Ordinary and Partial Differential Equations and Applications
Dr. D. N. Pandey
Department of Mathematics
Indian Institute of Technology — Roorkee

Lecture — 58
Solution of Homogenous Diffusion Equation - I
Hello friends, welcome to this lecture. In this lecture, we will discuss the parabolic equation in
particular we will discuss heat equation as a prototype of parabolic equation. So here if you
recall, we classify our partial differential equation say.
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A * Uxx + B * Uxy + C * Uyy because classification is done only say linear second order terms.
So here if B square - 4 AC = 0 you call these kind of equations as a parabolic equation. So we
will discuss this equation Ut = ¢ square Uxx or say some constant times Uxx and we say that
here if we look at A is your constant C2 and B is 0 because there is no mixed order, mixed partial

derivative is present and c is also 0.

Because we do not have double derivative corresponding to yy or other variable. So here we can
say that B square - 4 AC is coming out to be 0. So we say that this heat equation which is written
as Ut = some constant * Uxx is a parabolic equation and now we are looking at how to solve the
heat equation and the other properties of heat equation.
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Heat Conduction - Infinite Rod Case

Cansider the heat conduction problem in an infinite rod with the following
assumptions: —
o The rod is homogeneous and the position of the rod coincides with the x- axs.
o Rod is sufficiently thin so that heat is uniformly distributed over its cross
section at the time .
o The surface of the rod is insulated to prevent any loss of heat through the

boundary.
o Let the function u@@ represent the temperature in the rod at the point x at
time t. -
I’H-_\_'J " " . T . .
Then the heat conduction problem in an infinite rod is equivalent to solve
0 Rpr, 00 < X < 0,10, (1)
u(x,0) = f(x), =00 < X < x. 2)

So first let us consider the heat conduction problem in an infinite rod with the following
assumptions. So, here we consider an infinite rod and this is going to say so here we consider
that the rod is homogeneous and the position of the rod coincide with the x-axis. So we will say
that this rod is kept along with the x-axis and rod is sufficiently thin so that the heat is uniformly

distributed over its cross section at the time t.

So first thing is that rod is homogeneous and position is coinciding with the x-axis. Second thing
is it is sufficiently thin so that heat is uniformly distributed over its cross section in the time t and
third is the surface of the rod is insulated to prevent any loss of heat to the boundary and let us
say that this heat distribution is represented by U(x, t) so this U(x, t) represent the heat in the rod

at point x and at time t.

So U(x, t) represent the temperature in the rod at the point x at time t. Now what we are
considering a problem of heat conduction an infinite rod is which is = Ut = kUxx - infinity where
x lying between - infinity to infinity and t is > 0 with the initial condition that U(x, 0) = f(x) and
x lying between - infinity to infinity.

So here this constant k is a constant which depend on the material of the rod and here this
represent U(x, 0) = f(x) represent that at t time t = 0 the temperature at the point x is given by

f(x). Now, we want to find out using the equation 1 and 2 to find out the temperature at any point



at time t. So suppose the Fourier transformation of U(x, t) with respect to space variable is given
as U(alpha, t).
(Refer Slide Time: 04:02)
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Suppose the Fourier transformation of u(x, t) with respect to space variable is
given as U(a, 1), ie., -
1 "0
Flulx. )] = Ul t) = —/ u(x, 1) d.

Taking the Fourier transformation of (1) and assuming that u, uy — 0 as x| = o,
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where A(a) s an integration constant with respect to x to be defermined omThe

initial condition as follows:

So here we are solving this 1 dimensional heat problem with the help of Fourier transform. So
here since we have 2 variables U(x, t). So here we apply the Fourier transform with respect to the
space variable that is x here. So here we simply say that let us say that U(x, t) obtain the Fourier
transform of U(x, t) with respect to the variable x and it is denoted as U(alpha, t). It means that
Fourier transform of U(x, t) which is denoted as U(alpha, t ) = 1/root 2 pi * - infinity to infinity
U(x, t) e to the power 1 * alpha x * dx.

So here we are taking the Fourier transform with respect to the space variable that is x here. So
U(alpha, t) is denoted by this thing. So now using the Fourier transform, let us transform our
equation 1 in a frequency domain. It means that apply Fourier transform on this Ut = k * Uxx so
here we have if you take Ut = k * Uxx and if you apply the Fourier transform it takes 1/root 2 pi
and here it is - infinity to infinity dou u/dou t * e to the power i * alpha x * dx =k * 1/root 2 pi *

- infinity to infinity and Uxx and e to the i * alpha x * dx.

Now here since this is integration with respect to t so I can write this as d/dt of the whole thing
that is 1/root 2 pi. 1/root 2 pi you can cancel it out. So we have say - infinity to infinity U * e to

the power i * alpha x * dx =k * here it is - infinity to infinity and Uxx * e to the power i * alpha



x * dx here. So this, I can write it as U alpha t. So we have written that it is d/dt of U alpha t so
we can write this as Ut. Now, we have to handle this term. It means that we have to find out the
Fourier transform of Uxx. So how to find out the Fourier transform of Uxx.
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It is - infinity to infinity Uxx e to the power i * alpha x * dx here. So, here we apply the

integration by part and we transform the derivative on e to the power i * alpha x. So we will
write first integration of second that is Ux between - infinity to infinity - - infinity to infinity
integration of this and e to the power i * alpha x derivative of this so i * alpha will come out dx.
Now here if you look at the boundary conditions, boundary condition is what that here as x

tending to infinity.

We assume that the derivative Ux is tending to 0. So it means that here Ux is tending to 0 as x
tending to mod of x tending to infinity. So, using this boundary condition that at infinite length,
the temperature distribution is going to be 0. So not only Ux we are assuming that u is also
tending to 0 as s mod of x is tending to infinity. So these are the physical condition we are

applying on this infinite rod case. So using these physical conditions, this part is simply gone.

So this I can write it - 1 * alpha - infinity to infinity * Ux e to the power 1 * alpha x * dx. Now
still we have to apply 1 more time and when you apply we have - i * alpha and when you write it

here it is first integration of second so e to the power i * alpha x u - infinity to infinity - again it



will come - 1 * alpha - infinity to infinity U and e to the power i * alpha x * dx. Now here again

we use the same thing that u is tending to 0 as mod of x tending to infinity.

So this will simply move and what we will have? It is - 1 * alpha whole square - infinity to
infinity * U * e to the power 1 * alpha x * dx and which is nothing but U alpha t here. So I can
write this as - 1 * alpha square * U alpha t. So this is what. This is your - alpha square U alpha t
and k is already there. So we can write that it is k alpha square U. So we can write it here. I think

there is some problem here. Yeah.

It is - alpha square U alpha t that is what it is written and using k you transform here you will
have Ut + k * alpha square * U = 0. Here U is your U(alpha, t) here and if you look at this is a
differential equation in terms of variable t here. So, here this is an ordinary differential equation
given in terms of t and we know this is first order and we can easily solve and our solution is

given by U(alpha, t) = A(alpha) e to the power - alpha square * kt.

Now here this A alpha is an integration constant which is constant with respect to the variable x
and we can determine from the initial condition as follows because the constant we can find out
using the initial condition or what is the initial condition that U(x, 0) = f(x), but since this
equation is given in terms of frequency domain or you can say that alpha domain. So we
transform our initial condition also in frequency domain.
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By convolution theorem, we get
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So let us write down (alpha, 0) as Fourier transform of U(x, 0) that is 1/root 2 pi - infinity to
infinity u(x, 0) e to the power i * alpha x * dx. Now let us denote this quantity as F(alpha). So we
are writing 1/root 2 pi - infinity to infinity U(x, 0) is f(x) e to the 1 * alpha x * dx. Now let us
denote this as F( alpha). So it means that Fourier transform of f(x) is given by F(alpha). So using
this initial condition what you say here U(alpha, t) = A(alpha) e to the power - alpha square kt.

Now put t = 0. Then your U(alpha, 0) is coming out to be F(alpha) so we can write this is
F(alpha) = A(alpha) and this is what. So A(alpha) is coming out to be F(alpha) and so we can
write U(alpha, t) as F(alpha) * e to the power - alpha square kt. So now we have solved our
problem in frequency domain, but we want our solution in x and t domain so we can find out our

U(x, t) by taking the inverse Fourier transform of U(alpha, t).

So let us take the inverse Fourier transform of U(alpha, t) and if you look at here it is I can write
this is as a Fourier transform of F(alpha) * e to the power - alpha square kt. So if I say that this is
e to the power - alpha square kt is a Fourier transform of some function say g(x) then I can write

this U(alpha, t) as what? It is F(alpha) * g(alpha).

So here we can use our convolution theorem to write down our solution U(x, t) as F convolution
F inverse Fourier transform of e to the power - alpha square kt and what is this convolution

means. Here we define convolution like this. F convolution g = 1/root 2 pi - infinity to infinity



f(u) * g(x - U) dU. So here this convolution is defined like this. Now to write down this solution
properly, I need to find out the inverse Fourier transform of e to the power — alpha square kt.
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which is the required solution of (1) and (2). ~

So for that we define g(x) as inverse Fourier transform of e to the power - alpha square kt. So
this I can write it as 1/root 2 pi - infinity to infinity e to the power - alpha square kt * e to the
power - i * alpha x * d alpha and we can simplify this expression and we can say that it is
coming out to be 1/root 2 pi * this quantity is coming out to be pi/root kt * e to the power - x

square/4 * kt and how we can find out. Let us write down here.

Let me write it here. - infinity to infinity I can write e to the power - kt out. Then we have alpha
square and then we have + and we have what? We have taken alpha out. So it is i alpha x/kt. So
we can write it like this and d alpha. So to solve this let us make the perfect square here. So we
can write here that since I can write this as 1 x* 2k. So I can write this as alpha square + 2 * alpha

1x/2 kt, right. So if I want to make a perfect square, I need to add something.

I need to subtract something. So I am adding this ix/2 * kt whole square and similarly I am
subtracting ix/2 kt whole square, right. So this I can write it like alpha square + 2 alpha * ix/2 kt
+ 1x/2 kt whole square - ix/2t whole square * d alpha. So I can write this as - infinity to infinity *
e to the power - kt. Now this part I am writing as alpha + ix/2 * kt whole square and what is left

here. It is e to the power this - and - +. And then i square will come out.



So it is - x square/kt and 1 kt will cancel out so we have 4 kt * d alpha. Now since this
integration is with respect to d alpha so I can write this as e to the power - x square upon 4 kt * -
infinity to infinity e to the power - here we have kt and this is alpha + ix/2kt whole square and d
alpha. So let us make this quantity like kt (alpha + ix/2 kt) some beta. So by assuming this in fact
root of this then what you will get, then root of kt d alpha = d beta and if you look at the limit,

limit is coming out to be -.

So this whole thing I can write it e to the power - x square upon 4 kt limit will be as it is and here
what you will get e to the power - beta square and d beta/root kt. This quantity will come down
and we already know that - infinity to infinity e to the power - beta square d beta is your root pi.
So I can write this as root pi and this is root kt will be here * e to the power - x square/4 * kt and

that is what we have written here.

So it means that this quantity - infinity to infinity e to the power - alpha square kt * e to the
power - i alpha * x * d alpha and if you solve this we have this quantity that is root pi upon root
kt * e to the power - x square/4 kt. Now by simplifying we can write it is 1/under root 2 kt e to
the power - x square upon 4 kt. So our g(x) is coming out to be this quantity. Now our solution is

what f convolution g(x).

Now using the formula that F convolution g is given as 1/2 root pi - infinity to infinity f(u) * g(x
- u) du. So here we can write this as 1/root 2 pi and here we have 1/root 2 pi here and 1 root 2 kt
here. So 2 can be taken out and we can write 1/2 root pi * kt - infinity to infinity f(psi) *
exponential of - in place of x I am writing here we are writing x - u. So here u is replaced by psi

so I can write - x - psi whole square/4 *kt t * psi.

So here we simply say that this is what we can simply write f convolution g(x) as 1/root 2 pi -
infinity to infinity f(psi) now in place in argument of g we write x - psi * d psi. So we already
have g(x). So we can define g(x) - psi and we have written like this. So our solution U(x, t) is

given as 1/2 root pi * kt - infinity to infinity psi * exponential of x- psi whole square/4 kt d psi.



So it means that this is our solution and once we know our initial condition then we can find out
our temperature resolution at point x at time t by this formula.

(Refer Slide Time: 17:36)
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Now let us say that we consider a particular example in which your F(psi) is given by this then
initial temperature is given by f(x) = 0 when x is < 0 and a constant value a which when x is > 0
and here we are assuming for simplicity that our k = 1 here. Then our simplified solution is given
by U(x, t) as a/2 root pi * t 0 to infinity exponential of - x - psi whole square/4t * d psi. Now here
if you put this term, x - psi/2 root t as, say eta then we can simplify our U(X, t) as follows.

(Refer Slide Time: 18:23)

where erf(x) is the error function.



You can write a/ root pi - X/r root infinity e to the power - eta square d eta which we can simplify
this range of integral we can write it - x/2 root t to 0 + 0 to infinity e to the power - eta square d
eta. So this quantity is coming out to be root pi/2. So here using this term can be written as a/2 +
a/root pi 0 to x/2 root t e to the power - eta square d eta. Now this expression is given error

function of x upon 2 root.

Here error function of (y) is written as 0 to y e to the power - eta square d of eta. So using the
expression for error function we can write down our U(Xx, t) is given by a/2 1 + error function of
x/2 root t. So here it is a very particular case when we assume that k = 1 and f(x) is taking this
value. So this is a very particular example of this, but in general if f is given some value then our
solution U(x, t) is written as 1/2 root pi kt - infinity to infinity f(psi) exponential of - f(x) - psi
whole square/4 kt d psi. So this is the solution.

(Refer Slide Time: 19:41)

Semi-infinite domain-|

Find the temperature distribution in the semi- infinite medium x > 0, when the end
x = 0 is maintained at zero temperature and the initial temperature distribution is

110

Solution. The given problem is

du U
POE- =K D < 20 0
V'BC:u(0,1)=0, t>0 (7)
\/C:u(x,0)= flx), O<x<oo (8)
\.___‘__._____,_.—
where u, du/dx, both tend to zero as x — .

T—

We will move to same infinite domain. So it means that here your length is only infinite or semi-
infinite and 1 end is kept at say at 0 temperature so we look at our problem like this that find the
temperature distribution in the semi-infinite medium x >= to 0 when the end x = 0 is maintained
at 0 temperature and the initial temperature distribution is given as f(x). So problem is what that

dou U/dou t = K dou 2 U/dou x square x is between 0 to infinity, t is > 0.



On the condition is that point x = 0 is kept at 0 temperature that is U(0, t) = 0 and initial
condition is that u(x, 0) = f(x) when x is lying between 0 to infinity and here as we have assumed
before that our temperature and its dou u/dou x corresponding to x both tend to 0 as x tending to
infinity. So this is the whenever we consider any infinite, semi-infinite problem we always
assume these kind of condition that U and its partial derivatives are say 10 * 0 as mod of x

tending to infinity.

So here since we are considering only the positive site so it means that x tending to infinity U
and dou U/dou x both are tending to 0. So here I cannot apply the full Fourier transform. So here
we will apply say Fourier transform define for only O to infinity. So we have 2 choices, 1 is

Fourier sine transform and another one is Fourier cosine transform.

And so which Fourier sine transform we should apply or Fourier cosine transform we should
apply that is our question. So let us handle some result and say that based on that result we can
indentify that based on the initial condition and boundary condition we can define that whether
we should apply Fourier cosine transform or Fourier sine transform.

(Refer Slide Time: 21:52)

In the case of semi-infinite domain we find the solution using Fourier sine and
cosine transformations. In this regard, we have the following results:
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So here let us the following remark. In the case of semi-infinite domain, we find the solution
using Fourier sine and Fourier cosine transform and in this regard we have the following result

because if you look at this term can be handled very easy that it is d/dt U(alpha, t) and but we



have to handle this term by indication by part. So we have to handle when you do integration by

part then we have a boundary term that is say.

What happen when we have what is the value of U or Ux at the end point lower end point that is
x = 0. So here because we have only this condition that U * dou u/dou x both tend to 0 as x
tending to infinity, but we do not know the behaviour of U and Ux at the end point x = 0. So
depending on this, we will choose Fourier cosine transform or Fourier sine transform. So let us

first consider the result that Fourier sine transform.

dou 2 U/dou x square with respect to the space variable x is given as root 2/pi * alpha U(x, t)
given at x = 0 - alpha square Fourier transform of U(x, t) and Fourier cosine transform of dou 2
u/dou x square is given as - root 2/pi dou u/dou x given at x = 0 - alpha square Fc Fourier cosine
transform of u(x, t). This simple simply represent that we are finding the Fourier sine transform

of u(x, t) with respect to the variable x.

And this represent that we are finding the Fourier cosine transform of U with respect to the
variable x and we are considering the alpha a frequency domain here. So here if you look at these
2 formula then if you apply Fourier sine transform then I need the value of u at x = 0, but if you
apply Fourier cosine transform then I need the value of dou u/dx at the point x = 0. So this will

give you the idea that I should apply Fourier sine transform or Fourier cosine transform.

For example, we have this result that U(x, 0) = f(x). So here the point at x = 0, here the condition
U(0, t) = 0 is given. So here this will give you that here you should apply the Fourier sine
transform because in Fourier sine transform only we need u at x = 0, but if you apply Fourier

cosine transform.

Then I need to have the value of dou u/dou x at x = 0 which is not given here. So in this
particular example boundary condition is given in terms of u. We will apply Fourier sine
transform and if this boundary condition is given in terms of ux then we will apply Fourier
cosine transform. So first let us have a simpler proof of these 2 results.

(Refer Slide Time: 24:57)
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So let us look at the first result. First result is that Fourier sine transform of dou 2 u/dou x square
is given as root 2 upon pi 0 to infinity sine alpha x dou u/dou x square dx and then we apply say
integration by part. So, we write first sine alpha x * integration of this dou 2 u/dou x square that
is dou u/dou x between 0 to infinity - root 2/pi alpha derivative of this sine alpha x that is cos

alpha x * alpha and integration of dou 2 u/dou x square that is dou u/dou x.

Now here we already assume that this dou u/dou x is tending to 0 as x tending to infinity so this
at point infinity as x tending to infinity this point is gone. Now at x = 0 since sine of 0 is 0, so
this boundary values will be cancelled out. So then the right hand side of the above equation is
now reduced to - square root of 2/pi alpha 0 to infinity cos alpha x dou u/dou x * dx. Now again
we apply integration by part and we can write - root 2/pi alpha * in a bracket we are looking at

the expression for this.

So here it is what? This cos alpha x integration of dou u/dou x that is u(x, t) + alpha 0 to infinity
differentiation of cos alpha x that is - sine alpha x will be there, so - - it will come out to be plus
and u(x, t) integration of dou u/dou x and this is what this is basically the Fourier sine transform
of U(x, t) and again since we have assumed that u is tending to 0 as x tending to infinity so at this
point your this point is gone to be 0. So only thing remain at x = 0 u(x, t) cos of alpha x value. So
here this boundary value at x = 0 is no given by this.

(Refer Slide Time: 27:10)
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So we can simplify that it is under root 2/pi alpha U(x, t) at x = 0 - alpha square Fourier sine
transform of U(X, t). So we can say that using this value I can write Fourier sine transform of dou
2 u/dou x square = under root 2/pi alpha U(x, t) at x = 0 - alpha square Fourier sine transform of
U(x, t) and in a similar way we can prove the second result that if we take U(x, t) tending to 0

and dou u/dou x is tending to 0 as x tending to infinity.

(Refer Slide Time: 27:50)
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in the case of cosine transform.

=
we can write Fourier cosine transform of dou 2 u/dou x square = - root 2 upon pi * dou u/dou x
define at x = 0 - alpha square Fourier cosine transform of U(x, t) at x tending to alpha. So

therefore if you summarize this in case of semi-infinite domain problem the choice of sine or



cosine transform will depend in the form of the boundary condition at the lower limit of the

variable which we want to exclude.

Here our problem point is dou 2 u/dou x square, how to handle this. So this we want to exclude
so here we want to see the availability of u and ux at the lower end point. So here thus to handle
the term dou 2 u/dou x square in PDE we require that if U is given at x = 0, then we apply
Fourier sine transform and if dou u/dou x at x = 0 is given then we apply Fourier cosine
transform. So using this observation in our problem, we will apply Fourier sine transform. Here
we apply Fourier sine transform because boundary condition is given in terms of u at x = 0.

(Refer Slide Time: 29:01)
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Taking the Fourier sine transformation of equation (6), we get
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So applying Fourier sine transform we have this. So taking the Fourier sine transform the
equation 6 we get under root 2/pi 0 to infinity dou u/dou t sine alpha x * dx = root 2/pi K * 0 to
infinity dou 2 u/dou x square sine alpha x * dx. Now we have this value available for us and we

can write dUs/dt where Us we are given as root 2/pi 0 to infinity so U(x, t).

And sine of alpha x * dx. So we are denoting Us as this value. So we can write this as dU/dt = K
* and here we have using our result 1. We have alpha U 0 to t - alpha square Us, but our U(0, t) is
coming out to be 0. It is already assumed that we have in this boundary condition. So this part is
gone and we can write this as dUs/dt + K alpha square Us = 0.
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Using the boundary condition (7), we abtain

By taking the Fourier sine transform of initial condition (8), we get

Us = Flo) at(t 0) L (12)

Equation (11) can be written as ve
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On integrating, we get

So using the boundary condition we obtain that we have dU/dt + K alpha square Us = 0 and now
we can find out this K by using the initial condition (8) that is Us = Fs(alpha) at t = 0 here. So
here our equation is dUs/dt = K * this quantity. Now this boundary condition is already given as
U(0, t) = 0. So using the boundary condition we obtain dUs/dt + K alpha square * Us = 0 and we

also given initial condition.

So applying Fourier sine transform of the initial condition we can write Us = Fs alpha at t = 0. So
this is the initial condition is given to us. So we have ordinary differential equation 11 along with
the initial condition 12 that Us at t = 0 is given as Fs(alpha). Now we can solve this equation
number 11. I can write this equation 11 as d/dt of (Us * e to the power K * alpha square t) = 0
and this can simply solve by writing Us * e to the power k alpha square t = constant and how to
find out the constant there we can use initial condition that Us at t = 0 is given as Fs alpha.
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Using equation (12), we note that Fs(«) = constant. Therefore,

USEK"EI = Fy(o)

— —

Us = Fefa)e " (14]

By taking the inverse Fourier sine transform of equation (14), we get

o
_ 2 [* Kot 4]
(M_/Q ESL_”)E_ sinaxda

So using this we can write that your constant value is coming out to be Fs(alpha). So we can
write Us * e to the k * alpha square t = Fs(alpha) and we can write thus our solution is given as
Us = Fs(alpha) e to the power K alpha square t. So this is the Fourier sine transform of U(x, t).
So once we know our Fourier sine transform of U(x, t) then we can find out U(x, t) by taking the

inverse Fourier sine transform of this equation.

So U(x, t) we can write under root 2/pi 0 to infinity Fs(alpha) e to the power - K alpha square t *
sine alpha x * d alpha. So by solving this we can find out the solution in terms of x and t. So we
can write our solution as U(x, t) = under root 2/pi 0 to infinity Fs(alpha) e to the power - K *
alpha square t * sine alpha x * d alpha. So here we found the solution of semi-infinite reason
when the initial condition is given in terms sorry boundary condition is given in terms of U.
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semi-infinite domain-Il

Find the temperature u(x, t) in semi- infinite rod 0 < x < o, determined by the
PDE -

U = Ky, 0<x <, B_Osubjectlo (15)

I ux,0) = fix), 0<x <, (16
BC :Juy(0,t) = -up) when x>0, and >0, (17)
_‘-‘—_—‘-u.._____‘_ ._._._.___,_-—

where u, ', bothtend tozero as X —+ x.

Now consider another problem of the same semi-infinite domain, but this time your boundary
condition is given in terms of Ux. So here problem is what? Find the temperature distribution
U(x, t) in semi-infinite rod lying x between 0 to infinity determined by the following PDE that is
ut = k* Uxx where x is lying between 0 to infinity t is > 0 subject to the initial condition that

U(x, 0) = f(x).

And the boundary condition is given that Ux(0, t) = - u0 when x is > 0 and t > 0 and here again
we have the same physical condition that u and dou u/dou x both tend to 0 as x tending to
infinity. Now if you look at the boundary condition, boundary condition is given in terms of Ux,
so we apply Fourier cosine transform to handle this problem.
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Solution. Since du/dx is given at the lower limit, we take the Fourier cosine
series of the given PDE to obtain T
e

/_ %0 ) 00 -)2
\/g/ {,—UCOSEIXdX =k g/ {.—UCOSnXdX
T )y ot Ty O
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0

o —

Since du/ax tends to zero as x — oc. Therefore

d 2(0u 2 "
&(Uc)——k\/;(a> 0+kfr\/” M@kui\/;./o U C0S XX

= | ro|

As u tends to zero as x — ~c, 50 we have

d 2
&(Uc} = /;kUO - k!l‘@

So applying since dou u/dou x is given at the lower limit we take the Fourier cosine series
transform of the given PDE to obtain the following equation under root 2/pi 0 to infinity dou
u/dou t cos alpha x *d x =k * under root 2/pi 0 to infinity dou 2/dou x square cos alpha x * dx.
Now we already have the either we use our result 2 or we can simplify this by taking say

applying integration by part.

And we can write k/root 2/pi dou u/dou x cos alpha x 0 to infinity + k alpha under root 2/pi 0 to
infinity dou u/dou x * sine alpha x * dx. So here we applied integration by part and we can write
it like this. Now we already know that dou u/dou x tend to 0 as x tending to infinity so at this
boundary point we have this value 0 and we have only term left corresponding to x = 0. So we

can write - k * under root 2/pi dou u/dou x at x = 0 + k alpha again.

We simplify this problem using integration by part we can write k alpha under root2/pi u sine
alpha x at 0 to infinity - k alpha square under root 2/pi 0 to infinity u cos alpha x * dx. Now here
if you look at this boundary point, at x tending to infinity u is tending to 0. So this part is gone
and at x = 0 this sine alpha x is 0. So this boundary condition will be vanished. So what we have

d/dt of Uc = - k/root 2/pi dou u/dou x at x = 0 and this value is given as - of UO.

So - - will give you + so we have under root 2/pi K of U0 and this quantity is what? This quantity

is given as Fourier cosine transform of U(x, t). So we can write this as - k alpha square Fourier



cosine transform of U(x, t) that is Uc. So here we have d/dt (Uc) = root 2/pi k u0 - k alpha square
Uc.
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which can be written as
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Taking the cosine transformation of the IC, we get

_—

On integration, we get

Us=F(c) when =0

_‘_'_,__,_._-—-ﬂ

So here we have a simple ordinary differential equation, non homogenous ordinary differential
equation in terms of Uc and we can simplify this by writing d/dt of e to the power k alpha square
t * Ut = under root 2/pi * k u0 e to the power k alpha square t. Since we can find out the
integration factor by e to the power k alpha square t we will multiply and we can write it like this

and then we simply integrate.

And this equation is now reduced to this that e to the power k alpha square t Uc = root 2/pi k *
UO integration of e to the power k alpha square t * dt + some constant integration constant we
have to apply. Now to handle this integration constant, we look at the initial condition and take
the Fourier cosine transform of the initial condition and we have Uc= F(c) when t = 0. So using
this condition, we can find our constant.
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Using this condition in equation (18), we get

which gives

2
eknzfuc _ }-(c) — \/;U_; [eﬁmzl _ 1]
T (¥

Hence,
(19)

And it is coming out to be that constant is given as F(c). So this is F(c) = under root 2/pi k u0 and
integration of this will be e to the power k alpha square t/k alpha square. So we can write it here
under root 2/pi U(/alpha square + constant. So we can find out the value of constant and we can
put it back. so we have e to the power k alpha square t * Uc - F(c) = under root 2/pi U0O/alpha

square e to the power k alpha square t — 1.

And we can simplify and we can write Uc as under root 2/pi U0/alpha square * 1 - e to the power
- k alpha square t + F(c) e to the power - k alpha square t and we can find out our solution U(x, t)
by taking inverse Fourier transform of the expression given in terms of equation number 19 and
our solution is given as U(x, t) = under root 2/pi 0 to infinity cos alpha x Uc(t) d alpha. So by
putting this expression for Uc(t).

We can find out the solution for this semi-infinite region when boundary condition is given in
terms of Ux. So that is all of this lecture. So in this lecture what we have considered. We have
considered the heat equation in infinite region and in semi-infinite region when we have 2

different kind of boundary condition is given.

If boundary condition is given in terms of u will apply Fourier sine transform and if boundary

condition is given in terms of Ux then we solve our problem by applying Fourier cosine



transform. So with this I end our lecture and in next lecture we will continue our discussion of

solution of heat equation and finite domain and x term. Thank you for listening us. Thank you.



