Matrix Analysis with Applications
Dr. S. K. Gupta
Department of Mathematics
Indian Institute of Technology, Roorkee

Lecture — 11
Inverse of a Linear Transformation

Hello friends welcome to lecture series on Matrix Analysis with Applications. In the last
lecture we have seen that what linear transformation is and what are the fundamental
properties of linear transformation. Also, we have seen that what the rank of linear
transformation and how we can define null space or nullity of a linear transformation T.

Now, in this lecture we will see that how we can find inverse of a linear transformation

ok.
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Definition

Let V-and W be vector spaces over the field F and let T : V. — W be linear. A function
U: W — Vissaid to be an inverse of T'if TU = Iy and UT = Iy If T has an inverse,
then T is said to be invertible, Also, if T has an inverse then the inverse of T is unique and
is denoted by 7"

T is invertible if and only if
Q Tisonetoone, thatis T(v) = T(vy) = v; =1y,
Q@ Tisonto, that is the range of T'is W or r(T) = dim W.
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Now, first here definition that let V and W be vector spaces over the field F and let T is a
linear transformation from V to W. A function U from W to V is said to be an inverse of
Tif T T of U is identity of W and U of T is equal to identity of V. If T has an inverse,

then T is said to be an invertible ok.

Invertible means they are exist linear transformation U from W to V such that T U equal
to identity of W and U T equal to identify of V. Also, if T has an inverse then the inverse

of T is unique and is denoted by T inverse ok.
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So, we have already seen that if we have a linear transformation T from say V to W T
then we say that this T is a linear transformation, if T of alpha v 1 plus v 2 is equal to
alpha Tv 1 plus Tv 2 forall v1v2inV and alpha belongs to feet ok. Now, T inverse is
a linear transformation from W to V ok, this is T inverse T is the linear transformation
from V to W and T inverse is the linear transformation from W to V. Now, when this T
inverse exist? These T inverse exist if we have already seen that this is equal to U
basically what we have say U, then this will exist if T of U equal to identity of V and U
of T equal to identity of W.

Now, T inverse will exist if and only if the number 1 point is first point is T must be 1 to
1 and the second is T is onto that means, ah; that means, bijective something like

bijective mapping ok.

Now, Tis 1 to 1 means T of v 1 equal to T of v 2 implies v 1 equal to v 2 or nullity of T
is 0 or null space of T is simply singleton 0 of V. Now, T is onto this means T is onto
means for every w in W there exist v in V such that T of v equal to W. If you take any W
in here they will always exist a p image v in V such that T of v equal W or we can
defined that rank of T; rank of T which is r T should be equal to dimension of W or range
of T is equals to W then the then the mapping will be onto. So, if these two conditions

hold then we say that then T is said to be an invertible linear transformation.
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Examples

Determine whether linear transformation T in each of the following cases is invertible? If
50, find 7.
o T:R* — R? be defined by

T(xy,x2) = (X1 = x2,21 + 2x3).

o T Myxa(R) — Py(R) be given by:

cd

It <u b) =a+2bv+ (c+d)y

o T : Myxa(R) — Maxa(R) defined by:

T a b . a+b a _
¢ d c c+d
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Now, let us let us solve this problem. Determine whether linear transformation T in each
of the following cases invertible? And if yes find T inverse. So, the first example is T is

from R 2 to R 2 we defined by this ok. So, what is T here let us see.
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In the first example T is from R 2 to R 2 and this given by T of x 1 x 2 is equal to x 1

minus X 2 and x 1 plus 2 x 2.

Now, to verify whether T inverse exist or not or T is invertible or not we have to see two

conditions. Number 1 T must be 1 to 1 and number 2 T must be onto. So, firstis T is 1 to



1 or not, first we will verify whether T is 1 to 1 or not. Now, for T 1 to 1 we have to find
the null space of a T if null space of T is a singleton 0 of a V, V here is this R 2 then we
say that T is 1 to 1. So let us find nullity of T, nullity of T is are all those x 1 x 2 in R 2
such that Tof x 1 x 215 0 0. So, thisis equal toall x 1 x 2 in R 2 such that Tofx 1 x 2

means this mapping x 1 minus x 2 is equal to 0 and x 1 plus 2 x 2 is equal to 0.

So, when we solve these two equation we will simply get x 1 equal to 0 and x 2 equal to
0; that means, 0 O is the is the only point which is in the null space of T that is the
singleton 0. So, this implies T is 1 to 1. Now, second is T must be onto T is onto. So, for
T onto means we have to see that rank of T must be equal to W ok. Now, if you see if
you find rank of T I mean R T, R T is simply range of T sorry itisallsally 1 y2inally
ly2inWsuchthat Tofx 1 x2isequalstoy 1y 2.

So, this implies what is Tof x 1 x 2? T of x 1 x 2 is simply x 1 minus x 2 and x 1 plus 2 x
2 should be equals to y 1 y 2. So, this implies x 1 minus x 2 should be equal to y 1 and x
1 plus 2 x 2 should be equal to y 2. Now, when you solve these two equation is simply
subtract is these two. So, we will obtain minus 3 x 2 will be equals to y 1 minus y 2 or
this implies x 2 equal to y 2 minus y 1 upon 3 ok. And when you when you find x 1 from
the first equation it is y 1 plus x 2 which is equals to y 1 plus y 2 minus y upon 3 which
is equals to 2y 1 plus y 2 upon 3.

So, what we have shown we have shown that for every for every y 1 y 2 in W there exist
x 1 x 2 in V such that x 1 is given by this expression, x 2 is given by this expression; that
means, that simply means T of Tof 2 y 1 plusy 2 upon 3 whichis x 1 and x 2 isy 2
minus 'y 1 upon 3 isequaltoy 1y 2 ok.

So, for every y 1 y 2 there exist x 1 x 2 x 1 x 2 in V; that means, this mapping is onto. So,
this implies onto or we can apply or we can simply apply rank nullity theorem; you see
here nullity is here nullity of T is 0 ok. Dimension of V is 2 from here and by rank nullity
rank nullity of T plus rank of T must be dimension of V, it is 0 plus rank of T equal to 2.
So, this implies rank of T equal to 2 and this implies mapping is onto ok. So, this is a
simple illustration to showed at T is onto. Now, T is onto and 1 1 this implies T is

invertible ok.

Now, if T is invertible how we can find T inverse. So, to find T inverse we we let we take

say T inverse of say z 1 z 2 is equal to say x 1 x 2 ok. So, this implies T of x 1 x 2 is



equaltoz1z2x1x2is Tofx 1x2 is this thing and this is further equal to x 1 minus x

2equaltoz 1 and x I plus 2 x 2 is equal to z 2.

Now, when you solve these two you will simply obtain x 2 as we did here as x 2 as z 2
minus z 1 upon 3 and x 1 as 2 z 1 plus z 2 by 3 ok. So that means, T inverse of z 1 z 2 is
equaltoz2 z 1 plus z 2 by 3 and z 2 minus z 1 upon 3. So, this is T inverse of this map.
So, first we have to validate whether this T is invertible or not. In order to validate this
you have to showed at T is 1 to 1 and onto. If it is not 1 to 1 or onto this means T is not
invertible and if it is invertible then we can find T inverse using this processor ok. Now,
the see the next example we have consider ah linear map T from considering all matrixes

of order 2 cross 2 to P 2 over field R and it is given by T of a b ¢ d as this expression.
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So, first we will see whether this is invertible or not. So, here T of a b ¢ d matrix of order
2 cross 2 maps to a plus 2 bx plus ¢ plus d x square. So, first we will find out null space
of this linear transformation. So, we will take all those ab ¢ d in M of 2 cross 2 such that
Tofabcdis0. Here 0 means 0 polynomial 0 of P 2, 0 of P 2 means 0 plus 0 x plus 0 x
square. So, these are all a b ¢ d such that a this expression T of a b ¢ d is simply this
expression and this equal to 0 means the constant term equal to 0, the coefficient of x is
equal to 0 and c plus d equal to 0. And this means a 0 b 0 if it is ¢ then it is minus c,

where ¢ belongs to R.



So, clearly the null space null space is what null space is all the linear combinations of
this type of matrix where ¢ belongs to R. So, that null spaced of this is not singleton 0,
this implies this is not 1 to 1 say this map is not 1 to 1. So, this mapping is this linear
transformation is not invertible ok. Now, the third example we consider all matrixes for a
2 cross 2 2 matrixes of order 2 cross 2 and defined by this expression. So, let us see

whether this is 1 1 and onto or not.
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So, here T of a b ¢ d is equal to a plus b then a c then ¢ plus d ok. Now, we have to see
whether first we have to verify whether T is 1 to 1 or not. For 1 to 1 we have to find out
the null space of T, null space of T are all those a b ¢ d such that Tofab ¢ d is equal to 0

matrix 0 0 0 0 ok. Because here mapping going to all matrix of order 2 cross 2.

So, these are all those a b ¢ d such that now T of this is this matrix and this is equal to 0.
So, this means a plus b equal to 0 a equal to 0 c equal to 0 and c plus d equal to 0. If a
equal to 0 then from here b equal to 0 and if ¢ equal to 0 from here d equal to 0; that
means, only singleton 0 matrix and this implies null space of T is only 0 and this implies
Tis 1 to 1. Now, we have to see whether T is onto or not. So, that we can see very easily
by using rank nullity theorem, you see nullity of T plus rank of T must be equals to

dimension of V. Here V is matrixes of order 2 cross 2.

So, its dimension is 4 ok, nullity is 0 rank of T and it is 4. So, this implies rank of T is 4

which is equals to dimension of W, W here is also M of order 2 cross 2 whose dimension



is 4. So, this implies T is onto. Now, T is 1 to 1 and T is onto this implies T is invertible,

now if T is invertible then what will be T inverse. So, we can find T inverse you see here.
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Let T inverse of some alpha beta gamma delta is equal to suppose a b ¢ d ok. So, this
implies T of a b ¢ d will be equals to alpha beta gamma delta and this implies Tofabcd
is given by a plus b a ¢ and ¢ plus d. And it is equal to alpha beta gamma delta this
implies a plus b is alpha a is beta ¢ is gamma and ¢ plus d is delta. And this implies a is

beta and b is alpha minus beta c is gamma and d is delta minus gamma.

So, what will be T inverse of alpha beta gamma delta; this is a given by a is beta b is
alpha minus beta ¢ is gamma and this is delta minus gamma. So, this would be the T

inverse of this linear transformation ok.
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Let V-and W be vector spaces over the field F and let T : V. — W be linear and invertible
then T=": W — V is linear.

Proof: Let w,wy € Wand a € F. Since T is one to one and onto, then there exist unique
vectors vi, vy € V such that T(v)) = wy and T(vy) = wy. Thus, T='(w;) = v; and

T (wy) = v5. Now,

T~ Yaw; +wy) =T <T(av1) + T(v2)>

=71 (T(avl -{-vz))

=+
= al " (wy) + T (wy).
= T7"is linear.
Note: If T is linear and invertible then T~" is also linear and invertible.
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Now, we will see some properties of inverse of a linear transformation. The first property
is it is it is a linear map; the T inverse of linear transformation is again linear
transformation. So, what is the statement to the theorem? Let V and W be vector spaces
over the field F and let T from V to W be linear and invertible ok, then T inverse which is
which is from W to V is also linear ok. So, in order showed at T inverse is linear we have
to take two elements w 1 and w 2 in W and alpha in field and we have to showed that T

inverse of alpha w 1 plus w 2 is equals to alpha of T inverse of w 1 plus T inverse of w 2.

So, in the proof we have taken two vectors w 1 and w 2 and W and alpha in field. And
since T is one and onto, because T is invertible now then there exist a unique vectors v 1
and v 2 in V such that T of v 1 equal to w 1 and T of v 2 equal to w 2. Therefore, T
inverse of v 1 w 1 equal to v 1 and T inverse of w 2 equal to v 2. Now, we have to for in
how to showed that it is linear we have to show the T inverse of alpha w 1 plus w 2 is

this expression.

So, T inverse of this will be given by now, w 1 is T inverse of w 1 is Tof v 1 w 2 is T of
v 2 and since T is linear so, it is T of alpha v 1 plus v 2. Now, since it is inverse of this
than T inverse of T is an identity. So, it gives a same expression alpha v 1 plus v 2 and v
1 is T inverse of w 1 and v 2 is T inverse of w 2. So, we have shown that this T inverses

also linear ok.



So, if T is linear and invertible then T inverses also linear and invertible invertible also
ok.
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A linear transformation T is non-singular if 7(v) = 0 = v =0, thatis, N(T) = {0}.
Evidently, T is one to one if and only if T is non-singular.
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Now, a linear transformation T is set to be non-singular if T of v equal to 0 implies v
equal to 0; that means, the null space of T contain singleton 0 or nullity of T is 0 ok.
Evidently T is one to one if and only if T is non-singular ok, because you already know
that if nullity of or null space of T is a singleton 0 this means T is one to one. So, we can

say that T is one to one in a if and only if T is non-singular.
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Let V-and W be finite dimensional vector spaces and T : V — W be linear. Then prove
that

Q ifdimV < dim W then T can not be onto.
Q if dimV > dim W then T can not be one to one.
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Now, the next result is if V and W be finite dimensional vector spaces and T is a linear

map from V to W. Then we have to prove that we have to prove the first and two results.

So, what is the first result? The first result is if dimension of V is less than dimension of

W then T cannot be onto. So, let us try to prove this result.
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Now, T is a linear map from V to W. So, in the first part dimension of V is less than
dimension of W and we have to show that T cannot be onto. Now, when T will be onto?
T will be onto when r of T, T will be onto when T will be onto if r of T equal to

dimension of W ok.

So, by the rank nullity theorem you know that nullity of T plus rank of T equal to
dimension of V and dimension of V is less than dimension of W it is given to us. So, this
implies rank of T will be less than dimension of W minus nullity of T. Now, nullity of T
is always greater than equal to 0 we know this. So, negative of nullity of T will always be
less than equal to 0. So, this implies rank of T because this is always less than equal to 0

with negative sign. So, this will again be less than 0; I mean less than dimension of W.

So, this means rank of T is always less than dimension of W it will never be equal to
dimension of W. So, this means T cannot be onto ok. So, the first part of the theorem is
over. So, the next part is if dimension of V is more than dimension of W then T cannot be

one to one ok. Now, again T is a linear map from V to W and dimension of V is more



than dimension of W and we have to show that T cannot be onto; I mean T cannot be one
to one that means, nullity of T cannot be 0 or nullity of T is always strictly greater than 0,

this you have to show ok.
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Now, again apply rank nullity theorem it is nullity of T plus rank of T is equals to
dimension of V ok, which is which is more than dimension of W. So, this implies now if
nullity of T equal to 0 then this implies r T is more than dimension of W from this
expression which is not possible. This is not possible because rank of T can never exceed

dimension of V because range of T is a subspace of W ok.

So, this implies nullity of T can never be 0 or nullity of T will be a strictly greater than 0

and implies T cannot be 1 to 1 ok. So, this proof of this is over.
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Theorem

Let T be a LT from V into W. Then T is non-singular if and only if T carries each linearly
independent subset of V onto a linearly independent subset of W.

Proof: First, let T be non-singular. Suppose S = {vy, vy, ..., v} be any LI subset of V.
Then, we have to show that {T(v;), T(v;), ..., T(v)} is also LI subset of W.

Let (I]T(l'|) + (\3T(\'3) +..+ r\kT(u) =0

= T(oyv+am+..+qn) =0

and since T is non-singular, v 4+ agvy + ... + iy =0 = ;= 0 forall
i=1,2,... ksince Sis an LI set.

Now, suppose that T carries independent subset of V onto independent subsets of W. Let a
be a non-zero vector in V. Then, the set S containing of the a vector is independent. The
image of this § (containing T(«)) is also independent. Therefore, T(a) # 0. (otherwise the
set becomes dependent). This implies null space of T is a zero subspace = Tis
non-singular.
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Now, the next result is let T let T be a linear transformation from V into W. Then T is
non-singular if and only if T carries each linearly independent subset of V onto a linearly
independent subset of W. That means, if you if T is a linear map and is non-singular also
then you take any linearly independent subset of V; it always map to linearly independent
subset of W or if this happens for any subset from T to W, I mean from V to W then T is

non-singular.
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So, how we can show this? The proof is simple you can see here you see here T is a
linear map from V to W ok. We have to show that T is non-singular if and only if T
carries each linearly independent subset of V onto linearly independent subset of W ok.
So, first of all let us let us take T is non-singular, let T be non-singular. So, we have to
show that if you take any subset say we take S as v 1 v 2 up to say v k be a linearly
independent subset of V, then we have to show that then we have to show that T of v 1

and Tofv2andsoon Tofvkisalso LI of W.

So, to show that it is LI we have to take a linear combination of these elements put it
equal to 0 and try to showed at all scalars are equal to 0. So, let alpha 1 T V 1 and so on
up to alpha k T V k equal to 0. Now, since T is linear so, this implies alpha 1 V 1 and so
on up to alpha k V k equal to 0 and this implies alpha 1 V 1 and plus and so on plus alpha
k V k belongs to null space of T. Because T of this element is equal to 0, this mean this

belongs to null space of T.

But T is non-singular given to us and T is non-singular this means null space will contain
only singleton 0 and this implies alpha 1 V 1 plus and so on up to alpha k V k equal to 0.
But this set is linearly independent, it is given to us S is linearly independent. So, since S
is linearly independent this implies alpha 1 equal to alpha 2 equal to and so on up to
alpha k equal to 0. Since S is LI and this shows that this set is also linearly independent.
So, the first part of the proof is over. Now, let us suppose let us suppose T carries each LI
subset of V onto LI subset of W. We have to show the converse part now and we have to
show that T is non-singular, T is non-singular means we have to show that the null space

of T will contain only singleton 0 ok.

Let v be a non-zero vector in V ok. Now, let us consider a set containing this v ok. If we
consider a set containing this v and suppose it is LI ok, suppose S is a set containing v is
LI. So, by this assumption that T carries each LI subset of V onto LI subset of W then a
set containing T of v in of W is also LI, is also LI means T of v will not equal to 0 then

only it will be LI

So, we have shown that v not equal to 0 implies T v is not equal to 0; we have shown that
T of v not equal to 0 implies T of v is not equal to 0; that means, null space of v contains
only a singleton 0, no other element other than other than 0 and that may these non-

singular ok. The next definition is isomorphism.
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Isomorphism: If V and W are the vector-spaces over the field F, any one-one LT T of V
onto W is called an isomorphism of V onto W. If there exists an isomorphism of V onto W,
we say that V is isomorphic to W.
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What do you mean by isomorphism? You see if V and W are the vector spaces over the
field F, then any one-one linear transformation T of V onto W is called an isomorphism
of Von to W. I mean if T is if a linear transformation T is one-one and onto from V to W
than that linear map is called an isomorphism of V onto W. If there exists in a

isomorphism of V onto W then we say that V is isomorphic to W it is ok.

So, if we have a linear transformation T from V to W such that T is one-one and onto
then we say that then we say that V is isomorphic to W ok. So, in this lecture we have
seen, we have discuss some of the important properties about inverse of a linear
transformation. In the next lecture we will see a matrix associated with a linear

transformation.

Thank you.



