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Lecture — 17
More on Special Matrices and Gerschgorin Theorem

Hello friends, welcome to lecture series on Matrix Analysis and Applications. So, in the
last lecture, we have seen some special matrices like symmetric matrices, skew
symmetric matrices, Hermitian matrices and skew Hermitian matrices. We have seen
that, what are the important properties of these matrices. So, there are some more special

matrices which we will see in these in this lecture and what are their properties.
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Orthogonal Matrix |

A square matrix A with real entries whose columns and rows are orthogonal unit vectors
(i.e. orthogonal vectors) i.c.

ATA=pAT=1 = A =47

Examples

= [cosf) —sind

=|. is an orthogonal matrix.
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e B= |+ is not an orthogonal matrix.

L NPTEL ONLINE
. 11T ROORKEE G‘ CERTIFICATION COURSE

So, first is orthogonal matrix. Now, a square matrix A with real entries whose columns
and rows are orthogonal unit vectors that is A transpose A equal to I. An orthogonal
matrix is basically a square matrix where A inverse is nothing but A transpose. So, for
such type of such type of real matrices are called orthogonal matrices. Now, first

example this matrix is a first matrix we can easily verify you see.
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The matrix say simply A is equal to you see cos theta minus sin theta sin theta and it is
cos theta when you take A into A transpose it is A. What is A it is cos theta minus sin

theta, sin theta and it is cos theta.

And in order to take transpose of this it is cos theta minus sin theta sin theta and cos
theta. So, this row into this column so cos square plus sin square which is 1; this row into
this column cos into sin minus sin into cos is 0; this row this column there is sin into cos
minus cos into sin is 0; and this is sin square plus cos square which is 1. So, it is identity
matrix, so that means, A inverse equal to A transpose and hence it is and hence it is
orthogonal matrix. However, if you see the second example and if you take B into B
transpose for this matrix it is not an identity matrix. So, this matrix is not an orthogonal

matrix.
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Properties of orthogonal matrices

o The determinant of an orthogonal matrix is +1 or —1.
o All the eigen values of real-orthogonal matrix have modulus 1.

o Inverse of orthogonal matrix is also orthogonal.
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Now, what are the properties of orthogonal matrix? The first property is the determinant

of orthogonal matrix is either plus 1 or minus 1. It is very easy to verify you see.
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Orthogonal matrix are simply A into A transpose is equal to identity. You take
determinant both the side determinant of A into A transpose is equal to determinant of I.
And this implies determinant of A into determinant of A transpose is equal to 1, because
determinant of identity is 1. Determinant of A and determinant of A transpose are same,

because by changing rows and columns it will not change the value of the determinant.



So, we can say that it is determinant of A into determinant of A equal to I 1. And this
imply determinant of A square equal to 1 which means determinant of A is simply plus

minus 1 ok.

So, from here we can say that determinant of an orthogonal matrix is either plus 1 or
minus 1. So, this is the first property. Now, all eigenvalues of a real orthogonal matrix
have modulus 1. So, what does it mean, how we can prove it, you see you can take any
orthogonal matrix with real entries and its eigenvalues always have modulus 1. So, this is

very easy to verify you see.
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You see we have a orthogonal matrix definition of orthogonal matrix is A into A
transpose equal to identity or it is also equal to A transpose A. Now, you take A X equal
to lambda X X is not equal to 0. So, this means lambda is an eigenvalue of A and
corresponding eigenvector is X. Now, you take conjugate both the side because lambda
maybe complex entry also complex value also. Now, this implies because A is real so A

bar is itself so it is A into X bar is equals to lambda bar X bar.

Now, you take transpose both the sides. So, if you take transpose both the side, it will be
X bar transpose A transpose is equal to lambda bar X bar transpose because lambda bar
is A scalar quantity its transpose will be itself. Now, this will be this implies X bar

transpose. Now, you multiply both sides by A matrix A post multiplication. So, you get



this expression. A transpose A from this expression from expression 1 is identity. So, this

implies X bar transpose identity is equals to lambda bar X bar transpose A.

Now, again you post multiply both the sides by vector X. So, this implies X bar transpose
X is equal to lambda bar X bar transpose A X. And A X is nothing but lambda X from 2.
So, this implies X bar transpose X is equal to lambda bar X bar transpose lambda X,
because A X is equal to lambda X from 2. So, this implies this implies 1 minus mod
lambda whole square into X bar transpose X is equal to 0, because lambda into lambda

bar is mod lambda square.

Now, X bar transpose X is never 0, because if X is suppose this vector x I X 2 up to x n
then X bar transpose X will be x 1 bar x 2 bar and so on up to x n bar intox 1 x 2 up to x
n. And when you multiply this row with this column, this is mod x 1 square plus mod x 2
and so on up to mod x n square. And it will be 0 only when all x’is are 0, because

modulus are the positive quantities.

So, this will be never be 0, because x is not 0, because x is not 0, hence this is not 0,
because this is 0 only when x is 0 ok. So, this quantity is not 0. So, this implies mod of
lambda is equal to 1. So, we can say that all the real all the eigenvalues of an orthogonal
matrix have modulus 1. Now, the next property is inverse of an orthogonal matrix is also

orthogonal.

(Refer Slide Time: 07:31)



So, suppose you have a A which is an orthogonal matrix. So, since it is an orthogonal
matrix. So, what does it imply, it imply A into A transpose is equal to A transpose A is
equal to identity. Now, you take B as inverse of A. And you have to show that B is also
orthogonal matrix. So, we have to prove that B is also an orthogonal matrix. So, in order
to show this, what we have to show, we have to show that B into B transpose is equal to

identity or B B transpose B equal to identity.

Now, what is B, B is A inverse. You take this side left hand inside into A inverse whole
transpose, this is equal to A inverse into A transpose inverse. This is equal to A transpose
into A whole inverse, because A into B whole inverse is B inverse A inverse. And this is
equal to [ inverse because A transpose A is I. So, this is I. So, similarly this is B transpose
B we can show is equal to I, and hence we can say that B B transpose is equal to B
transpose B is equal to I. So, this implies B is also an orthogonal matrix. So, these are the

property of orthogonal matrices.
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O o |
Unitary Matrix

A complex square matrix U is unitary if its conjugate (ranspose is equal (0 ils inverse i.e.
vt =ty =1

E e
°A‘*[1-i i)

\/7
|
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S]] ¢ . ;
o B= i not a unitary matrix.

} is a unitary matrix.

’ () NeTELONUINE
. 11T ROORKEE VU CERTIFICATION COURSE

Next is unitary matrix. Now, a complex unitary matrix is a complex square matrix in
which conjugate transpose is equal to its inverse. If you take the conjugate transpose and
is equal to its inverse, then we say that that matrix is a unitary matrix. Now, for example,

you consider this matrix A. So, what is matrix A here.
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Here A is 1 upon under root 7 times 1 upon root 7 times it is 1 plus 2 iota 1 plus iota 1
minus iota and minus 1 plus 2 iota. Now, if here you take A conjugate transpose this
which is A H we denoted by A H if you find this it is one upon under root 7 it is 1 minus

2 iota 1 minus iota 1 plus iota minus 1 minus 2 iota.

Now, if you take A into A H which is A conjugate transpose, it will be equal to 1 upon 7
times 1 upon 2 1 plus 2 iota 1 plus iota 1 minus iota minus 1 plus 2 iota, itis A ; and A
conjugate transpose is 1 minus 2 iota 1 minus iota 1 plus iota and minus 1 minus 2 iota.
Now, when you multiply these two matrices what we obtain you see, you see this row

this column. This is nothing but 1 plus 4 plus 1 minus 1.

When you multiply this row with this column it is yeah ok, we have you see you see
when you find A conjugate transpose here, so you have to take the conjugate also you
have to take the transpose also. So, when you take the transport here, so what you will
obtain it is it is 1 plus iota and it is 1 minus iota. You have to take you have to take the
conjugate and then that then the transpose also. So, here also it is 1 plus iota and here it is

1 minus iota.

Now, when you multiply this row with this column, it is 1 plus 4 and it is 1 plus 1. When
you multiply this row with this column, you can verify easily that it comes out to be 0.
You can verify. And this row this column, when you multiply this row with this column,

it is 0 and it is again something 7. So, what we obtain is simply identity; this you can



easily verify by simple mathematical calculations. So, we can verify that A into A

conjugate transpose is identity, hence we can say that A is an unitary matrix.

Now, if you if you see if you take this matrix B, and if you multiply this matrix B by the
by its conjugate, conjugate transpose, then it is not coming out to be an identity matrix.

So, we can say that it is not a unitary matrix.
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Properties of unitary matrices

o Modulus of determinant of a unitary matrix is 1

o The eigen values of a unitary matrix are of magnitude 1.
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Now, what are the properties of unitary matrices? The first property is modulus of
determinant of a unitary matrix is 1. The second property is the eigen value unitary

matrix are of magnitude 1. So, this property we can easily show you see.
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This follows a same line as we did for orthogonal matrices. You see here A X equal to
lambda X; X is not equal to 0. You take bar both the sides. Now, you take transpose.
When you multiply both sides by now multiply both sides by matrix A post
multiplication. A bar transpose A is identity. Again post multiplication by vector X, and it
is X bar transpose X is equals to lambda X bar transpose lambda X lambda bar. And it is
1 minus mod lambda square again same lines for same lines as we did for orthogonal
matrices. Now, since X bar transpose X is not equal to 0. So, this implies mod lambda is
equal to one. So, like orthogonal matrices unitary matrices are also have eigenvalues

unitary matrix are also have modulus 1.
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Idempotent Matrix

A square matrix A is said to be idempotent matrix if A> = A.

Examples

|

Tl e :
0 A= 30| an idempotent matrix.
| ; ] '
o B= a is not an idempotent matrix.
Qo ® I .

Now, square matrix now idempotent matrix, A matrix A is said to be idempotent if A
square equal to A. You can easily verify if you square this matrix. So, you get matrix
itself I mean A itself; however, square of this matrix is not an idempotent. So, these are

very easy to verify.
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Properties of idempotent matrices

o With the exception of the identity matrix, an idempotent matrix is singular.
o Its eigen values are either 0 or 1.

o The trace of an idempotent matrix is always an integer.
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Now, what are the properties of idempotent matrices. The first property is with the

exception of identity matrix and idempotent matrix is singular. Identity matrix is



idempotent you see I square is equal to I. But if A is not equal to I you see, idempotent

matrix is what A square equal to A.
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Suppose A is not equal to I, and A is non singular ok; non singular means inverse exist.
And if you apply A inverse both the sides here, it is A square into A inverse which is
equals to A into A inverse. It is betweens A is equal to identity have which is not which is

not here, because A is not equal to identity contradiction.

So, that means, that means, if A square equal to A that means, idempotent matrices and if
A not equal to I it must be singular, because if it is non singular then we are getting
contradiction. So, that means, an idempotent matrix as (Refer Time: 15:46) identity
matrix is always singular that is inverse does not does not exists. Next is this eigenvalues

are either 0 or 1. So, again let us try to prove it because A square equal to A.
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Now, A X equal to lambda X, X not equal to 0, so that means, A square X is equals to
lambda square X as we have already know this thing and. So, so that means, so we what
we have concluded from here we have concluded that lambda square is equal to lambda

because A square equal to A. So, we have concluded lambda square equal to lambda.

So, lambda square equal to lambda. So, the it implies lambda is either 0 or 1, because A
square is equal to X because here you can see that A X A square equal to A is equals to
lambda square X. And this implies A X is lambda X and this implies lambda minus
lambda squared times X is not equal to 0. And since X is since X is not equal to 0, so
lambda square equal to lambda hence lambda is either 0 or 1. Now, since eigenvalues are
either 0 or 1 so sum of Eigenvalues, which is equal to trace of a matrix is always an
integer in fact a positive integer. So, trace of an idempotent matrix is always a positive

integer.
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Nilpotent Matrix

A nilpotent matrix is a square matrix N such that N* = 0 for some positive integer k. The
smallest such & is called as the index of N.

0
0

3
) 0

|
° 0 2] isanilpotent matrix of index 3
00
. 0
0

1if . :
(| 1snota nilpotent matrix.
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Next is nilpotent matrices. Now, a nilpotent matrix is a square matrix N such that N
raised to power k is 0 for some positive integer k ok. And the smallest such k is called an

index of matrix N. So, suppose you consider this matrix.
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So, this matrix is basically thisis031 0031002 00 0. Now, when you take a square
of this matrix this is not equal to 0, I mean 0 matrix. When you take a square of this
matrix itis031002into000into 03 1 002 0 0 0; then you can easily verify this row

this column is 0; this row this column is this row this row this column is again 0 this row



this column is 6. This row this column is 0; this row with this column is 0; this row with

this column is 0; this row with this column all other entries are 0.

So, let us check this entry once again. So, this row with this column both the last last
column; this row with this column is 0, it is 6, it is O though it is 6. Now, when you find
A cube A cube of this matrix that is A into A A square into A. So, what we obtain this
row this column is 0, this row this column is 0, this row this column is 0 and all other
entries are 0. So, it is a simply a 0 matrix. So, what we have concluded we have

concluded that this A matrix is a nilpotent matrix of order 3.
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Properties of nilpotent matrices

For an n x n square matrix N having index k with real (or complex) entries:

o The only eigen value for N is (.

o The characteristic polynomial for N is x".

o The minimal polynomial for N is x* for some positive integer k < n.

o The index of an n x n nilpotent matrix is always less than or equal to n. For example,
every 2 x 2 nilpotent matrix squares to zero.

o The determinant and trace of a nilpotent matrix are always zero. Consequently, a
nilpotent matrix cannot be invertible.

o The only nilpotent diagonalizable matrix is the zero matrix.
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Now, what are the property of nilpotent matrices the first property is. The only eigen
value of N is 0 I mean if N is a nilpotent matrix it has only eigen value of this is 0 so that

is easy to show you see.
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Suppose N is a nilpotent matrix then that means, N x is equal to lambda x x is not equal
to 0. Then N raised to power k x is also equal to lambda raised to power k x. And N
raised to power k is 0 because N is a nilpotent matrices. So, 0 is equals to lambda raised
to power k x. So, this implies lambda equal to 0 because x is not equal to 0. So, the only
eigen value of nilpotent matrix is equal to 0. So, this can also be proved suppose N is a

nilpotent matrix and lambda is not equal to 0 let us suppose.

So, if lambda is not equal to 0, then we obtain then N x equal to lambda x for x not equal
to 0; N raise to power k x is equal to lambda raise to power k X now the 0 is equal to
lambda raised to power k x. And this implies this is a contradiction, because lambda is
not equal to 0, x is not equal to 0 which is not equal to 0. So, this is a contradiction
basically. So, this means lambda cannot be lambda is lambda cannot be I mean cannot be

the only eigenvalue of lambda is 0 only. It cannot be different from 0.

The next is the characteristic polynomial for N is x raise to power n. Now, since all the
eigenvalues of lambda all the eigenvalues of n is are 0. So, the characteristic polynomial
of N will be lambda minus I mean 0 raised to power n equal to 0 because 0 is the only

eigenvalue of N so that is why it is x raise to power n.

Now, the minimal polynomial of N is of course, x raised to power k here k is less than
equal to n, because minimal polynomial is the lowest degree polynomial to satisfy n.

Now, next is the index of an n cross n nilpotent matrix is always less than equal to n



index is always less than equal to n that is very easy to show because Caylay Hamilton
theorem is always satisfied. If the minimal if k this k in the minimal polynomial is less
than n so that will be the order I mean index of the nilpotent matrix otherwise by the
Caylay Caylay Hamilton theorem n is the index. So, this point can be easily verified

using the using these two points.

For example, every 2 cross 2 square matrices matrices squares to 0 always 2 cross 2 non
zero matrices in fact. Now, the determinant and trace of nilpotent matrix is always 0
because all eigenvalues are 0, so trace would be 0 sum of eigenvalues and the
determinant will be 0 which is equal to product of the eigenvalues of course. So,
consequently a nilpotent matrix cannot be invertible. The only nilpotent diagonalizable

matrix is a 0 matrix.
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Gerschgorin Theorem

The modulus of the largest eigen value of a square matrix can’t exceed the largest sum of
the moduli of its elements along any row. Since the eigen values of a matrix and its
transpose are same, the theorem applies to its columns also.

n
For each eigen value A there exists a circle with centre ag; and radius Z lag], ie.
j=1y#s

n
|\ =ag| = z |ag], for some s (1 < s < n) such that it lies inside that circle or on its

j=i#s
boundary.
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Now, next is Gerschgorin theorem. Now, what is Gerschgorin theorem what it is state let
us see. The modulus of the largest eigen value of a square matrix if you want to see what
is the largest eigen value of the modulus of largest eigen value of a matrix then this
theorem by this theorem, we can find at least the range. The modulus of the largest eigen
value of a square matrix cannot exceed the largest sum of the moduli of its element along
any row. Since, the eigen value of a matrix and its transpose are same, so the theorem is

also applicable to column also.
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So, what this theorem means basically this theorem means suppose you have a matrix
like this say 1 2 3 4 0 minus 1 minus 2 1 6. So, this theorem states that that modulus of
lambda, lambda is A eigen value largest eigen value of this. It will be less than equals to
maximum of maximum of mod of 1 is 1; mod of 2 is 2; mod of 3 is 3 that is 1 plus 2 plus
3 4 plus 0 plus 1 because modulus of minus 1 is 1. And it is 2 plus 1 plus 6. So, this is

equal to maximum of it is 6 5, and it is 9 so which is 9.

Now, when you see the column you see mod lambda is less than equals to maximum of
column you when you see it is 1 plus 4 plus 2 1 plus 4 plus mod of this is 2, it is 2 plus 0
plus 1 and it is 3 plus 1 plus 6 which is 10. So, we can say that mod of maximum lambda
of this eigen this matrix is less than equal to is less than equal to I mean 9 the intersection
of these two. So, how how can we prove this theorem, how can we show this theorem, so

proof is simple you can see.
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You see if you have a you take A x equal to lambda x x is not equal to 0. Now, you
suppose X is suppose x 1 r x 2 r and so on up to x say n r. We are it which is not equal to
0. So, you see Ais this matrix Aisal lal2andsoonuptoalna2la2?2andsoon

uptoa2nandsoonan 1 andsoonuptoann.

So, what we will obtain you see you have to multiply each row of a with X. So, this
impliesitisaailxlrplusai2x2randsoonuptoainxnrisequal tolambdarxir
and this 1 is from 1 to n. You when you putiequalto l itisal Il x1ral2x2randso
onuptoaalnxnrwhich is lambda r x 1 r, and similarly for 1 equal to 2 to n. Now, you
take modulus both the sides and mod of this because mod of a plus b is less than equals
to mod of a plus mod of b. So, we can say that is less than equals to mod of a1 I into x 1

rplus mod ofai2into x 2 rand soonmodofainintoxnr.

Now, let x suppose s ritis s ris a maximum of mod x 1 rmod x 2 r and so on mod x nr.
Suppose, out of maximum of modulus of these xi’s X s r is a maximum one ok. And of
course, it is not equal to 0 because x is not equal to 0 so maximum cannot be 0. Now, you
can divide now you divide this equation by this by mod of this x s r. When you divide
both the sides, so inequality will not change; and it is less than equals to mod a i 1 plus
mod a i 2 plus and so on plus mod a i n. Because mod of x i r mod of x 1 r upon mod of x
s 1 is less than equal to 1 for all i because this is a maximum one. So, we can all we can

get this inequality.



Now, this is valid for every i. So, this is valid for i1 equal to s also. So, for i equal to s
what we obtain mod of lambda s is less than equals to mod of a s 1 plus mod of a s 2 plus
and so on mod of a s n so which is equals to summation of j varying from 1 to n mod of a
s j. Now, if it is less if it is less than equal to sum of this, so it will be less than equal to

maximum of maximum over i basically sum of j from 1 to n mod of a1ij.

So, so what does it mean, it mean that sum of sum modulus of some other rows. So, we
can say that the eigen value of matrix A is less than equals to maximum of sum of the
rows. Now, we have one result based on this that is for each eigenvalue lambda there
exists a circle with centre a s s and radius this radius this such radius this such that it lies

inside the circle or on its boundary.
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State Gerschgorin theorem for the following matrices

B
‘”“[2 -1}

1 -1 0
eB=|-4 1 0
2l
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Let us verify this result by a example suppose, we have this matrix A.
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What is the matrix A here. The matrix A is 1 minus 1 2 minus 2 2. So, what are
eigenvalues of this matrix if you quickly see, so eigenvalues of this matrix are simply
sum of eigenvalues is 0 and the product of eigenvalues is simply minus 1 and plus 1 plus
2 ok, so itis 1. So, eigenvalues what are eigenvalues then that we can easily find out you
solving these two equations. So, these are nothing but you see you see minus lambda 1
square is 1. So, lambda equal to lambda equal to plus minus iota. So, one lambda is iota;

another lambda is minus iota. This you can easily verify; sum is of 0 and the product is 1.

Now, now if you see lambda minus a s s here first the first row is 1 is less than equals to
sum of these two other than diagonal elements that is one. Now, lambda plus 1 centre
here is minus 1 less than equals to excluding this entry because we are we are we are

excluding j equal to s here. So, that is why so it is equal less than equal to 2.

Now, when you draw these two here centre is 1 and radius is 1; centre is 1 radius is one
means this circle. And here centre is minus 1 and radius is 2 radius is 2 mean this circle
something like this. Now, when you see the first lambda which is iota its modulus is 1;
its modulus is 1 so it is inside the circle that means, inside the second circle. And its

eigenvalue its modulus is also 1 and it is also inside a second circle.

So, what this is what this theorem states that there exists in A for each eigenvalue lambda
there exist a centre a s s and the radius such that it lies inside a circle or on its boundary.

So, the same theorem can also be verified on this example. So, hence we have seen that



what are the other what are the properties of some special matrices like a unitary
matrices, orthogonal, idempotent and so on and also how we can find out the range of

eigen values if matrix given to us using Gerschgorin theorem.

Thank you.



