Ordinary and Partial Differential Equations and Applications
Dr. D.N. Pandey
Department of Mathematics
Indian Institute of Technology — Roorkee

Lecture - 03
Existence and Uniqueness of Solutions of a Differential Equations - I
Hello friends. Welcome to this lecture. In previous lecture, we have discussed some basic
concept of ordinary differential equation and we will continue our discussion in this lecture
also and in this lecture we basically want to discuss the existence and uniqueness theorem for
ordinary differential equation. So let us discuss the following.
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Existence and uniqueness theorem

Consider the differential equation

& = flty)
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where f is a given function of t and y.
Our aim is to find a solution of the given differential equation that is to construct a

suitable function y which satisfies the differential equation in a neighborhood of f;
and the graph of f contain the point (. o).
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So it means what is the problem that consider the differential equation dy/dt=ft, y with the

initial condition y t0=y0 and here f'is a given function of t and y. Our aim is to find a solution
of the given differential equation that is to construct. It means what, it means we need to find
out a suitable function y which satisfy the differential equation dy/dt=f't, y in a neighborhood
of t0 and the graph of f contain the point t0 and yO.

So we have discussed certain problem of this dy/dt=f't, y and y t0=y0. Let us discuss some
more problems and with the help of these examples we try to discuss more theories. So if you
look at this example 1, here we have the linear differential equation.
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We can easily check that a solution of (2) is given by y(f) =t +_1L Infact the
general solution of the differential equation (2) is given by y(t)gen = t 4 £.

We can cbserve that the solution of the initial value problem (2}-(3] is Tending to
infinity as t -+ 0, This may not surprise us as the coefficient function of y that is }
has t = 0 as a point of discontinuity.
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So consider the following differential equation y dash+y/t=2 and here t is>0 and the initial

condition along with this differential equation is y 1=2 and we can easily check that a
solution of 2 is given by y t=t+1/t. In fact, if you look at this is a linear differential equation y
dash+y/t=2 and you can find out the integrating factor here and if you use integrating factor I

think integrating factor is e to power —pt dt.

So if you can calculate this then it is coming out to be and pt is what the coefficient of y that
is 1/t. So it is going to be what it is e to power —integration of 1/t dt. So it is € to power +lnt, it
is not — it is + here integrating factor is this, so it is coming out to be t here. So integrating
factor is t here so you just multiply by t here so it is coming out to be y dash t+y=2t and if

you simplify this the first term is what d/dt of ty=2t.

And if you simplify this is what you can simply say that it is ty=t square +c. So you can say
that y is coming out to be t+c/t. Now this c is a constant which you can find out using the
initial condition y 1=2 and you can say that when you put y 1=2 your c is coming out to be 1.
So your solution of this problem 2 along with the initial condition 3 is given as yt=t+1/2 and

we have already seen that the general solution of this initial value problem is given by t+c/t.

And we can observe that what we want to observe here is that the solution y t=t+1/t is having
problem when we take t is tending to 0. What do you mean by problem? that here the solution
is tending to infinity as t tending to 0 and that we can say that since the equation has a
similarity at t=0 here if you look at the coefficient of y is 1/t and is t tending to O then y/1/t is

tending to infinity.



So it means that this differential equation itself has say similarity at t=0, so we may consider
that of course solution may also have the similar kind of nature. It means that solution will
also tend to infinity as t tending to 0. So that is the observation we can observe from this.
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Now, consider the same differential equation with a new initial condition

y=1. @

then again we can see that the _ipmal value problem (2) with initial condition (4) has
a solution and it is given bw?_(_r);ﬁ
Now this may surprise us as the solution behaves very nicely at the point { = 0. So
at this point we may conclude that the solutions of the initial value problems

dy

a Hay( = (1), y(b) = yo

are not necessarily discontinuous at the point where the coefficients are
discontinuous.

If a solution is not continuous at some points it is only those points where
coefficients are not continuous.
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But if you look at the same differential equation but with a new initial condition that is y 1=1.

In a previous, we have condition y 1=2 but now we are considering the same differential
equation with y 1=1, so if you look at the general solution is given as y t=t+c/t. Now if you
put the condition that y1=1 in place of 2 then we can say that ¢ is coming out to be 0. So it

means that here the solution is given by y t=t.

But this create a little bit problem why because if you look at the differential equation, this
differential equation has a problem at t=0 means as t tending to 0 the coefficient function of y
is going to be unbounded as t tending to 0 but if you look at the solution here that solution y
t=t is very nice and we can say that the solution behaves very nicely at the point t=0. So at
this point we may say that that in case of linear differential equation that is dy/dt+a ty t=b t
along with the initial condition y t0=yO.

The solution may not be necessarily discontinuous at the point where the coefficients are
discontinuous. So it means that if a t is discontinuous at a particular point say t=t0 then
solution may not be discontinuous at that particular point but if a solution is not continuous at

some point it is only those point where coefficients are not continuous. So it means that it



may not necessary that solution may have discontinuity at the point where this a t is

discontinuous.

But if at all solution has a discontinuity, it has to be along the point where a t is

discontinuous, that is the observation we have observed from this current example.
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Now if we consider a nonlinear initial value problem (1), then situation may be
quite different, in general there is no relation between the region where the
function f(t y) is continuous and the region where the solution exists.

Example 2

Consider the following nonlinear differential equation

Y=y y0) =y >0 (5)

The general solution of (5) is given by y(t) = 7= and the solution of the initial
value problem is given asy(f) = I_IGF

Itis to be noted the nonlinear function y? is continuous for all t € R but the solution
is going to be unbounded at t = ﬁ and hence it is valid only in the interval

(-0, ﬁ)
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Now we want to consider one more example but this time in place of linear differential

equation now we want to consider the nonlinear initial value problem and we can say that if
we consider nonlinear initial value problem then situation may be quite different. In general,
there is no relation between the region where the function f't, y is continuous and the region

where the solution exists right.

So initially in case of linear differential equation we have seen that solution may not be
discontinuous at all but if it has a discontinuity it has to be only at those points where the
coefficient function is having discontinuity but in case of nonlinear initial value problem this
is quite different. Here we may see that there is no relation between the region where the

function f't, y is continuous and the region where the solution exists.

For example, consider the following nonlinear differential equation y dash=y square with the
condition yO=y0, here y0 we are considering as a positive real number. Now the general
solution of 5 this equation number 5 is given by y t=-1/t+c. This you can easily calculate, it is
a separable equation and you can solve this separable equation along with this initial

condition.



So you can find out the value of ¢ using the initial condition y0=y0 and if you apply that
initial condition we can say that the solution is given by y t=y0/1-y0 t and here we can see
that the function this y dash=y square, the nonlinear function y square is continuous for all t
belonging to R. So here this is a continuous function for all t but the solution is going to be

unbounded at t=1/y0.

If you look at here since y0 is positive, so 1-y0 t is going to be 0 at t=1/y0. So it means that
the solution is going to be unbounded when t=1/y0. So it means that the solution is valid only

in the interval -infinity to 1/y0.

So here we have seen that the solution may not have any relation that where f t, y is
continuous and solution may not be continuous in that kind of interval.
(Refer Slide Time: 09:27)
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We have seen that there are initial value problems which have one solution, more
than one solution or no solution at all. This leads to ask the following questions:

@ How do we know that the initial value problem (1) has one or more than one
solution.

Q If we have a solution of (1), then whether it is unique or not. There may be
two, three or infinitely many solutions of (1).

© Why bother asking the first two questions? After all, what is the use of
determining whether (1) has a unigue solution if we are not able to find it
explicitly?

Here we want lo discuss the conditions by which we can answer these questions.
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And also we have seen that there are some initial value problems which have one solution,
more than one solution and no solution at all. This we have seen in previous lecture. So if you
consider these 2 examples along with the initial value problem which we have discussed in
previous lectures we may ask the following questions. First that how do we know that the

initial value problem has one or more than one solution?

First of all, we are not sure whether a given initial value problem may have a solution or not
but if we have a solution of 1 then whether it is unique or not. It means our second question

maybe like this that if we have a solution of 1 then we need to worry about the uniqueness of



the solution. It means that it may happen that the same initial value problem may have 2, 3 or

infinitely many solutions of 1, so this is our second doubt.

Third doubt is why we are worrying about the existence of solution, after all what is the use
of determining whether one has a unique solution if we are not able to find it explicitly. It
means that it may happen that a given initial value problem has a solution, it means that we
are able to find out the solution of first 2 problems that it has a solution, it may have one

solution or more than one solution.

But we are not able to find out the solution in an explicit manner. It may happen that the
existence is proved but we are not able to find out the solution in explicit manner but this
question 3 may not have much problem because nowadays we have several softwares, very
useful softwares are available which can find out the solution not in analytical manner but

they can find out the solution in a numerical manner.

It means that we can always find out a solution which is accurate up to 3, 4 decimal place or
whatever desired accuracy we want if we have very good software. So I think this third
question may be solved if we have a software and we can find out the solution which is
accurate up to decimals of few places, maybe 4 places, 8 places or 16 places. So here in this
lecture and coming lecture we want to discuss the condition by which we can solve these 3
questions.

(Refer Slide Time: 12:16)
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Once we know that the differential equation (1) has a unique solution y(t) then, we
have our hunting licence to find a analytical/mumerical solution of the (1).

We have the following algorithm for proving the existence of a solution y(t) of (1):

@ Construct a sequence of functions yy(t) which come closer and closer to
solving (1).

Q Show that the sequence {y,(1)} has a limit y(t) on a suitable interval
h<t<h+a '

O Prove that y(t) is a solution of (1) on this interval.
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So once we know that we want to understand the importance of the first 2 problems that once
we know that the differential equation 1 has a unique solution y t, then we have a license to
find out analytical or numerical solution of the 1. So it means that first thing we want to
consider that a given differential equation has a solution or not. If it has a solution, we need to

worry whether it has a unique solution or not.

If the initial value problem has unique solution, then we try to find out the method to find out
that particular solution and it is very advantageous situation when we have a unique solution.
So how to find out that unique solution, what we try to do here, we try to approximate the
solution of the initial value problem using different iteration schemes. So here we want to

find out one iteration scheme which is known as Picard iteration scheme.

And what we are going to do is the following that we have the following algorithm for
proving the existence of a solution y t of 1. Construct a sequence of function y and t which
come closer and closer to solution of 1. It means that somehow we want to find out a

sequence of function which is going to be converse to the solution of the problem 1.

So first we need to construct a sequence and then we want to find out that this constructive
sequence has a limit y t in some kind of interval say t0 to tO+alpha that we need to find out in
this particular procedure and third very important thing that we need to show that this limit
which we have considered as a limit of the sequence. This limit is the solution of 1 in the said

interval that is the say outline of the following theorem which we are going to discuss.

So first thing is construct a sequence, second is that we need to show that this sequence has s
limit in some interval and third is that limit is actually a solution in that particular interval
that we are going to see in this lecture.

(Refer Slide Time: 14:38)



Existence theorem

Suppose f is continuous in a domain D and that (1, o) is an arbitrary point of D.
The first step towards the existence result is to show that the initial value problem
%{ = f(t,y). y(ky) = yp is equivalent to the following integral equation

i
Ve Y(U‘Yo+£ f(s.y(s))ds, tel. (6)

The precise equivalence is given as follows.

A function y(t) is a solution of initial value problem % =f(t.y).y(b) = yoonan

interval I, if and only if y() is a solution of the integral equation (6) on |.
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So to consider the existence theorem first we let us assume that suppose f is continuous in a

domain D and that t0, yO0 is an arbitrary point of t. So first step towards the existences result is
to show that the initial value problem dy/dt=f t, y with the condition y t0=y0 is equivalent to

the following integral equation y t=y0+t0 to t f's, ys ds where t is belonging to some interval.

And to show the equivalence between this differential equation and the integral equation, we
consider the following lemma which says that a function y t is the solution of initial value
problem dy/dt=f't, y with y t0=y0 on an interval I if and only if y t is a solution of the integral
equation 6 on the interval I. So first we need to show the equivalence and then we proceed
with existence theorem while showing the solution of this integral equation.

(Refer Slide Time: 15:47)

% = f(t.y) on I salistying y(t) = yo, we have

Proof: If y is a solution of
¥ = f{t.y(0) M
_\_
and integrating from fy to t on f, we obtain ! .
o )= %t } gﬁﬁywds

of -

y(t) - ylo) = / fls,y(s))ds, tel {;a___d.f-"" (8)

It

Thus, using the initial condition y(ty) = yp, we can see that y satisfies (6).
Conversely, if y(1) is a continuous solution of (6), then by the continuity of the
function f(f, y(t)) the right hand side of (6) is differential. Then by the fundamental
theorem of calculus we have can verify that y(t) satisfies the differential equation

Y =f(t.y(t). o)

and putting t =  in (6), we have y(l) = yp.
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So let us prove the existence equivalence of these 2 differential equation and integral
equation. So if'y is the solution of dy/dt= f't, y on I satisfying y t0=y0 we have y dash=ftyt.
Here y dash denotes the symbol dy/dt and we integrate from t0 to t on this and we have what
y t-y t0=t0 to t f's, y s ds when t belonging to I. Now here we already have this condition that
y t0=y0.

So it means that this I can write as y t=so this we can write as y t=y0+this integral t0 to t f of
s, y s ds and which is nothing but equation number 6. So it means that we have shown that if
y is the solution of this differential equation initial value problem then y is the solution of this
integral equation. Now we want to show the converse part, conversely if y t is a continuous
solution of 6 then by the continuity of the function f't, y t the right hand side means this side

is differentiable.

So differentiable then by the fundamental theorem of calculus we can verify that y t satisfy
the differential equation. So we simply differentiate this and when we differentiate this, this
will give you y dash t. This is a constant so this will be 0 so y dash t=derivative of this using
(0) (17:28) theorem we can consider that it is nothing but y dash t=f't, y t and if you look at
this integral equation and if you put t=t0 then we will get y t0=y0 because this term is going

to be 0.

So it means that from the integral equation we can say that y tO0=y0 and y dash=f't, y t. So it
means that we have seen the equivalence of the initial value problem and this integral
equation.

(Refer Slide Time: 17:57)



Existence theorem

With the help of this lemma we will establish the existence of a solution of (1) by
proving the existence of a solution of (6).

So, now our problem is reduced to find a solution of the associated integral
equation, that is now we want to find a function such that it safisfies (6). Now if we
can integrate the right hand side that is f(t, y(f)) = g(t), then we can find the
solution of the problem but in all other case solution of the integral equation is not
so easy to find.

Therefore next we try to approximate the solution of integral equation. so let us
start with the initial condition y; as our first guess, that is, we want to check that
whether y; is a solution. The first approximation is

ot
y1{f}_yg+/r f(s,yp)ds, tel
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So once we have equivalence we want to discuss the existence theorem. So with the help of

this lemma we will establish the existence of a solution of 1 by proving the existence of a
solution of 6. So it means that our working procedure is to find out the solution of the integral
equation rather than solution of the differential equation. Now these 2 are equivalent, so we
can show that once we have the existence solution of integral equation then we have a

solution of differential equation.

So now our problem is to reduce to find a solution of the associated integral equation that is
our problem now and that is now we want to find out a function such that it satisfies 6. Now
here it may happen that we can integrate right hand side that is f't, y t is some function of t
which we can integrate or you can simply say that if this part if you look at this if this is

integrable f's we can find out this integral in a precise manner.

Then we can find out the solution y t in a precise manner in explicit manner but problem
occurs when we do not have a function like this which can be integrable. So it means that
therefore next you try to approximate the solution of integral equation because we are not
able to find out the solution in an explicit form. So let us start with the initial condition y0 as

our first case.

So once we want to find out the approximate solution the first guess is the condition is y
t0=y0 because we already know that at point t=t0 it satisfy the initial value problem. So our
first approximate is this y t is yO0.

(Refer Slide Time: 19:54)
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So here if you look at what is our problem, here if you consider this we have this problem, y
dash=ft, y t and here y t0=y0. So we have seen that it is equivalent to the following integral
equation that is this t0 to t f of s y of s ds so that we have already seen. Now it all dependent
on this integral. If we are able to find out this integral in explicit manner, we have a solution
but if we are not able to find out this integral then we are in trouble that we are not having a

solution.

So what we try to show that if we try to approximate the solution in the following manner,
suppose we say that here we say that if we replace t0 to t f of s, now in place of y s let us say
that this y0 s is an approximation of the solution y s. So we want to find out the
approximation of y t. So first guess is let us say that in place of y if we put yO s so just

calculate this and we call this as y1 t and we call this as a first approximation.

So calculate this quantity yO+t0 to t f s yO s ds. Now if we calculate this quantity and if we
say that y1 t is coming out to be y0, this implies that y0=y0+t0 to t f of s yO s ds. Here this y0
s is nothing but y0. So it means that what we have shown here that if y1 t is y0 it means that
y0 satisfy this integral equation. This implies that your y t is nothing but y0 and y0 is a

solution if it happened.

But if it not happened it means if y1 t is not y0O then we have to move further, so that we are
going to discuss here. So here we say that the first approximation is given as this yl t=y0-+t0
to t fs yO ds where t belongs to I.

(Refer Slide Time: 22:20)



Ify1(1) = yo, then y(t) = ¥y is indeed a soljuticn; if not, then we try y; (1) as our
next guess. 7A=Y ,}‘ £ A)els
i L

In this way we can define a sequence of approximating solution
yi(t),yalt), ... yalt), ... as follows.

y) = yo. v~
Yii(t) = Yo+ _f,’c_ f(s.y(s))ds, j=0,1,2,3... (10)

These functions yy(t) are called successive approximations, or Picard iterations.
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And if y1 t is yO then we have shown that y t=y0 is indeed a solution. If not then we try y1 t

as our next guess. So by taking this y1 t we define y2 t as yO+t0 to t f of s yl s d of s and then
we try to see that if y2 t is coming out to be y1 t we stop and we say that y1 t is our solution.
If we say that y2 t is not yO then we move to next guess and in this way we can define a

sequence of approximation solution y1 t, y2 t, yn t as follows.

Here y t0=y0 and yj+1t=y0+t0 to t f's yj s ds where j is from 0, 1, 2, 3 and so on and these
function y and t are called successive approximation or Picard iteration. So the first process is
done means we are able to construct the sequence which we trying to prove that this sequence
will converge to the solution of the integral equation.

(Refer Slide Time: 23:47)

Convergence of the Picard iterates:
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As pointed out in previous examples, the solutions of nonlinear differential 4=
equations may not exist for all time t. Therefore, we can't expect the Picard iterates

¥a(t) of (1) fo converge for all £.

To provide us with a clue of where the Picard iterates converge, we try to find an
interval in which all the ya(t)'s are uniformly bounded.(that is |y,(t)| < K for some
fixed constant K.) —_—

Now we need to find the interval in which y(t) of (26) convergent, in other words,
we want to find a rectangle in which the graph of y, will be contained.

" (3  WPTEL ONLIKE
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So as pointed out in previous example that the solution of nonlinear differential equation may
not exist for all time t. Therefore, we cannot expect the Picard iteration yn t of 1 to converge
for all t because we have already seen this example if you remember this example that y dash
t=y square right and we have seen that the solution exist only for this interval —infinity to

1/y0, here yO0 is positive and y t0 is defined as yO0, in fact here t0 is=0.

So we have seen that in this particular example we have seen the solution may not exist for
all time t. So it means that whatever we are going to prove we will prove that it will not
converge for all time t. So it means that to provide us with a clue of where the Picard iterative
is converge we try to find out an interval in which all the yn t’s are uniformly bounded. It
means that we need to find out the interval such that your yn t is bounded by some say

constant K where K is some fixed constant K.

So now we need to find the interval in which yn t of the previous equation convergent. In

other words, we want to find out a rectangle in which the graph of yn will be contained. So

that we are going to do and that is very much related to the nonlinear function f.

(Refer Slide Time: 25:29)

Lipschitz condition

Let us first assume that / and ‘f; are continuous functions on a closed rectangle
R={(t,y) b<t<l+aly-yl< b} centeredat (4, o). Thus the functions f
and % are bounded above by constants M > 0. K > 0 (respectively) such that
, o
MLyl <M, 2] <K (1
ay

f!:éf—; s continuous in R, then there exist a positive constant K such that
If(t.y2) = Kt y1)l < Klya = m1l. (t.y1). (4, y2) € R for all points (t.y) in R.

Lemma 2

So let us first assume that f and dou f/dou y are continuous function on a closed rectangle
where rectangle R is defined like this. It is set of all t and y where t is lying in this interval t0
to t0+a and y-y0 is<=b where a and b are some real constant and this rectangle is centered at
t0 and y0 and it means that the function f which we have assumed as a continuous function
and dou f/dou y which we also assume that it is continuous function though this function f

and dou f/dou y are bounded above by constants M>0.



So we have assumed that there exist a constant M says that modulus of f't, y is<=M where t,
y belongs to this R and dou f/dou y is also bounded by another constant K for t and y
belonging to this rectangle R. So we say that if dou f/dou y is continuous in R then there exist
a positive constant K says that modulus of f't, y2-f t, yl is<=K y2-yl where t, yl and t, y2
belongs to R for all points t1, yl and t2, y2, t, y1 and t, y2 belongs to R.

So we show that dou f/dou y is continuous in R is equivalent to the condition of this.

(Refer Slide Time: 27:02)

Lipschitz condition

Proof: If (t, y;) and (1, y») are two points in A and assume that y; < y,. Then by
mean value theorem there exists a number 1 between y; and y, such that

f.ys) -~ f(t.p) = %(t.u)(yp 1)

Since the point (.) is also in R, |%’,(r.-q)| < K, and we obtain

[ty =ity <l —ﬁ] v (12)
valid whenever (1, y;) and(Tyé] arein A. T

Definition 3

Afunction f that satisties an inequality of the form (12) for all (1, j), (. y2) ina
region A is said to satisfy a Lipschitz condition in A and K is called the Lipschitz
constant.

And this condition has a very important name that we are going to discuss in next slide. So
first let us prove this lemma. So here we say that f't, yl and t, y2 are 2 points in R and assume
that this y1 is<y2 then by Rolle’s mean value theorem we can say that there exist a number
eta between yl and y2 such that f t, y2-f t, yl=dou f/dou y t, eta y2-yl and we can say that
since the point t, eta is also in R then we can say that dou f/dou y at this point t and eta is

bounded by this K that we have already assumed here in this thing.

Here we assumed that modulus of dou f/dou y is<=K so it is true for all t, y in this rectangle
R. So in particular it is also true for this t and eta, so dou f/dou y at the point t, eta is also
bounded by K. So here from this we can say that modulus of f't, y2-f't, yl is<=K y2-y1 and it
is valid whenever t y1 and t y2 are in R in this rectangle and this condition has a name and we

try to give this inequality as a following thing.



A function f that satisfy an inequality of the form 12 for all t y1, t y2 in the region R is said to
satisfy a Lipschitz condition in R and K is called the Lipschitz constant. So it means that if f
satisfies the condition given in 12 then we say that f satisfy the Lipschitz condition and the
constant appearing here is called the Lipschitz constant.
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Lipschitz condition

The above argument shows that if f and j{% are continuous on A, then f satisfies a
Lipschitz condition in A. But converse is not true, that is, there are functions f
satisfying the Lipschitz condition in a region but do not have a continuous partial
derivative with respect to y there.

For example,f(t, y) = t|y| defined in any region containing (0,0). In our existence
result, we need to assume that  satisfies a Lipschitz condition in y. and not the
strong assumption about the continuity of %

Example If {(t,y) = ¥/ inthe rectangle B = {(t.y) : [t| < 1,|y| < 2], then
does not satisfy a Lipschitz condition in A. To establish this, we need only to
produce a suitable pair of paints for which (12) fails to hold with any constant K.
Consider the points

(t.y1).(LO). with— 1<t <1,y >0.

% PTELONLME
.mlﬂﬂﬂ'ﬁ" V' CeRmmcanion counse

So the above argument shows that if f and dou f/dou y are continuous on R then f satisfy a

Lipschitz condition in R but converse may not be true. In fact, there are some function f
which satisfy the Lipschitz condition in a region but do not have a continuous partial
derivative with respect to y there. For example, if you consider this function f't, y= t modulus

of'y, you define in a region containing the point 0, 0.

So in our existence result we need to assume that f satisfy a Lipschitz condition in y and not
the strong assumption about the continuity of dou f/dou y. So we are discussing this Lipschitz
condition because in existence and uniqueness theorem we are going to assume that f satisfy

a Lipschitz condition that is why we are discussing the Lipschitz condition.

So here we can simply say that since f is not the partial derivative of f does not exist we
simply say that dou f/dou y is not continuous in a region where 0, 0 is contained but we can
easily see that this satisfy the Lipschitz condition, you can see like this.
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Here we can simply say that f't, y is=t modulus of y so here we can say that f't, yl- ft, y2 itis

t modulus of y1-t modulus of y2=modulus of t y2-y1 and we already know that it is what it is
here we can say modulus of y2-y1. Now this t belongs to some interval so we can say that if t
belongs to t0 to t0+h we can say that t is bounded by h so we can write h/2-y1. So we can say

that f satisfy the Lipschitz condition like this.

So since t belongs to t0 to t0+h, we can say that this t is bounded by tO+h. So here we can say
that f is satisfying the Lipschitz condition like this.
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Lipschitz condition

The above argument shows that if f and }j{, are continuous on R, then f satisfies a
Lipschitz condition in A. But converse is not true, that is, there are functions f
satisfying the Lipschitz condition in a region but do not have a continuous partial

derivative with respect to y there.

For example,f(t, y) = f|y| defined in any region containing (0, 0). In our existence
result, we need to assume that f satisfies a Lipschitz condition in y, and not the
strong assumption about the continuity of %

Example If f(t.y) = /% in the rectangle R = {(t.y): [t < 1.|y| <2}, then f
does not satisfy a Lipschitz condition in R To establish this, we need only to
produce a suitable pair of points for which (12) fails to hold with any constant K.
Consider the points 16 () -H] £ R -

(t.y1).(1.0).with—1 < £ < 1.y, > 0.
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But we have already seen that since it has not partial derivative we say that though f is

satisfying the Lipschitz condition but here partial derivative is not continuous and we can say



that this existence that continuity of partial derivative is a stronger condition than the

Lipschitz condition.

Now we consider one more example where we say that if f t, y=y to power 1/3 in a rectangle
R which is defined like this is a set of all t, y such that modulus of t is<=1, modulus of y
1s<=2 then we can say that f does not satisfy Lipschitz condition in R. To establish this, we
need only to produce a suitable pair of points for which this equation number inequality 12

fails.

So here the purpose of this example is that it may happen a given function may not satisfy the
Lipschitz condition in some region, some rectangle but it may satisfy the Lipschitz condition
in some other rectangle. So to show that first of all that it does not satisfy the Lipschitz
condition in this rectangle, we need to show that this condition is not to the condition this f't,

yl-f't, y2<=K times y1-y2 so this will not hold for any constant K.

So to show that let us consider 2 points say t, y1 and t, 0 where t is lying between -1 to 1 and
y1 is some constant which is bigger than 0.

(Refer Slide Time: 33:28)
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Now, choosing y; > 0 sufficiently small, it is clear that K = y 23 can be made
larger than any preassigned constant. Therefore (12) fails to hold for any K.

Thus we have seen that there exists some functions f(f, y({)) and a region A
where f does not satisfy the Lipschitz condition. The nonlinear function
f(t.y) = y'/* may satisfy the Lipschitz condition in some other rectangle, for
examplein Ry == {(t,y) : [t} < 1,|y - 2| < 1} f satisfy the Lipschitz condition,
Here we may observe that Ay does not contain (1, 0).
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And if you look at this quantity f't, yI-ft, yO/y1-0, here y0 is simply 0 so f't, y1 is nothing but

y1 to power 1/3 and f't, y0 is simply 0 and divided by y1. So we can have this as y1 to power
-2/3.
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Lipschitz condition

The above argument shows that if f and %’, are continuous on A, then f satisfies a
Lipschitz condition in A. But converse is not true, that is, there are functions f
satisfying the Lipschitz condition in a region but do not have a continuous partial
derivative with respect to y there.

For example,f(t, ¥) = t|y| defined in any region containing (0, 0). In our existence
result, we need to assume that f satisfies a Lipschitz condition in y, and not the

strong assumption about the continuity of %

Example If f(t.y) = y'/¥inthe rectangle A = {(t,y) : [{] < 1.]y| <2}, then f
does not satisfy a Lipschitz condition in R To establish this, we need only to
produce a suitable pair of points for which (12) fails to hold with any constant K.
Consider the points [5(E#)-Ht0)] < K% ~3,)

(byr) (LO)with—1 <t <1y >0, 2 fj’iﬂ‘”ﬁ)iék
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To show that such K does not exist means we have to show that the f't, yl- ft, y2/yl-y2 we

can say that this condition is equivalent to this condition. So if we can show that this is an
unbounded thing then such a K does not exist. So that is what we are going to see it here. So
we can say that choosing y1>0 sufficiently small. So here we can choose this y1 sufficiently
small and we can show that this y to power-2/3 can be made larger than any preassigned
constant.
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Now, choosing@ = 0 sufficiently small, it is clear that K =@9can be made
larger than any preassigned constant. Therefore (12) fails to hold for any K.

Thus we have seen that there exists some functions f(t, y(f)) and a region A

where f does not satisfy the Lipschitz condition. The nonlinear function

f(t.y) = y'/® may satisfy the Lipschitz condjtion in some other rectangle, for

examplein By == {(t,y) : |t <_1ﬂy - 2| < 1} f satisfy the Lipschitz condition,

Here we may observe that Ry does not contain (1, 0). L &;UAJ <K
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So it means that this quantity yl to power -2/3 can be made unbounded. So it means that

there exist no K such that modulus of y1 to power -2/3 is bounded by any constant K. So it
means that if you produce any constant we can take y1 small enough such that it is going to
be bigger than that constant. So it means that what we have seen here that this f't, y which is

given as y to power 1/3 is not satisfying the Lipschitz condition in the rectangle this.



But we can also see that first of all what we have seen is this that there exist some function f
t, y tin a region R where f does not satisfy the Lipschitz condition. The nonlinear function f't,
y=y to power 1/3 may satisfy the Lipschitz condition in some other rectangle. For example, if
we define a rectangle like this R1=set of all t, y such that modulus t is<=1 and modulus of y-2

1s<I.

Look at here, here the quantity y1 to power -2/3 is going to be bounded by some constant K.
So here we have seen that in one rectangle it does not satisfy the Lipschitz condition but in
some other rectangle it may satisfy the Lipschitz condition. So it means that we are going to
use in coming existence and uniqueness theorem. So here we have seen that that this function
f t, y=y to power 1/3 is not satisfying the Lipschitz condition in rectangle R which we have

defined as this.

Here we have seen that this nonlinear function f t, y=y to power 1/3 does not satisfy the
Lipschitz condition in this rectangle R but we have seen that this function may satisfy the

Lipschitz condition in some other rectangle for example in this rectangle.
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Now, choosing y; > 0 sufficiently small, it is clear that K = y~2/® can be made
larger than any preassigned constant. Therefore (12) fails to hold for any K.

Thus we have seen that there exists some functions f(t, y(t)) and a region R
where f does not satisfy the Lipschitz condition. The nonlinear function
f(t.y) = y'/* may satisfy the Lipschitz condition in some other rectangle, for
exampleiniA satisfy the Lipschitz condition,
Here we may tbservettrat A, does nof contain (f,0). -1 .
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And here we can say that here this quantity y1 to power -2/3 is actually bounded by some
constant K. We can always find out the constant K such that dou f/dou y is bounded by a
constant K and the existence that modulus of dou f/dou y is bounded implies that f satisfy the
Lipschitz condition. So here we stop our lecture. In next lecture, we will continue our

discussion after this. So thank you for listening us. Thank you.



