Ordinary and Partial Differential Equations and Applications
Dr. D. N. Pandey
Department of Mathematics
Indian Institute of Technology, Roorkee

Lecture — 40
Charpit’s Method- 1
Hello friends, welcome to this lecture and in this lecture, we will continue our study of

compatible system and if you recall in a previous lecture, we have discussed the definition of

compatibility as follows.
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Here, we say that fofx yzpq=0and g x y zp q = 0 are said to be compatible if every solution
of first equation is a solution of second solution and vice a versa and then we have considered a
method of finding at least one solution in common that is you; let us assumed that Jacobian of fg

with respect to pq is nonzero and corresponding dz = pdx + qdy is integrable to obtain; give a

solution like z = zxy.

And so, in fact this procedure is to find out the common solution they have, so this method is
equally applicable in any 2 equations where they have one solution in common, so based on this
in some book or in some literature, they define compatibility in this manner that f and g are
compatible to each other, if they have at least one solution in common and the procedure listed

here that Jacobian is nonzero.



And the dz = pdx + qdy is integrable is the method to find out that common solution, so then we
also discussed the procedure that in place of writing these 2 condition separately, can we simply
look at the equation number ; equation f and g to say that whether they are that by f and g can be
find out once common solution and that we have obtained in the following thing that if bracket
fg is = 0 that is Jacobian of fg with respect to xp + p times Jacobian of fg with respect to zp+

Jacobian of fg with respect to yq + q Jacobian of fg with respect to zq.

If this quantity is = 0, then we are able to find out one common solution of f and g here, so here |
am not saying that compatibility means what but I am giving you both the condition that in many
of books, you say compatibility means every solution common and in some book, you will find
out that they have at least one solution is common but this definition may be say, given in

different, different but they give this procedure to find out that one common solution.

So, I am assuming that we are using this condition that bracket of fg is = 0 to say that they have
at least one solution in common and the procedure that dz = pdx + qdy is integrable to find out

that common solution is that okay. So, now proceed further and see what we can further achieve.
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Remark 2

The necessary and sufficient condition for two independent PDES of the first ordey g,
(1) and (2) to have an integral in common s J = 4(f, g)/ilp.q) # 0 anr.{ If.q]=0}
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Hemark 3

Given a PDE of first order [[x, y, 2 p,9) = 0 has inlegral in common with the
equation glx. y. 2, p.q) = 0 if the function g(x. v, 2,p, q) satisfies the following
homogeneous finear PDE of the first arder. -
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So, here the necessary and sufficient condition for 2 independent PDE of the first order 1 and 2

to how an integral in common is this that Jacobian is nonzero and the bracket is 0 and if you look



at the bracket fg is = 0 is already involving this condition that Jacobian is nonzero and basically
this is an integrability condition that dz = pdx + qdy is integrable to this, so basically I will

assume that this is nothing but an integrability condition.

But in many books you will find this condition as a compatibility condition, so whatever you; if
you look at compatibility means they have one solution in common, I agree that bracket fg = 0 is
a compatibility condition but I will assume this bracket fg = 0 is a method to find out the
common solution that f and g are having. So, next remark is that given a PDE of first order fx y

z p q = 0 has integral in common with the equation gxy zp q=0.

If the function g x y z p q satisfy the following homogeneous linear PDE of the first order that is
fpegx+-fqgy-pfp—qfq*dz+pofz+fxgp+qfz+1{fy* gqis=0and in fact, this is
nothing but if you have; we say that here f and g have one solution common means, the bracket
fg is = 0 and when you expand this, then we can arrange like this.
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Here, we can write it that dg is = 0 or we can say that gx dx + gy dy + gzdz+ gp dp + gqdq =0,
so when you expand this, then you can write gx into this + gy * this + gz * and gp and this is
fresh and you can get it from this in fact, if you look at the coefficient of gx will be what?
Coefficient of gx will be fp; -fp, so that is what we have written, so this condition that g satisfy

this homogeneous linear PDE of the first order, we can obtain by expanding this bracket fg is =0.



And we can get that g will satisfy the following homogeneous linear PDE of the first order and
this is very, very important remark and we will use this remark in Charpit method to find out the
complete integral of a first order nonlinear first order PDE, so let us move ahead and look at the
remark 4.

(Refer Slide Time: 06:50)

Ifthe two functions f and g are independent on z, then the condition that f and g
are compatible fo each other 1.6, [f, g] = 0 is simplified. The following expression,
where ¢ and are any functions of x, Y.,
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is called the parenthesis (¢, ). The conaltions that the equations f(x. y.p,q) =0
and g(x.y.p.q) = 0 be compatible is that the equation (f,g) = 0 is true.

And this remark 4 says that if the 2 function f and g are independent of z, it means that they are
writing only fof x y X p q and g of X y z p q, then the expression that bracket fg = 0 is simplified
and we can say that that can be written as only this and that parenthesis fg is = 0, where
parenthesis fg is defined like this, parenthesis of Xi eta is dou Xi/ dou p dou eta/ dou x — dou
eta/dou p dou Xi/ dou x + dou Xi/dou q dou eta/dou y — dou eta/ dou q dou Xi/ dou y.

So, it means that here f and g both are independent of z, then we simply look at the parenthesis fg
is = 0, where parenthesis xi, eta is given by this expression, so it is just a case of the bracket fg =
0, when f and g are not involving any z. Now, let us consider one example based on this
compatibility procedure.

(Refer Slide Time: 08:04)



Example 4

Show that the equation z = px + gy is compatible with any equation
f(x.y,2,p.q) =0 thatis hamogenewsmx ¥, and z. Solve the simultaneous

equations Z = px + gy and 2xy/(p p + q2 2yp+xq).
solution.Consider the pde f(x, y. zp. q)
fox 0p.02.0.0) = Br(r.y.2.p.0)
and denote porasd =0
/ qx.y.2.p.0)=pr+qy -2
Now to show that  and g are compatible we have to show that

[f.91=0. .

=1
*h;{%ﬁ*%k%’ 'k
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So, here we say that show that the equations z = px + qy is compatible with any equation f of x y
z p q = 0 that is homogeneous in X, y and z and once we show that they are compatible to each
other, we try to find out the 2 equations, z = px + qy and 2xy p square + q square =zyp +x q
and we want to find out the common solution they have. So, here I just want to note that the
homogeneous equation in x y z is we say that any equations say, f of X y z p q, we are talking

about.

We say that f of x y z p q is homogeneous in terms of x y and z, if we replace x y z by alpha x,
alpha y, alpha z, then we will should get alpha 2 power n f of X y z p q and in this case we say
that your equation f is homogeneous in terms of x y z of the degree n, where n is the power of
alpha here. So, here by this we can find out the degree and they also have very important
relations that is if f is homogeneous in x y and z, then we have this relation that f of x fx +y f of

y+zfofzis=ntimes f.

Here, n is the degree of the; n is the power of this alpha, so we call this as degree of the
homogeneity. So, here with this information, now let us see that if f satisfy this condition, then it
is compatible with z = px + qy, so now let us assume this equation f of x y z p q = 0 and another
equation, g X y z p q as px + qy - n and we want to show that they are compatible to each other,

so let us look at the bracket fg and we try to show that this bracket fg is = 0.



Now, look at the bracket fg here, it is what? Dou of fg upon dou fg dou xp + p times Jacobian of
fg with respect to zp + Jacobian of fg with respect to yq + q times Jacobian of fg with respect toz

q.
(Refer Slide Time: 10:39)
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Now, let us simplify this further, so I can write, Jacobian of fg with respect to xp as this fx fp gx
gp + p times fz fp gz gp fy fp gy gq + q times z {q gz gq, now, here we already know that gx y z
p qis = px + qy — z, let me see whether it is correct, it is what? Px + qy — z, okay, so this is the
bracket fg. Now, let us simplify, since we do not have any expression for f, we simply know the
properties of f that it is homogeneous in terms of x y and z, that is all, nothing is given neither

the degree is given nor the exact formulation is given.

So, here let us use this expression for g only, so let us calculate g of x; gof xis=p, gofyis=q,
qgofp=x,gofq=yandgof z=-1, so using this let us again calculate bracket of fg, so fx fp
now in place of gx let us; gx is p here, so let me write it here, gp is x here, let me write it x here +
p times fz fp gz is -1 that is given here and gp is x, which is already calculated here + fy fy, now

gy is what?

Gy is q here and gq is y here, let me write it here + q fz fq and gz; gz is -1 and gq is y, so now let
us simplify this, it is what; x fx, so this is x fx — p fp, we have simplified this + p times, it is

what; x fz + fp, so this is the expression plus, here we write y fy - q fq + q times y fz + fq, so we



have simply written down. Now, we can simply say that x fx + y fy, let us write it like this; x fx +

y fy + px of z.

Now, here you can see that this p fp, here this will be cancelled out from this and similarly, q fq
will be cancel out like this, so what we will have is px fz + qy fz, so this term is left and this term
is left, so we are writing here, x fx +y fy + px {z + qy fz, now if you look at, if we take out this
fz common, then we have px + qy and we already know the value of px + qy in terms of z and

we can write this as x fx +y fy +z fz.

And we know that if f is homogeneous in terms of x y and z, then this expression is nothing but n
times f, now we already have that the expression f of x y z p q, this value is coming out to be 0,
so n is 0, so we have this value is 0. So, what we have shown here, we have calculated the
bracket fg and we have say using the property of homogeneity, this value is coming out to be 0.

So, it means that any equation which is homogeneous in terms of X y z.

And px + qy - z are compatible to each other, now once they are compatible to each other then
we can find out the common solution and to find out the common solution, we need to know
what are the value of p and g, so here for that we have simply taking expression for f of x y z that
is 2 xy * p square + q square = z yp + xq. Now, here if you look at this is homogeneous equation
in terms of x y and z, how we can check?

(Refer Slide Time: 14:33)



Example 4

Show that the equation 2 = px + gy is compatible with any equation
fxy,2,p.9) = 0 thatis homogeneuus m_y and 2. Salve the simultaneous
gquations Z= pX + gy and Qxy ;?_ - q Z(yp 7),

solution. Conmderthe pde r(x S 2., _} b -~.\+.1.--'1"f"af “E
flax.ay,az,p.q) = IBJ‘ (x.y.2.p, ng Hy Y

and denote w.q,m.il — jpe Tl
/gxy.2p.q)=prigy-2 - g!“Piii

Now to show that f and g are compatible we have to show that ;.Sl-”' n B Pl

[f.g]=0. o : f’ﬁm{r‘lﬂﬂ
| .

hu)

Here L
(g0 49 9 i) oty

orp) Pz ) za) = ey

You simply write this as f of x y z p q = let me write it here 2xy p square + q square — z yp + Xq,
now what you simply write in place of x, let us write lambda x lambda y lambda z pq and if you
simplify what you will get? Here, you will get a lambda square in common from st term 2xy p
square + q square and -; here if you write lambda z Lambda y, so again you can take out lambda

square and what you will get?

Zy p + here also from this one lambda and from this one lambda, so lambda square you can take
it out, so xq, right, so when you simplify this, then it is lambda square times f of x y z p q, so we
can say that this is a homogeneous equation in terms of X y z with degree 2, right. Now, you want
to show that since we have already proved that if f is homogeneous with respect to x y z and z =
px + qy, then they are compatible to each other.

(Refer Slide Time: 16:02)



121

From the first equation, we have g = Ki , Substituting into the second equation

gives
Z Xz
/p - QX( - It ’y;>

Making use of the first value of p gives q = zy Z Now from Z=pX+qywe have

dz=pdr+qly  go- 2 pur 4
B o
and this gives 70z = yd + dy which implies hat ). i 4 44
Zr.-F 1\ ~

Z= Cyxy. le_}flm Iy
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Now, we want to show that let us take a particular form of that is this and z = px + qy compatible
means we can find out one common solution, so let us try to find out one common solution here.
So, here we have z = px + qy.

(Refer Slide Time: 16:10)
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And let me do it in a separate page, so here we have z = px + qy and second equation is what?
2xy, let me use here, it is 2 Xy p square + q square is = z yp + gx, [ hope I have written correctly;
yp + Xq, is that okay. Now, we already proved that it is a compatible to each other and we need to
find out the common solution, it means that dz = pdx + qdy is integrable to each other. Now, we

already know that since bracket fg is 0.



So, it means that this has to be integrable because that is a condition we already proved, so it
means that what we need to do here; we need to find out p and q from these 2 equation and put it
here and then use our experience to solve this equation and to get this equation as z of x y and
maybe one integration constant will also appear, so we can get that it is a one parameter family

of solution.

So, now let us solve this, so for this, you simplify first equation as z - px upon y, so we simply
write down the value of q in terms of z p and x and y and put it in a second equation, so let us say
2xy p square + q square is z - px whole square y square =z yp + q is z - px upon y here, so let me
simple this as z y square p + z - px and here, we have y here. Now, here again we can write 2xy,

it is p square y square + z - px whole square and we have y square.

Now, we can see y cancel and y, here y cancel, so here we can simplify further, we have 2x, now
inside it is p square y square + z square + p square X square — 2z px = zy square p + z — pXx, it is
given by this. Now, let us calculate the coefficient of p square here, so p square coefficient will
be what? Here, it is what and to get 2x also common, so here, what you will get; here we will get

y square and here we have X square, is there any other term?

No, we do not have any term, now let us calculate the coefficient of p here, so let me write it
here, -p; what you will get here; 2x is here and here 2 zx here, so let me write it, 2x * 2zx, so that
is what we have obtained here and here, if we look at the coefficient here; coefficient here is

what? — zy square and + zx.

And the remaining is just a constant value, so which we can write it here as; what you will get? 2
z square is here, so I can write — 2x z square and here I will get + z square, so here we can get a
expression for quadratic equation terms of p square and we can simplify for p using the theory of
quadratic equation and you can get the value of p by solving this quadratic equation and we have

equation as p = z/ 2x and p = xz/ x square + y square.

I am leaving it to you, I in fact we have obtained a quadratic equation and then we can solve for

p and you will have 2 values of p out of this, so I am saying that let us do this work and we have



obtained and we say that p = z/ 2x is one value of p and another value is p = Xz upon x square +y
square. Now, once we have 2 values of p, then of course you will have 2 values of q as well, so

let us solve for q.

Let us take the first value as xz/2x then q = z — px; px is going to be z/2 divided by y, so it means
q is going to be z/ 2y, so it means that we have now values of p and q, then look at your equation,
dz = pdx = qdy, so let us say that dz = pdx + qdy is here, then you simply write it dz and p is
what? P is z/2x dx and q is what? Q is your z/2y, so z/2y dy and if you simplify this, it is what;
dz/z in fact, you can take 2 here, then it is dx/x + dy/y here.

And here, if you simplify this is what? This is; you can simplify you can write it 2ln z=In x + In
y + In ¢, so we can write z square = ¢ times Xy, | am using cl here, so you can write the one
solution is z square = ¢ Xy, so once we have one value of p, you have another value for q, which
we can obtain using the equation as well as this value and we have a common solution z square =
C Xy.
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Now, we if we use the other value that is xz upon x square + y square as p, then you can write p
as Xz upon X square + y square and q is what; q is z — px upon y; z — px upon y here, so let me

write it here, z — px, so I can write it x square z upon x square + y square divided by y and if you



simplify zx square + z y square — x square z divided by y times x square + y square, right. So, zx

square is cancel out here, so we have zy, y is also cancel out.

So, we have zy divided; sorry sorry, so here we will get zy upon x square + y square, so that is a
value of g, so q is zy upon X square + y square, which we have written here, the q is zy upon x
square + y square. So, we have q, we have p, now let us simplify dz = p means, p here xz upon x
square +y dx + qdy, so yz dy upon x square + y square. Now, let us; since we already know that
it is integrable, the only thing is we have to make it in a form such that exact integration is

possible.

So, here you can take out that z here, so we can right this as, you can take out z here, we can
write dz = yz dy upon x square + y square + xz dx upon X square + y square, then we can simply
write, you can take that common and you can write dz upon z and then you multiply by 2, so it is
2x dx + y dy divided by x square + y, so this is what it is the derivative of z square and if you

look at this is what derivative of x square + y square.

So, we can simply say that you can write a z square = some constant time ¢ x square + y square,
so we can say that this is an another common solution they have, if we use a value p as Xz upon x
square + y square, so that is what we have achieved here. So, what we have shown here; we have
shown here that any equation, which is homogeneous in X, y, and z is compatible with z = px +

qy and then we have taken a particular form of f X y z p q that is 2xy p square + q square =z yp +

qyp+xq.

And we have found out the common solution they have and in this case, they have 2 common
solutions which we have obtained by z square = ¢l xy and z square = ¢ 2 times x square + y
square here.

(Refer Slide Time: 25:08)



Charpit Method

The general PDE of order one is denoted by
flx.y.z.p.q)=0 v (24)

The fundamental idea in this method is the introduction of second PDE of order
one -
ey 20948 g
which contains an arbitrary constant a and satisfying the following conditions
(i) Equations (24) and (25) can be solved to give p p(x.y.z. e;) and
q=q(xy.2.a)/
(ii} The equation _

Yoz =plx.y.2 aJdr+q(x 2,80 (26)

is integrable to obtain the two- parameter solutior(F (x.y.2.p.a.b)

__J

So, now based on this, now let us define a important method that is Charpit method, so what we

try to do here, our aim is to find out the complete solution of a first order non-linear PDE that is f
of x y zp q =0, so here we want to find out a complete solution of this equation and how we
obtain xz following that using the concept of compatibility, so it means that if we are able to find

out another say, PDE that is say,gxyzp q=a.

Here, a is some kind of parameter, so we say that if the fundamental idea in this method is the
introduction of second PDE of order one that is g x y z p q = a, which contains an arbitrary
constant a and satisfying the following condition, following condition is that, we can solve these
2 equations for p and q and of course since the equation of g which involve 1 parameter a, so p

and q will also involve that parameter a.

And then once we have the value of p and q, thendz=pxyzadx + qxy zady,a is integrable
exactly, so when we find out the solution, then we have one parameter and we say that our
solution is given as fof x y z p, x y z a b = 0 here and this is given as 2 parameter family of
solution and we say that this solution as complete solution.

(Refer Slide Time: 26:58)



Charpit Method

Remark &

The fundamental idea in Charpit’s method is to determing an equation
g(x,y.2.p.q) = &, containing an arbitrary constant &, such that equations (24)
and (25) are compatible and can be solved fo Give explicir expressions for p, g in
terms of x, y, z and the arbitrary constant a, that 5 p= A%,y 2. @),
q=1(x,y,2,a). The condition of compatibilty requires that equation (26}4é-
integrable. — [ e~ dn + 4y

The main prablem in Charpit's method is the determination of the second equation
g(x,y.2.p,q) = awith the property of compatibility with f(x. v, z.p.q) = 0. We
shall show That this requirement leads to a set of simultangous differential
equations, from which g can be obtained.

So, here let me here the fundamental idea in charpit method is to determine an equation g X y z p
q = a, so here, what we say that our main problem is how to find out differential equation; 2nd
differential equation which has the following property that by which we can find out the
expression for p and q and that the dz = pdx + qdy is integrable and here it means that the
another equation we need to find out that is g X y z p q = a containing an arbitrary constant a,

such that equation 24 and 25 are compatible to each other.

And can be solved to give explicit expression for pq in terms of xyz and the arbitrary constant a
that is p = phi x y z a and q = psi x y z a and the condition of compatible require that equation 26
is integrable that is dz = pdx + qdy is integrable. So, idea is; are the problem is how to find out
this one parameter equation of PDE, so that is the problem. So, the main problem in Charpit
method is the determination of the second equation g x y z p q = a having the property that it is
compatible with fof xyzp, q=0.

And we will; so that the g and f are compatible to each other will give you an idea how to find
out this equation g and this is quite obvious if you remembered one of the remarks that g is
compatible with f, if g satisfy certain homogeneous partial differential equation.

(Refer Slide Time: 28:58)
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When such a given function g satisfying the above two conditions has been found,

the solution of equation (26) containing two arbiﬂarry constants will be a solution of
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Now compare this with dg = 0. .c. V4L ;; t) ';’“
o E

g0 + gydy + ;02 + gpp + ggdlg =0 -

f—— _

+p =0 o (27)

So, when such a given function f satisfying the above 2 condition has been found, it means that if
we find out g such that g and f are compatible to each other and g is already having one
parameter, then we can say that our solution of equation 26 is contained 2 arbitrary constants will
be a solution of equation f x y z = a and the condition 1 will be what? Condition 1 means that f
and g can be solvable in terms of p and q is equivalent that Jacobian fg with respect to pq is

nonzero.

And that f and g are having one solution in common means dz = pdx + qdy is integrable is
simply say that we can say that our bracket f g has to be 0, the value of fg has to be 0, now look
at the bracket fg, it is fx fp gx gp + p times determinant of fz fp gz gp and so on, so this

expression has to be = 0 and if we simplify I can write this expression that minuses —fp gx + - fq

gy—pfp-qfqgz+pfz+fxgp+qfzt fy gg=0.

So here, we simplify this bracket fg = 0 in a way such that we write in in terms of coefficient of
gx, gy gz, gp and gq and now let us compare this equation number 28 with the following thing
that dz = 0, here you have g x y z p q = a, so if you find out the total derivative, then total
derivative dg is coming to be 0 and when we expand it, we have the following thing that gx dx +
gy dy +gzdz+gpdp+gqdq=0.
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Equation (29) is known as Charpit's subsidiary equations which can also be
wrilten in the form -
f— )
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So, it means that if g is given like this then it must satisfy the equation number 28 and this
equation and if we compare these 2 equations, then we have the following thing that dx upon —
fp, if you look at compare here, dx upon —fp, dy upon —fq, dz upon — pfp — qfq, dp upon pfz + fx
and dq upon this quantity and we have a set of equations which is known as equation number 29

and we call this as Charpit subsidiary equation.

So, here managing this — sign out and we have dx upon fp + dy upon fq =; sorry, dx upon fp = dy
upon fq = dz upon pfp + qfq = dp upon - fx — pfz = dq upon —fy - qfz and these equations are
known as Charpit subsidiary equation. Now, if you recall the Cauchy method of characteristics
then if you equate this value as some dt, where t is some parametric; parameter, then it is; the
equation which you have a obtained in Cauchy method characteristic, an equation what we have

obtain right now as same.

The only thing is that they been have some initial condition here, we do not have any initial
condition, so that is only difference we have now, so it means that when we solve this equation,
so then we will get an expression for g X y z p q, here what we have seen that here, dx dy dz dp
basically, they will characterise the surface gxyzpq; gxyz=a; gxy zpq=a, so that is our
idea how to solve this equation number 30 to find out the expression gxy z p q.

(Refer Slide Time: 33:19)



General strategy for Charpit method

(i) Transfer all terms of the given equation to left- hand side and denote all
expression by f.

(i) Write the Charpit auxiliary equation equation (30).

(ili} Using the value of f in first siep, calculate the value olf . fz. fy and fy in
step (ii) and put these in (30). T

(iv) Select two proper fractions so that the FBSU“[@IH[EQI’N may come out’ outto be

the smplest relation nvulv ing atleast one of of pand g. V{L N, 2P )eD
i

(v) The smplest relation Df step (iv) is sulued d along with the gwen f,gua lun tﬂ
determine p and g Byputting these values of pand g in p'z pax = gt
which on integration gives the required complete integral of The give gven [ -
equation. 4

When we solve this, we try to do some kind of integration and by which we have 1 parameter
involved, so what we try to do here, we discuss the general strategy for Charpit method, so here
transfer all terms of the given equation to left hand side and denote all expression for f, so here
whatever equation we have, you just transfer everything into one side and denote that expression

by f and write the Charpit auxiliary equation 30.

And using the value of f in first step calculated the value of fx, fy, fz, fp, fq and put in equation
number 30 and then this is very important step that select 2 proper fraction, so that the resulting
integral may come out to be the simplest relation involving at least one of p and q, so here out of
these set, they are 1, 2, 3, 4, 5 you choose at least 2, so that we can get expression; a simpler

expression for p and q, right, p or q.

So, once we have an expression for p and q, use the equation, the simplest relation of step 4 is
solved along the given equation to determine p and q, given equation means, fof xy zp q =0, so
once we have p, then of course since they have one solution in common then that must satisfy
this given equation that is fof x y z p q =0, so by this you find out the expression for g, so in this

way we are able to find out both p and q.

And once we have the values of p and q put in dz = pdx + qdy and solved for your integral and in

this way we can find out the integral and that is the required complete integral of the equation, f



of x y z p q = 0 and this is the method, which we follow and we find the complete integral and
here we will stop and in next lecture will apply this strategy of Charpit method to find out

complete integral, so thank you for listening us, thank you.



