or less than equal to minimum of m or n ok. So, if r is less than n this
means numbers of linearly independent equations are less than n that is unknowns are
more than number of linear independent equations. So, system will be having infinitely

many solutions ok.

So, if r is less than n infinitely many solution that is non zero solution or non trivial
solution. Now, how to find out all those infinitely many solutions you see you can put n
minus r variables as arbitrary you can choose n minus r variables give arbitrary value to
them and then you can solve the remaining system. Now, let us discuss let us see few

examples based on this suppose you are having this system ok.
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Find the solutions of following system of linear equations
X =-3+Tx=0
Qi -x+4n=0
XN+2+9=0
Solution: The coefficient matrix A is given by
1 =37
A=12 -1 4 = rank(A) = 3 = n number of unknowns.
[0
-, Ithas unique Solution (zero solution) i.e. x; =0,x; = 0,03 = 0.
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The system of equation is this the coefficient matrix is what it is 1 minus 3 7, it is 1
minus 3 7, second row is 2 minus 1 4 it is 2 minus 1 4, the third rowis 1291 2 9. Now,

how can we see whether this system has unique solution or infinitely many solution



because there are only two possibilities because system is homogenous, now this we can
find out calculating the rank of this matrix. So, what are the rank of this matrix, so what

is this coefficient matrix here is.
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Now, coefficient matrix here is you can see it is 1 minus 3 is 7 itis 2 minus 1 4 1 2 9.
Now, let us fine rank of this matrix, convert this matrix and to its echelon form; it is 1
minus 3 7 this minus 2 times this will make 0 here which is 0. This minus 2 time this will
be 5, this minus 2 time this will be 4 minus 14 is minus 10 ok. This minus this is 0, this
minus this is 5 this minus this is 2. Now, it is 1 minus 3 7 it is 0 5 minus 10, 0 you will
make 0 here with the help of this minus this is 0, this minus this is 12. So, the rank of this

matrix is 3 which are number of unknowns.

So, this implies unique solution, and unique solution means trivial solution and trivial
solution means x 1 equal to x 2 equal to x 3 equal to 0 all x are 0 ok. So, hence we can

find out the solution of this system the next problem suppose we are having this problem.
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Find the solutions of following system of linear equations
2 =56+ 80 = (}
4+ -x=0
dyy+ 20+ =0

dx) - 220+ 213 =0

Solution: The coefficient matrix A is given by

-5 8
7 -l
2

Y

=22 25
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You see here we are having 4 equations with 3 unknowns and we have to see where this
system has unique solution or infinitely many solutions. So, you can write out you can
write the coefficient matrix, the first row is 2 minus 5 8 the 2 minus 5 8, the second row
1s 2 7 minus 1 2 7 minus 1 and similarly the other 2 rows; When you find out the rank of

this matrix by converting this into its echelon form.
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Echelon form of matrix A

A~ = rank(A) =2 < n =3 (number of variables)

.. It has Infinitely many solutions (non-zero solution).
Letis=t= x;=3/4 & x =-1Tt/4
where  can take any arbitrary real value.
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So, rank we can obtain rank as 2, rank as 2 and number of unknowns are 3. So, rank of

matrix is less than number of unknowns this means this system has infinitely many



solutions, now how can you find out all those solutions you can start with this matrix

itself you can start with this matrix what is this matrix is it is 2 minus 5 8.
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It is 2 minus 5 8 it is 0 and then 12 9 12 minus 9 and 0 0 0 0 0 0, we are having x 1 x 2 x
3anditis 0 0 0. So, the first linearly independent equation we are having is this equation

the second linear independent equation we are having as this equation.

So, you can arbitrary choose we are having 2 equations linear independent equation 3
unknowns. So, 3 minus 2 is 1, so we can put 1 of the variable as give arbitrary value to it
and find out the values of other 2 variables. So, let x 3 equal to t, so you can find x 2 x 2
will be simply 3 by 4 times t from here and you can substitute x 3 and x 2 in this
equation and find x 1. So, here t is any real number arbitrary value, so in this way we can

findoutx 1 x 2 and x 3.
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o What are the conditions on a and b such that the system of linear equations
1+29+3=0

-x=-2y+az=0

2v 4 by + 6z = 0 has (i) unique solution (if) infinitely many solutions ?
What are the conditions on A and ;¢ such that the system of linear equations
-x+2=0

D4+ Mly+4z=0

X+ py 4z = 0 has (i) unique solution (if) infinitely many solutions ?
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So, now let us solve these two problems what are conditions on a and b such that the
system of linear equation this has unique solution or infinitely many solutions. We are to
find out the conditions on a and b such that this system has unique solution or infinitely

many solutions. So, let us try this problem now what is the coefficient matrix here.
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The coefficient matrix is minus itis 1 2 3 it is 1 minus 1 minus 2 a and it is 2 b 6 this is
the coefficient matrix. Now to find the conditions on a and b for which the system has

unique solution or infinitely many solutions, we first find out the echelon form of this



matrix. If there then we can impose the condition on a that when the rank of the matrix is
equal to 3 because if rank of the matrix is 3, this means is equal to number of unknowns
this means unique solution, and then when the matrix rank of the matrix is less than 3

and that case it is it is having infinitely many solutions.

So, first let us try to find out the echelon form of this matrix. So, you see it is 1 2 3 will
remain the same you will make 0 here with the help of this. So, it simply this plus this
plus this is 0 the same operation you will apply on the entire row this plus this is O this
plus this is a plus 3, you will make 0 here with the help of the first row. So, this minus 2
times this will make 0 here 0 this minus 2 times this will be b minus 4 this minus 2 time
this will be 0, now it is it is the O element it is the O element. So, it is better to
interchange these 2 rows it this element may or may not be 0 depends on the value of b,
but this is always 0. So, better to interchange these 2 row to find out the echelon form of

this matrix.

So, itis 1 2 3 it is 0 b minus 4, it is 0 it is 0 0 a plus 3 we have interchange these 2 rows.
Now for unique solution for unique solution rank of a must be equal to number of
unknowns, number of unknowns there are 3. So, rank of a must be 3 rank of a 3 means
for this 3 cross 3 matrix rank will be 3; that means, there is no row containing all 0. So,
so this must be non-zero and this also must be non-zero then only this will be this row
will not be 0 and this row will not be 0, if anyone become 0 then the rank will be less
than rank will be less than 3. So, this implies a should not equal to minus 3 and b should

not equal to 4 then only rank of this matrix will be 3.

So, for unique solution we are having these two conditions, now for many solutions
infinitely many solutions rank of a must be less than 3. Now rank a less than 3 that mean
there exist at least 1 row containing all 0 elements. So, this may be having that this is 0
this is not equal to 0 this is O this is not equal to 0 or both of them are 0. So, we can write
either a equal to minus 3 or b equal to 4 or both, then the rank then the rank of this

matrix will be less than 3.

If both are continuous satisfying the rank is 1, if 1 of the condition satisfy the rank is 2 if
both the cases the system is having infinitely many solutions ok. Now, similarly if you if
you if you try to find out this system then how can we solve this system let us see what is

the coefficient matrix here.



(Refer Slide Time: 21:16)

‘ 0 /J— 5
Cimes -
_JLJWV( ey
A=0 — IO Az il =
R ~ 0 ST
ORbe e 256 DO e
SolwRew
LR- A2
AN TR R
)\#D s " (U b b
— it = o N M4
Dl 0 o0 (3-Myg S Sohwhio?
G2, S - Moo
Unggd / e

¢ /\//
n(h)=2

o M T
Uit Jolwhon - 344 Que a4, 3 TX8F0 2 \?'A } ‘cjﬁ
Mg chu - 2A= 8y

Coefficient matrix here is minus 1 0 2 it is 2 lambda 4 it is 1 mu 1. So first find the
echelon form of this matrix again, so remain leave this row as it is this plus 2 times this
is 0, this plus 2 times this is lambda this plus 2 times this is 8, this plus this is 0 this plus
this is mu this plus this is 3. Now, we have to find out the condition, now if you want to

if I want to make 0 here with the help of this.

So, this lambda may or may not be 0, so, I have to take two condition basically. So,
basically if lambda equal to 0 then matrix a will be the echelon form will be this 0 to 0 0
8, 0 mu 3 and this will be minus 1 0 2 you can interchange these 2 rows 0 mu 3 0 0 8.
Now, this will be having unique solution unique solution, if rank of this matrix is 3 and
rank of this matrix will be 3 when mu is not equal to 0 then only then only rank will be 3
ok. So, mu should not equal to 0 and for many solutions, for many solutions rank mu

should be 0 because of mu is 0 if mu is 0.

So, you can make 0 here with the help of this. So, rank will become 2 and if mu is not
equal to 0, so rank will be 3. So, one condition is over now if lambda is not equal to 0
then it will be minus 1 0 2 0 lambda 8 0 mu 3. Now, you can apply 1 row operation here

you can replace R 3 by R 3 minus mu by lambda times R 2.

So, what you will obtain it is minus 1 0 2 it is 0 lambda 8, it is 0 0 it is 3 minus mu by
lambda times 8, because you want to convert this into its echelon form. Now, for unique

solution how you will get the unique solution. If rank of this matrix is 3, if rank of this



matrix is 3 number of unknowns, a rank will be 3 if lambda is not equal to 0, and this is
not equal to 0 rank lambda is not equal to 0 is already here. So, we do not need this
condition. So, 3 minus mu upon lambda into it should not be 0, so this implies 3 lambda

should not equal to 8 mu and for many solution in this case.

For many solution this must be 0 because we want rank less than 3 ok. So, 3 minus mu
upon lambda into 8 must be 0. So, this implies 3 lambda should be 8 mu, now if lambda
equal to O the first condition if lambda equal to 0, you see for unique solution mu should
not equal to 0. If a substituted here lambda equal to 0 then mu is not equal to O that is

coming from this condition itself.

And if lambda equal to 0 for many solution mu should be 0 that is coming from here. So,
we can we can combine these two conditions and you can simply say that for unique
solution, 3 lambda should not equal to 8 mu and for many solution infinitely many

solution 3 lambda should be equal to 8 mu.

So, if this way we can find out the conditions on lambda and mu such there are system
will equations are having unique solution infinitely many solutions ok. So, in this lecture
we have seen that how can we solve homogenous system of equations using the rank
approach. You find the rank of the matrix, if you see that rank of the matrix is equal to
number of unknowns this mean system is having, the homogenous system is having
unique solution. If rank or matrix is less than n less then number of unknowns this mean
system is having infinitely many solutions. In the next lecture we will see that how can

we solve system of non-homogenous equations.

Thank you.



