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Lecture — 20
Gram Schmidt Process

Hello, friends. Welcome to lecture series on Matrix Analysis with Applications. So, today
lecture is Gram Schmidt process, what Gram Schmidt process is and how it is used to

find an orthogonal set of vectors.
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Orthogonal set

A subset {vy,vy,..., v, } of a vector space V, with the inner product (,) is called orthogonal
if (vi,v;) = O when i # j i.e. the vectors are mutually perpendicular.

Q Theset {(—1,1,0),(1,1,0),(0,0, 1)} is an orthogonal set.
Q Theset {(1,2),(~2,2)} is not an orthogonal set.
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So, first let us understand let us recall our definition orthogonal set. We know that if a
subset v 1, v 2 up to v n of a vector space V with inner product defined like this is called
an orthogonal, if inner product of v i, v j is equal to 0 when 1 is not equal to j, that is for
any two distinct vectors in this set any two distinct vector in this set are orthogonal I

mean are perpendicular.
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For example, you see this set if you see this set if you take the inner product of these two
say the set is simply you see the set is minus 1, 1, 0 then 1, 1, 0 then 0, 0, 1. Suppose, this
is V 1 this is V 2 this is V 3. You take the inner product of v 1 and v 2 the usual inner
product. The usual inner product between two vectors in real dimensional vector space is

simply the standard dot product. So, it would be a dot product of these two vectors.

So, minus 1 into 1 is minus 1, 1 into 1 is 1 and 0 into 0 is 0 which is 0. Similarly, you
take inner product of v 2 and v 3, it is simply you take 1 into 0 is 0, 1 into 0 is 0 and 0
into 1 is 0, so, it is 0. Similarly, inner product inner product of v 1 and v 3 is also 0. You
can easily verify this is minus 1 into 0 is 0, 1 into 0 is 0 and 0 into 1 is 0. So, it is also 0.
So, we can say that viand v j for i is equal to 0 for i not equal to j. So, means this vector

is this set of vector is I mean orthogonal.

Now, if you take the inner product between these two vectors it is minus 2, plus 4 which

is 2, which is not equal to 0; that means, this set is not an orthogonal set.
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Orthonormal set

An orthogonal set § is said to be an orthonormal set if ||a|| = 1V a € Si.e. itis the set of
mutually perpendicular vectors, each having length 1.

Examples

Q The standard basis of either R" or C" is an orthonormal set with respect to the
standard inner product.

Q The set of vectors {(1,0,-1), (I, v2.1),(1,=v2, 1)} is not an orthonormal set in
I3 with respect to standard inner product .

@ Let V be the space of real valued continuous functions on the interval 0 < x <1 with
the inner product

|
Wm:Aﬂmmﬂ

Let f,(x) = V2 cos 2mnx and g, (x) = v/2sin 2mnx. The set {1,f1, g1, /2, g2, -} is an
orthonormal set,
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Now, beside an orthogonal set if it also satisfy that norm of each vector is 1; norm

means, how we define a norm of vector?

(Refer Slide Time: 02:59)

Norm is simply if we want to define norm then norm of a vector v is nothing, but under
root of inner product of v with itself this is simply a length of a vector or a norm of a
vector. So, if we have a set of vector say v 1, v 2 up to say v n so, this set is called an
ortho normal set, if inner product of v 1, v j is 0 for i not equal to j and inner product of v

i for viis equal to 1, for all i. Or, we can say that inner product of v 1, v j is equal to 0 for



i not equal to j n is equal to 1 for 1 equal to j and if it is hold for all i and j then the set of

vectors are called orthonormal set.

So, suppose we have various examples to verify that the set of vectors are an
orthonormal sets. Suppose, you have a standard basis of R n, if you have a standard basis
of R n what are standard basis of R n? We know standard basis of R n is simply 1 0 and
soonup to 0 itis 0, 1, 0 and so on up to 0 and similarly, it is 0, 0 and so on 0 comma 1.
If you take the inner product of any two distinct vectors in this set so, it is 0. You can
simply verify 1 into 0 is 0, 0 into 1 is 0. So, you can simply verify that if you take inner
product of any two I mean distinct vectors in this set it is 0 and the norm of this any
vector in this set any vector is 1. So, we can say that this set of vectors are is orthonormal

set.

Similarly, if you take the second example, now second example is not an orthonormal
you see. If you take the inner product of these two it is 1 into 1 is 1, 0 into root 2 is 0,
minus 1 into 1 is minus 1, which is 0. The inner product of these two is 0. If you verify
the inner product of these two it is 1, minus 2, plus 1 again 0. If we verify the inner
product of first vector and the third vector it is 1, plus 0 and minus 1, again 0; that

means, this set of vectors is orthogonal.

Now, the norm of this now the norm of this vector is under root 2 which is not 1; that

means, this set of vectors is orthogonal, but not orthonormal.
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So, how can we construct an orthonormal set from an orthogonal set you simply divide
each vector by it is norm. You see if you have a set of vectors like this say v 1, v 2 and so
on up to v n, and it is you know that this set is an orthogonal set. Orthogonal means that
inner product of any two distinct vector is 0, and now you want to construct an

orthonormal set from this set.

So, how you can do that? You can simply divide each vector by it is norm. You see v 1
upon norm of v 1, v 2 upon norm of v 2 and v n upon norm of v n, it will be some
different set from this set, but it will be an orthonormal set. So, always we can construct
an orthonormal set from an orthogonal set by dividing each vector with it is norm. You
can easily verify now you see that norm of each vector is 1 now, what is the norm of the
first vector if it is U 1, what is the norm of U 1? Norm of U 1 is norm of v 1 upon norm
of v 1, it is a scalar quantity. So, we can take it out it is 1 upon norm of v 1, norm of v 1.

So, itis 1.

Similarly, we can verify for this vectors also and if you take any two distinct vector in
this set because norm is only a scalar quantity it will take out it will comes out from the

inner product and this set is an orthogonal set. So, this will also be an orthogonal.

Now, similarly if you take the third example where V is a space of real valued continuous
functions on the interval x varying from 0 to 1 with the inner product define like this,
where f n is defined like this is a under root 2 cos pi 2 pi n x and g n is this then this set is

an orthonormal set, it is very easy to show.
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You can take you can take any two you see you take i x; f'1x is simply under root 2 cos
2 piix you take g j x g j x is simply under root 2 sine 2 pi j x and if you take the inner
product of i1 with g j which is given by a 0 to 1 fi x into g j x I am taking i naught equal

to j here.

So, it will be equal to 0 to 1, if you take these two it is 2 times cos 2 pi i x into sine 2 pi j
x d x and when you take 2 times when you take simply you see it is 2 of sine a X into cos
b x which is 0 to 1 sine sine a plus b that is 2 pi will come out j plus I times x minus sine
a minus b 2 sine a cos b. So, it is plus and it is 2 pi and it is j minus 1 times x whole d x
and when you take the when you take the integration it is simply minus cos of 2 pi I plus
j times x upon 2 pi i plus j from 0 to 1, again it is minus cos 2 pi j minus i times X upon 2

pij minus X j minusi0 to 1.

Now, when you take x equal to 1 it is 2 multiple of 2 pi and cos multiple of 2 piis 1 and
again from the lower limit also it is 1. So, 1 minus 1 is 0. Here also because by the same
result it is 0. So, 0 minus 0 is 0 and similarly, we can verify that inner product of i with
itself is one and similarly inner product of g j which itself is 1, this we can easily verify

using the same concept.

So, we can say that this set this set is an orthonormal set because if you take any two
different vectors any two different functions. In fact, if you take one function as 1 and

you multiply with any f i, I mean I want to say in the same if you take inner product of 1



with f'1 this is also 0 for all i and inner product of one with g, j is also 0 for all j this also
we can verify using the same definition of inner product. So, hence we can say that this

set is an orthonormal set.

(Refer Slide Time: 10:56)

Theorem

Let V be an inner product space and § = {vy, 2, ..., v} be an orthogonal subset of V
consisting of non-zero vectors.

Q Then, SisL.I

Q Ify € span($), then

{y,i)
‘\':Z Ly,
e [y

i=1
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Now, the next result is let V be an inner product space, and the set which is given as v 1,
v 2 up to v k be an orthogonal subset of V consisting of non-zero vectors it is it is an
orthonormal orthogonal subset and it consist of non-zero vectors. So, the first result is
this set is always LI; that means, set of non-zero vectors which is an orthogonal is always

linearly independent. How we can show this?
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Very easy to show; you see we have the set v 1, v 2 up to v k. It is given to us that the set
is orthogonal orthogonal means inner product of v i with v j is 0 for all i not equal to j.
Now, in order to show that this set is and we also know that v i is not equal to 0 for all i

because it consist of non-zero vectors.

Now, in order to show that this set is linearly independent, take a linear combination of
these vectors, put it equal to 0 and try to show that each scalars are 0 ok. So, take a linear
combination of these vectors, and put it equal to 0. Now, we have to show that each

alpha is 0 in order to show that this set is linearly independent.

Now, say this vector is v the linear combination of these vectors say the linear
combination of these vector is v which is of course, equal to 0. Now, you take the inner
you take the inner product of this v with say any v any v i or what you can do you take
the inner product of this vector v with any v 1 inner product of alpha 1 v 1 plus alpha 2 v
2 and so on up to alpha k v k with any say v i here also 0 with v i for any i any i from 1

to k. This i may be 1, this i may be 2 or this i may be k.

Now, this is of course, 0 inner product of 0 with any vector is always 0. Now, when you
take the inner product definition of inner product of on this v i; so, this will be alpha 1
times inner product of v 1 with v 1 plus alpha 2 times inner product of v 2 with v i and so

on. In between you will get some alpha i also we are we are having v i, v 1 and plus and



so on alpha k will come out inner product of v k with v i and which is which is equal to 0

which is equal to 0 because the right hand side is 0.

Now, since this is an orthogonal set that means, for any two distinct vectors in this set the
inner product is 0. So, that means, this is 0 ; that means, this is 0 ; that means, this is 0 if 1
is not equal to k it will be, it will be it will have some value only when this i is equal to 1.
So, that means, it is alpha i times norm of v i square equal to 0 because all others are 0
and since v i is not 0, for all i this means this is not equal to 0, and; that means, alpha i

equal to 0.

Now, you vary alpha you vary i, this i may be 1; that means, alpha 1 is equal to 0, this i
may be 2; that means, alpha 2 equal to 0 and if you vary this i1 over k, so; that means, that
means, alpha 1 equal to alpha 2 equal to and so on, alpha k equal to 0 and this means set
are set is linearly independent. Or you can understand it is like this you take you take the
linear combination of this vector and suppose it is V you first take the inner product of

this vector with v 1 this will give alpha one equal to 0.

Now, you take the inner product of this vector v with v 2 this will give alpha 2 equal to 0
and similarly, you will take inner product of this v with alpha k this with alpha k equal to
0 and hence we will obtain all alpha is are equal to 0 that mean the set is linearly

independent.

The second the second point is the second part of the theorem is if y belongs to span of S
span means some linear combination of these vectors of S then y can be expressed as this

sum also it is also easy to show you see.
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Now, this y it belongs to span of this span of S. S is what? Sisv 1, v2 up to vk. If thisy
belongs to span of this means there will exist some scalars such that y can be expressed
as linear combination of those scalars with these vectors ok; that means, this implies that
y will be equals to some beta 1 v 1 plus beta 2 v 2 and so on up to beta k v k because this
y is in the span of these vectors. So, now, we have to find out beta beta betas beta 1, beta

2 up to beta like this we have to find out.

Now, if you take inner product of this y with suppose v p ok, where p is where p is any
value between k and 1 again p may be 1, may be 2, may be k any p then this is equal to
inner product of beta 1 v 1 and so on up to beta k v k with v p. Now, applying the
definition of inner product this is beta 1 inner product of v 1 with v p plus beta 2 inner
product of v 2 with v p plus and so on, beta p inner product of v p with v p plus and so
on, in beta k inner product of v k with v p and since this set is an ortho orthogonal set so,
all these terms are 0 only this term left. So, this means this is equals to beta p into norm
of v p square. So, that means, beta p is nothing, but inner product of why with v p upon

norm of v p square.

So, what is beta 1? You replace p by 1. What is beta 2? You replace p by 2 and similarly
other betas. So, what we can say about y? Now, this y can be written as summation p

from 1 to k beta p v p. So, this can be written as p from 1 to k beta p is inner product of y



with v p up on norm of v p square times v p. So, hence we obtain this. So, the same result

instead of I am having p no problem with that.
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In the inner product space R? with standard inner product, if the set
§={(1,1,0),(1,=1,1),(=1,1,2)} is an orthogonal se, then

o find its equivalent orthonormal set ?

o express (2,1, 3) as linear combination of the vectors of § 7
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Now, in this problem you see in the inner product space R 3 with the standard inner
product, this set is an orthogonal set. You can easily verify, you see you take the inner
product of any two distinct vectors of this set you will find that it is 0. So, this set is an

orthogonal set.

Now, how can we how we can find it is equivalent orthonormal set? This I have already
discussed that in order to form an orthonormal set from an orthogonal set, simply divide
each vector by its norm. So, what is the norm of this vector? It is under root 2, norm of

this vector under root 3 norm of this vector is under root 1 plus 1 plus 4 that is under root
6.
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So, what is an equivalent orthonormal set of this the equivalent orthonormal set of this is
suppose S dash which is the first vector is minus 1, 1, minus 1, 1, 0 upon under root the
second vector is minus 1, minus 1, 1 1, minus 1, 1 upon under root 3; the third vector is
minus 1, 1, 2 upon under root 6. So, this will be an equivalent first element is 1, 1, 0 the

first element is 1, 1, 0. So, this is an equivalent orthonormal set.

Now, again the next problem we have to express 2, 1, 3 as the linear combination of
vectors of S. So, how can we can how we can express 2, 1, 3 as a linear combination of
elements of S. So, we can use the previous result you see. In the previous result this set is

an orthogonal set and if y belongs to span of S then this y is some expression like this.

So, this so, here you can see that this because this is an orthogonal set and its and all
vectors are linearly independent. So, this will be a basis of basis of R 3, any three
linearly independent set of R 3 will be a basis of R 3. So, this is a basis of R 3 means this
2, 1, 3 will belongs to span of this span of these three vectors v 1, v 2 and v 3 and since

2, 1, 3 belongs to a span of these three vectors.

So, we can use the previous result sorry we can use a previous result here and this y we
can write as like this y we can write it like this it is k from 1 from 1 to it is we can write
here i from 1, 2, 3 because these are three vectors inner product of 2, 1, 3 which is y with

v 1’s upon norm of v 1’s square into v i’s.



So, now, you vary now, you vary i here you can see in this example v 1 is this, v 2 is this,
v 3 is this you can simply substitute in that expression to find out that to find out the
expression in which 2, 1, 3 can be expressed as linear combination of elements of or

vectors of S.

(Refer Slide Time: 22:04)

Suppose wy, w, ..., w, form an orthogonal set of nonzero vectors in V. Let v be any vector
in V. Define

V=v=(cw +ewr+ ..+ ow)
where

{v,wy) (v,wn) (vwy)

: (wl.m)'(:: o

----- r
(w2, w2) (wr,w,)
Then V' is orthogonal to wy, wa, ..., w,.
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Now, the next result is supposed w 1, w 2 up to w r form an orthogonal set of nonzero
vectors in V, it is an orthogonal set again and if we write v which is an any vector in V
and if we define v dash as this where c 1 is the defined like this expression, orthogo
orthano inner product of v with w 1 upon norm of w 1 square and similarly other ¢ 1’s
then this v dash is always orthogonal to w again it is easy to show you see you see what

is what is v dash here you see.
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What is v dash here? v dash is a v minus it is sum of i from 1 tonitisciwir, ok, it is
up to r. So, you can take it up to r and sorry it is v and what are ¢ i’sl ¢ i’s are nothing, but
this ¢ i’s are given to us that the ¢ i is inner product of v with w i upon norm of w i
square and we have to show that this v dash this v dash is orthogonal to w 1, w 2, up to w
r any w. So, that means, we have to show that this inner product of v dash with any w 1 is

equal to O for all i, this we have to prove.

So, take the inner product of v dash with w i’s. This is inner product of what is v dash? v
minus some from i from 1 to r ¢ 1 w 1 with w 1. This is inner product of v with w 1 minus.
Now, when you open this sum it will be what? ¢ 1 you see minus will come out its inner

product of ¢ 1 w 1 plus ¢ 2 w 2 and so on up to ¢ r w r with w 1 this will remain as it is.

Now, since this w 1, w 2 up to w r is an orthogonal set ; that means, w 1 with wi1is 0 if i
is not equal to 1, ; that means, this will this will be having some nonzero value when w 1
with inner product with w i only ; that means, it will value only one coefficient itself c i,
w 1 with w i. You see when you apply a definition of inner product in this expression w 1
inner product with w i. So, in between we are having some ¢ i w i also. So, only that

expression will be here all other for all other for other 1’s it will be 0.

Now, this is v comma w 1’s minus c i is given by this expression is given to us when you
substitute it over here, and this cancels out and this is minus this is 0. So, we have shown

that we inner product of v dash with w i is 0 for all i, because i is an arbitrary [ mean you



can put it 1 or 2 or any i. So, hence we can we have shown that v j v dash is orthogonal

towi’s.
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Gram-Schmidt Orthogonalization Process

Let V be an inner product space and let {v), vy, ..., v,,} be a set of linearly independent

vectors in V. Then there exists an orthonormal set Of vectors {uy, 3, ..., 1, } such that
span{vy,va, .., vi} = spanfuy, uy, ..., u;}

foreachi, 1 <i<n.

Proof: Let {v, vy, ...1,,} be a set of linearly independent vectors in V. We need to
construct a set of vectors {1y, .... 1, } which is an orthonormal set. We shall prove it by
the method of induction.

() NPTELONLINE
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Now, we are having important process to orthogonalize the given set of vectors. Suppose
a set of vectors v 1, v 2 up to v n is a linearly independent set, and you want to find out
an orthonormal or orthogonal anyone anything orthogonal orthonormal set of vectors u 1,
u 2, up to u n such that the span of v1,v2uptoviisequal tospanoful,u2uptoui
for each i; i varying from 1 to n. So, this is basically this property or this result is called

Gram Schmidt orthogonalization process.

Now, what is the proof of this? The proof is basically we can obtain the proof using
mathematical induction. So, we have to construct a set of vectors u 1, u 2 up to u n such
that this set is an orthonormal set and the span of u 1, u 2, up to u i is equal to a span of v

1, v2up to viforeach i;1is varying from 1 to n this we have to show.

So, in the mathematical induction first we take i1 equal to 1, ok. First you take this i equal
to 1 and then we take then we assume for i equal for this result for i hold for i minus 1
and try to show that it is also true for each i for i that means, we have done using

mathematical induction.
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Now, for i equal to 1 we can easily see you see if we take i equal to 1. So, you can
always setu 1 as v 1 upon norm of v 1 you have to set v 1 u 1, u 2 up to u n such that this
set is an orthonormal set and the span of v 1, v 2 up to v i is equal to span of u 1, u 2 up
to u 1 for each i. So, first we are taking i equal to 1 this is a first step for i equal to 111
assume that u 1 is like this, of course, you can easily verify that norm of u 1 is 1 you can
simply see the norm of this is what the norm of u 1 is what the norm of u 1 is the norm of

v 1 upon norm of v 1.

And norm is a scalar quantity it can be taken out norm of v 1 and which is 1 and of
course, this norm is well defined I mean this v 1 is u 1 is well defined because v 1 is not
equal to 0 because it is given to us that v 1, v 2 up to v n is an linearly independent set
and if any vector is 0 it will become LD set linearly independent set. So, that means ; that

means, each v i is not equal to 0. So, this expression this expression is well defined.

And, now, since v 1 equal to norm of v 1 times u 1 so, we can easily say that a span of v
1 is equal to a span of u 1 because it is some scalar multiplication of u 1. So, is since is a
scalar multiplication of u 1. So, whatever span this v 1 is creating the same span will

span by the vector u 1. So, we have we have proved this result for i equal to 1.

No, we will assume that it hold for 1 equal to 1 say i minus 1 it holds for i, i equal to 1

minus 1. Now, we have to show that it also hold for 1.
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Vi

Step L: Leti = | and setu) = il (v1 # 0as the set {vy, vy, ..v, } is lincarly

Vi
independent) . Obviously, span{vi} = span{u, } since v; = ||vy|Juy, that is, a scalar
multiplication of uy. Also, |[u)|| = 1. Hence, true for i = 1.

Step 2: Let i > 1. Suppose that we have constructed an orthonormal set of i — 1 vectors
{0, ooy iz } such that span{vy, va, ..., viey } = span{uy, i, iz}
Now, since {vj,vy, ..., v, } is linearly independent, therefore, v; ¢ span{vy,va, ..., vi-1}.

. Wi
Now, define wi = vi = (vi, i )uy — (viy )iz = ... = (vi, i iy and set uj = ——

[[will
clearly w; # 0.
Therefore, ||u;|| = 1. Further, we have to show that u; is orthonormal to uy, ua, ..., ui-y. For

any integer, k, 1 <k < i, consider
Wi
(i, ) = —'.11A>
[will

NPTEL ONLINE
. 1T ROORKER 6“ CERTIFICATION COURSE g

So, basically what i assumed in the step 2 that we have basically I have assumed that we
have constructed an orthonormal set of i minus 1 vectors. u 1, u 2 up to u i minus 1 such

that the span of these i minus 1 v i’s is equal to a span of these ui’s i minus 1 ui’s.

Now, first of all since these vectors are linearly independent so, of course, any v i’s
cannot be expressed as linear combination of 1 minus 1 v i’s. If it is not, then this v i will
if this v 1 belongs to a span of this means this mean the set is linearly dependent, because
this v 1 belongs to span of this; that means, there exist a vector v i in this set such that this
that v 1 can be expressed as linear combination of elements of this set. So, of course, this

v 1 will not belongs to span of this number one.

Now, we defined our self we defined w 1 like this you see we defined w i as we defined
w 1 as v i minus inner product of v i with w 1 times w 1 minus inner product of v i with u
2 with u 2 and so on inner product of v i with u i minus 1 times u 1 minus 1 because we
are considering i minus 1 set of u 1’s. So, we have we our self have constructed a w 1

satisfying this expression this we have constructed our self.

Now, we have constructed we have set u 1 as a inner as a w i upon norm of w i. Now,
again the norm of u 1 is equal to 1 for each 1 that is easy to verify and again this
expression is well defined because w i is not equal to 0, because if w i1 equal to 0 ; that
means, v 1 is equal to linear combination of u i’s and linear combination of u i’s u i’s with

i minus 1 vector is same as linear combination of v 1 with i minus 1 vectors that may the



set v 1, v 2 up to v n will become LD. So, which is not possible hence w 1 will not equal

to 0.

Now, now, we can now, we have to show that this set is an orthogonal set orthonormal
set basically we have to show that this u 1 is orthogonal to any u p, where p is varying
from 1 to i minus 1. So, the thing is very easy to show u p or u k you can take anything,
where k is varying from 1 to i minus 1. Now, what is ui here uiis uiis w i upon norm
of w i, as we have already discussed. This expression of norm of w i can be taken out by
a definition of inner product can be taken out. This w i is given by you can see here this

w 1 this expression we can substitute it here with u k.
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|
(ll,‘.lu\) = —(H‘,’. llk>
||vlnH

= m(lv = (Vi Juy = . = (Vi iz i1, )
1

l pl
= W((n-m} = (viy g |

= —..((r,.ux) = (vi, )
[[will
=1()

Hence, {uy, up, ..., u;} is orthonormal. Also, v; € span{uy, up, ..., u;}. Both the sets
{v1,v2, ..., vi} and {uy, uy, ..., u;} are linearly independent, hence by induction

span{uy, uy, .., ui} = span{vy, vy, . vib V1 <i <.
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Now, u 1, u 2 up to uiminus 1 is an orthogonal set i mean orthonormal set this is by our
assumption assumption of mathematical induction. So, that means, if you take the inner
product of v 1 with u k it will be remain as it is and this u k for any k between 1 to 1

minus 1 this will this will be 0 for all u i’s other than i1 equal to k.

Though it will exist only for i equal to k and for i equal to k the inner product of u k with
u k will be norm of u k square and it will v i into u k you see in some term you will be
having some v 1 u k inner product of v 1 with u k with u k. Now, a inner product of u k
with u k will be norm of u k square and this will come out since it is a orthonormal set.

So, this norm is 1 and this will cancel out. So, it is 0.



So, we have shown that the set of now, i vectors u 1, u 2 up to u i’s becomes an
orthonormal set, we have set it like this only and also v i belongs to span of this also we
have seen from above. So, both the vectors are linearly independent. Hence by induction
we can say that span of this equal to span of this for all i’s. So, hence we have proved

Gram Schmidt process.

So, basically what in what happens in Gram Schmidt process that if you are having a any
linearly independent set of vectors say u 1, u 2 up to u k then you can always find an
orthonormal or orthogonal set of vectors v 1, v 2 up to v k such that span of ui’sui’su
l,u2uptouiisequalstoaspanofv1,v2uptoviforeach i this is a main concept of

Gram Schmidt process.

(Refer Slide Time: 35:20)

Now, how we can apply Gram Schmidt process in some in various problems? You see
say u 1, u 2 up to u k which is linearly independent given to you. Now, you want to
construct an orthogonal set of vectors using Gram Schmidt process from this set of
vectors. So, how we can do that? You so, suppose that set of vectorsis v 1, v2,up to vk

of course, the same number of elements will be there.

So, we have to construct this orthogonal set. If you obtain orthogonal then orthonormal
can be find out by dividing each vector by its norm, because all vectors will be definitely

nonzero vectors because this vectors are linearly independent.



So, how we can find v 1; v 1 you take it equal to u 1, v 2 will be equals to u 2 minus
norm of u 2 with v 1 upon norm of u 1 square with u 1. You can easily verify you can
easily verify the norm of inner product of v 1 with v 2 will be 0 because inner product of
v 1 with v 2 is what is u 1 with u 2 minus inner product of u 2, u 1 upon norm of u 1
square with u 1 which is this into this inner product of u 1, u 2 minus this quantity is |

mean this quantity is a real quantity.

So, it can be taken out into inner product of u 1 with u 1. So, this cancels out ok, this bar
will be here, yeah. Here will be a bar because this scalar is coming from the second term.
So, this is inner product of u 1 with u 2 and this we again u 1 with u 2. So, this cancels
out and this is 0. So, we can easily verify that we are hence we are constructing an

orthogonal set of vectors.

Similarly, v 3 will be similarly u 3 minus inner product of u 3 with u 2 upon norm of u 2
square with u 2 minus inner product of u 3 with u 1 upon norm of u 1 square with u 1.
So, if you want to construct say v p. So, v p will be u p minus i if varying from 1 to p
minus 1 inner product of u p with u i upon norm of u i square with u i. So, in this way we
can construct an orthonormal orthogonal set of vectors and if further we want to find

orthonormal set of vector using this so, we can divide each vector by its norm.

(Refer Slide Time: 38:02)

Corollary 1: Let V be a finite dimensional inner product space. Then V has an
orthonormal basis. g

Corollary 2: Let V be a finite dimensional inner product space. Then any orthonormal set
of vectors {uy, w2, ..., u, } in V can be extended to an orthonormal basis of V.
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Now, these are some result from this if V be a finite dimensional inner product space

then it has always having a orthonormal basis, very easy to show you see. If we are



having a finite dimensional vector space so, it will be having a finite basis, say itisu 1, u
2, up to u n if it is having and if it is a end dimensional vector space and using Gram
Schmidt process we can always find an equivalent orthonormal set of vectors. So, that
means, there exists an orthonormal basis of a finite dimensional vector space inner

product space.

The next is if V is a finite dimensional inner product space then any orthonormal set of

vectors any in V can be extended to form an orthonormal basis of V.

(Refer Slide Time: 39:04)

If it is an orthonormal, if it is an orthonormal set of vectors if it is a orthonormal set of
vectors you see this is an orthonormal set of vectors. So, we can always extend this to
find an basis say to find an basis of V if basis dimension of basis is m plus p, and using
using Gram Schmidt orthogonalization process we can always find its equivalent
orthonormal basis using the corollary one. So, that means, u 1,u2 uptoum and itisum
plus 1 and so on up to u m plus p that will be the equivalent orthonormal ortho
orthonormal basis of that that finite dimensional vector space. So, these are few

examples.
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o Apply the Gram-Schmidt orthogonalization process o find an orthogonal basis and
then an orthonormal basis for the subspace U of R* spanned by

w = (1,0,1,0),u = (1,1,1, 1), = (0,1,2, 1)

ol
o Let V = P(R) with the inner product {f(x), g(x)) = / f(1)g(t)dr, and consider the
J-
subspace P>(R) with the standard ordered basis 3. Use Gram-Schimdt process to
replace /3 by an orthogonal basis {v;, v2, v3} for P5(R).
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Based on this let us discuss the first one using the second one can be obtained similarly.
So, what basically Gram Schmidt process is? You see you have given a set of linearly
independent vectors and how to find an equivalent orthogonal or orthonormal set of
vectors from it such that the span ofu l,u2 uptouiisequal tospanofvl,v2uptovi

for each 1.

(Refer Slide Time: 40:31)

That means suppose you are having a set of vector say the set of vectors are v1,v2oru

1, u 2 and so on up to u k, these are linearly independent and you want to construct an



equivalent orthogonal set of vectors from this using Gram Schmidt orthogonalization
process. So, suppose it is v 1, v 2 and so on up to v k, number of elements will be same
of course, so, that is orthogonal. These orthogonal set of vectors we want to construct

from this.

So, how we will form it, how will how we will obtain this? You set v 1 is equal to u 1.
Now, v 2 can be obtained as v 2 minus inner product of u 2 with v 1 upon norm of v 1
square into v 1 you can easily verify you see in that proof also we are doing the same
thing, but other way out, you see if you find the inner product of u 2 with v v 2 with v 1
what is this? This is inner product of u 2 minus u 2 v 1 upon norm of v 1 square times v 1
with v 1. So, this is inner product of u 2 with v 1 minus this is a scalar quantity will
comes out by the definition of inner product and this is a inner product of v 1 with v 1.

So, this is a squares cancels out and this is 0.

Similarly, we can verify for others also. If you want to find v 3 this is v u 3 minus inner
product of u 3 with v 2 upon norm of v 2 square into v 2 minus inner product of u 3 with
v 1 upon norm of v 1 square with v 1 it is v 2 and similarly, if you want to find say any v
p it is u p minus summation 1 from 1 to p minus 1, inner product of u p with v 1’s, norm

of v i1is square times v i’s.

So, this is how we can easily find out set of orthogonal vectors and once we obtain an
orthogonal set of vectors from this linearly independent set using Gram Schmidt process

so, orthonormal set can be find out by dividing each vector with it is norm.

So, now, let us discuss one example based on this before discussing an examples let us
discuss these two results you see that if V; V is a finite dimensional inner product space
then V is an orthonormal basis you see if it has a finite dimensional inner product space;
that means, it is having a finite dimensional basis and using Gram Schmidt process you
can always find it is equivalent orthogonal orthonormal set which is of course, a basis
because a span a span is equal a span of both the sides are equal by the Gram Schmidt
process and is independent also. So, by the Gram Schmidt process we can always find an

orthonormal basis of any finite dimensional inner product space V.

Now, if V is a finite dimension inner product space then any orthonormal set of vectors v

ul,u2,up toum can be extended to form an orthonormal basis of V.
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This is also very easy to show you see you are now having a set of vectors u 1, u 2, up to
u m. This is a orthonormal set. Now, you can always extend up any set to form the basis
of V finite dimensional vector space V. So, suppose we extended it up to p suppose
dimension of the vector space v is m plus p and now, using Gram Schmidt process Gram
Schmidt orthogonalization process you can always convert this set of vectors into its
equivalent orthonormal set of vectors. So, hence we have extend this orthogonal set to an

orthogonal basis of this vector space V.

Now, these are some problem based on this and there are two problems can be easily
obtained. Let us discuss the first problem, the second can be solved on the same lines, the

definition of inner product is different other things are same.
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You see here we are having in this example you are having the set of vectors as 1, 0, 1, 0,
the second is 1, 1, 1, 1, the third is 0, 1, 2, 1 thisisu 1,u2,u 3. So, v 1 is equals tou 1
by the Gram Schmidt process, v 2 with be equals to u 2 minus inner product of u 2 with v
1 upon norm of v 1 square times v 1 which is 1, 1, 1, 1 minus; inner product of u 2 with v
1 is what? Is 1 plus 1, 2 upon norm of v 1 square, v 1 is u 1 and norm of thisis 2 and v 1

isulwhichis 1, 0, 1, 0. So, this is equals to basically 2, 2 cancels out itis 0, 1, 0, 1.

Now, if you take the inner product of this with v 1; v 1 is u 1; that means, 0 plus 0 plus 0
plus 0 which is 0. So, that means, we are going on the right direction, how we find v 3
now? v 3 is again u 3 minus inner product of u 3 with v 1 upon norm of v 1 square times
v 1 minus inner product of u 3 with v 2 upon norm of v 2 square times v 2. So, this is you

seeu3is0, 1,2, 1 minus.

Inner product of u 3 with v 1 u3 with v 1, v 1 is u 1; the inner product of u 3 with u 1 is
1 into 0 is O O this is 2, this is 0, that is 2 inner product of v 1 square is again 2, v 1 is 1,
0, 1, 0 minus, inner product of u 3 with v 2 u 3 with v 2 v 2 is this vector. So, this is 0,
this is 1, this is 0, this is 1, 1 plus 1 is 2 and norm of u 2 square, norm of u 2 square is
again 2 and v 2 1s 0, 1, 0, 1 this 2, 2 cancels out 2, 2 cancels out it is 0, 1, 2, 1 minus
when you subtract these two it is 1, minus 1, 1, minus 1 and if you take the you have to
add these two sorry. So, it is 1 this is a 0 plus 1 is 1, this is 1 plus 0 is 1, this is 1. Now,

you subtract these two it is minus 1 it is 0, it is 1, it is 0. Now, if you take inner product



of these two, these two it is 0, 0, 0, 0 you have 0 inner product of these two is minus 1

plus 1, 0, yeah.

Now, this v 1, v 2, v 3 this set of vectors v 1, v 2, v 3 is an orthogonal set and if you want
to find out the corresponding orthonormal set, then divide each vector by its norm. Norm
of this is 2, norm of this is 2 and norm of this is also I mean norm of this is under root 2,
norm of this is under root 2 and norm of this is also under root 2. So, divide each vector
by it norm, you will get an equivalent orthonormal set of vectors. Now, similarly we can

discuss this solve this examples.

So, hence we have seen this in this lecture that if we have a if you are given a set of a
linear independent vectors how we can find it is in equivalent orthogonal or orthonormal

set of vectors.

So, thank you.



