Ordinary and Partial Differential Equations and Applications
Dr. D.N. Pandey
Department of Mathematics
Indian Institute of Technology — Roorkee

Lecture - 27
Self Adjoint Form

Hello friends, welcome to this lecture. In this lecture we will continue our study of boundary
value problems. In this lecture and in coming lecture we will discuss a special kind of
boundary value problem known as the Sturm - Liouville boundary value problems. But
before that, let us consider some preliminary for Sturm - Liouville boundary value problem.
So first let us start discussing the concept known as Adjoint Equation.
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So Exact Equation is basically what, we have already seen the exactness conditions for first
order differential equation. And in this case, when you talk about first order differential
equation y dash =f(x, y) or you can say that, when this kind of equation is written as d/dx of
some g(X, y), then we say that this equation which is now written in this form is known to be
exact. Now let us extend this concept for second order and higher order linear differential
equation.
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Exact equations

The concept of exactness which is usually discussed only for first order differential
equation can be generalized for higher order differential equations as well.

Definition 1

The nth order differential equation F(x, y,y', - ,y") = 0is said to be exact if the
function F(x,y,y',---,y") is an exact derivative of some differential function of
n-1"ordersay G(x.y, -, y""), i€, F(x.y, - y") = S(GX.y, -, y"™")).

In our lecture we will focus on second order linear differential equation.

So the concept of exactness which is hugely discussed only for first order differential
equation can be generalized for higher order differential equations as well. So first of all we
need to understand what exactness means. So the nth order differential equation given as like
F (x,y,y..) =0 is said to be exact if the function F(x, y, y dash ,..., yn ) is an exact derivative
of some differential function of n-1th order means just one less order, say G(x.,y,.....,yn-1). Or

we can say that here F(x, y, ....yn) is written as d/dx of G(x, y, ..., yn-1).

And so in this case when this equation, this left hand side is now written as exact derivative
of some differential function of one less order, we say that our differential equation is an
exact differential equation. And in our lectures we will discuss only on second order. We can
say that this is a general definition which is applicable for any order >= 1, but in particular we
will discuss only for second order in this lecture.
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Definition 2

The second- order homogeneous linear differential equation 3 L) =0

Ll = po(x)u’ () + Py(x)e () + Pa()ux) = 0 ()
is said to be exact differential equation of second order if and only if, for some
A(x),B(x) € C",

\————-—-—
" 1 d 1
L{u] = po(x)u” + pr(x)u + pelx)u = —[AQX)u +B(x)u] @)
TP,
for all functions u € (2. = #drh By Bu

S hE By Bl
bo(m‘-ﬂm, P'[x):ﬂ'ﬂ%) Pgm)rlfs)

So if we reformulate our definition for second order, we say that second order homogenous
linear differential equation L (u) = pO(x)*u double dash(x)+p1(x)*u dash(x)+p2(x)*u(x) =0
which is written as the operator form as L (u) = 0. So in operator form it is written as L (u) =
0 is said to be exact differential equation of second order if and only if, for some A(x) and
B(x) which is a differentiable function we can write this differential equation pO(x)*u double

dash+p1(x)*u dash+p2(x)*u as d/dx of A(x)*u dash+B(x)*u.

So if we can write this term (x)*u double dash+p1(x)*u dash+ p2(x)*u as exact derivative of
some differentiable form of one less order that is first order, 2-1 it is first order. And then we
say that this equation L (u) = 0 is an exact differential equation. So we can say that this L (u)

= 0 is exact if and only if we have this relation.

How we get this relation, if you look at this, if you simplify this, this is what you can write it
here as A dash *u dash+A*u double dash+B dash *u+B*u dash. So if you collect the
coefficient, it is A*u double dash+u dash*(A dash +B)+B dash *u. So it means that, if you
compare the coefficient here, coefficient will be what, coefficient of u double dash is A here
and here it is pO(x). So we can write pO(x) = A(x). If you look at the coefficient of p1(x),
pl(x) = A dash +B and p2(x) = B dash.
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This simple calculation proves the following result. W) = w ¢

The differential equation (1) is exact if and only if its coefficient functions satisfy
py-prtpp =0\
B Rt

And
B
/po U+ (XU +po(x) =—|@U+Pw Po)ul.

So, here by comparing we can get the value of A and B which we have written here, A(x) =
p0 and pl = A dash +B or we can simplify this to like B(x) = p1- p0 dash and p2 = B dash .
So using the value of B(x) and B dash we can say that the previous equation L (u) = 0 is exact
provided we have this p2 = B dash or B is p1- p0 dash . Now pl is what, pl is A, so we can

say that equation is exact if this condition holds true.

So it means that this condition can be written as, if we simplify this, it is what p0 double dash
— pl dash+p2 = 0. So it means that this L (u) is now written as pO*u double dash+pl*u
dash+p2*u = 0 is exact if the coefficients for this differential equation satisfy this condition.
And we call this condition as exactness condition. So the differential equation (1) is exact if
and only if its coefficient functions satisfy the following condition: pO double dash — pl
dash+p2 = 0.

And not only this we can also write the equation pO(x)*u double dash+p1(x)*u dash+p2(x)*u
= d/dx of, now A is p0 here, so A*u dash+ (p1- p0)*u, so this is the value of B which we have
calculated here. So it means that I can write this as d/dx of p0*u dash+(p1- pO dash)*u. So it
means that literally we are able to find out the exactness condition which is given by this but

we can also write this differentiable form as derivative of this equation.

So it means that if this equation is not given in the exact form it means that the coefficient
functions does not satisfy this relation. Then we can find out any other function which makes
this equation as an exact equation. Such a function is known as integrating factor. This is the

same concept which we have discussed in first order differential equation.
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Definition 4

An integrating factor for the differential equation L(u) = 0 is a function v(x) such
that vL[u] = 01s exact, — -

—

If an integrating factor v for (1) can be found, then clearly

Al i = A + 809
Therefore, the solutions of the homogeneous differential equation (1) are given as
solutions of the following linear differential equation YO L
A + BX)u=C, @y@ﬁ@iii(a
where C is arbitrary constant. Also, the solutions of the inhomogeneous
differential equationMare given by solutions of the following equation

Mnd+mnu-/unmnm+0, 4)

So here we write an integrating factor for the differential equation L (u) = 0 is a function v(x)
such that v¥*L[u] = 0 is an exact differential equation. So how we can find out this function
v(x), so if you look at by multiplying by v, this much by exact differential equation. It means
that v(x), though this part must be some exact derivative of some differentiable form of one
order less i.e., d/dx of A(x)*u dash+B(x)*u and solving this we can find out the function v(x)

such that this L(u) is an exact differential equation.

And what is the use of this, we can use this, because now your L (u) = 0 is now reduced to
this equation A(x)*u dash +B(x)*u = c. So solution of this L(u) = 0 is now reduced to
solution of differential equation of one order less which is known as A(x)*u dash +B(x)*u =

constant; C is some constant which we can determine later on.

And in particular if you look at the inhomogeneous differential equation L (u) = r(x), the
solution of this inhomogeneous equation is given by the solution of A(x)*u dash +B(x)*u =
integral of v(x)*r(x)*dx+ some constant. So this integral has a limit depending on the
condition given along with this inhomogeneous differential equation.
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Consider the following differential equation(?y” + xy’ — y = 3x?, x > 0. We can
easily check that it is an exact differential equation as the exactness condition

Py - Pyt P = (f)/’/ ~ (x)' +(~1) = 0follows. Using [W=v
L T-lT=e

Xy 4 xy -y = () +(x - 20)y), = 3>
e o

we can rewrite )%y” + xy’ — y = 3x%) as X2y’ - xy = x° 4 ¢. Which is a first order
Cauchy-Euler's equation and can be solved to have its general solution as

gl AY (=12
yix @ O XM
d ’/) \{}9

So how to find out the integrating factor which we will discuss little bit later but before that

let us consider one example. So consider the following differential equation x square 2*y
double dash+x*y dash —y = 3 x square 2. Basically it is a inhomogeneous Cauchy-Euler kind
of equation, here without loss of --- let us assume that x is not 0, either x is positive or x is
less than 0. Now we can easily check that it is an exact differential equation because the

exactness condition is what, the exactness condition is p0O double dash — p1 dash+p2

Let us calculate this quantity, now p0 is the coefficient of x”, find out the double --- coming
out to be (x square 2) double dash - p1 dash is pl is the coefficient of y dash, we write it like
that (x) dash +p2 is the coefficient of y that is -1 here. If you simplify this is what, this is
simply 2-1-1, it is coming out to be 0. It means that this differential equation L (u) = 0 satisfy

the exactness condition. So we say that it is an exact differential equation.

So it means that now we can write it x square 2*y double dash — x*y dash — y as a derivative
of this following quantity that is pO*y dash +(p1- pO dash)*y so we can write x square 2*y
double dash — x*y dash — y as (x square 2 *y dash +(x — 2*x) *y) dash , now x — 2*x is
nothing but —x. So we can say that this inhomogeneous differential equation x square 2*y
double dash — x*y dash — y = 3*x square 2 is now written as X square 2*y dash — x*y = x

cube 3 - c.

Here we are using this thing because this is written as 3*x square 2, now integrating both
sides we will get that x square 2*y dash — x*y = x cube 3+c. Now we can say that this is a

first order Cauchy-Euler’s equation and we can solve it quite easily. And we can solve it by



seeing that first solve the homogenous problem that is x square 2*y dash — x*y = 0 and find
out the general solution here. So once we have ygs general solution and the particular

solution which we can check that it is x square 2.

So in this case we can write the general solution as y(x) = particular solution that is x square
2 plus solution of the homogenous part, that is cl/x+c2*x, so now the general solution is

given by this.

A function v € C? i an integrating factor for the differential equation (1) if and only
if it is a solution of the second order differential equation

MV = [0V = [pr(x)V] + o)y =0. ()

Definition 7

The operator Miin (5) is called the adjoint of the linear operator L. The differential
equation (5), expanded to the differential equation

MV) = pov + (200~ PV +(y - Py + Po)v =0 )
is called the adjoint of the differential equation

L[u] = po(X)u”(x) + pr(x)u (X) + pa(x)u(x) = 0

So now as we have already discussed that a function v belongs to c2 is an integrating factor

for the differential equation 1 if and only if it is a solution of the second order differential

equation [pO(x)*v] double dash — [p1(x)*v] dash +p2(x)*v = 0.
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How it comes let us see like this, here we already know that L(u) = 0 is not exact without (())
(12:56) let us assume that L(u) = 0 is not exact, because if it is exact then our integrating
factor is nothing but any function is an integrating factor but let us assume that it is not exact
differential equation. So here it means that pO(x)*u double dash+p1(x)*u dash+p2(x)*u=0is

not exact.

So it means that now we are finding function v, if you multiply this then it is an exact
differential equation. It means that now v*p0*u double dash+v*p1*u dash +v*p2*u = d/dx of
A(x)*u dash+B(x)*u. Now we already know that this is an exact if we have this relation, we
say that coefficient of u double dash that is (v*p0) double dash — coefficient of u dash that is
(v¥*p1) dash +coefficient of u that is v*p2 = 0.

So we, by the exactness condition we know that this happens only if we have this relation that
is (v*p0) double dash - (v¥*pl) dash +v*p2 = 0. In fact, we have just taken the coefficient of u
double dash. This is now p0 dash, I should not write p0 dash, let us use some other notation.
We call it pO~ and this is as pl~ and this as p2~. So we already know that this is an exact
provided that pO~ - pl~+p2~ =0. Now I am just writing the value of p0~, pl~ and p2~ and
we have this relation.

(Refer Slide Time: 17:41)

A function v € C2 is an integrating factor for the differential equation (1) if and only
it itis a solution of the second order differential equation

1 -+ =0 v LB

/M= ol
Definifion 7 i

The operator M in (5) is called the adjoint of the linear operator L. The differential —
equation (5), expanded to the differential equation

/My :ﬂ’ +(2py - po)V +@-/p’,_+@v:0 (6

is called the adjoint of the differential equation

/LU = po(X)u"(x) + pr(x)u (X) + pa(x)u(¥) = 0 L~

So it means that a function v is belonging to c2 category, c2 function is an integrating factor
for the differential equation (1) if and only if it is a solution of the second order differential
equation [p0(x)*v] double dash — [p1(x)*v] dash +p2(x)*v = 0. Now if you simplify this we
can get a relation like this, we can get this as [pO*v dash +p0 dash*v] dash — p1*v dash — pl



dash*v+p2*v. Now further simplifying we have p0*v double dash+p0 dash*v dash + p0
dash*v dash +p0 double dash*v dash — p1*v dash - p1 dash*v+p2*v =0.

When we collect this then we have this relation p0*v double dash that is here+(2*p0 dash-
pl)*v dash , so we collect the coefficient of v dash . Coefficient of v dash is here, here, here
and here. That is (2*p0 dash- pl)*v dash +the remaining part that is we have here, here and
here. So we can write it here. So by collecting this we can get this term (p0 double dash- pl
dash+p2)*v = 0. So we say that the operator M in (5) is called the adjoint of the linear
operator L. The differential equation (5) expanded to the differential equation.

So we simply expand this differential equation given in, this M[v] = 0. If we expand we have
this, p0*v double dash+(2*p0 dash- pl)*v dash +(p0 double dash —p1 dash +p2)*v = 0 and
we call this differential equation as the adjoint of the differential equation L(u) = 0, where
L(u) is defined as pO(x)*u double dash +pl(x)*u dash(x)+p2(x)*u(x) = 0. So adjoint of L is
given as M. And we can easily check that if you find out the adjoint of M then we can have
some other equation.

(Refer Slide Time: 17:46)
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Lagrange Identity. From (1) and (5), we have

Wl ubl] = vggg/ugg?_p P +ulp).

Since wu' - uw" = (wu' — uw ) and (u ywé) = uw ', this can be 3|mp||f|eq to
qive the Lagrange identity = "+ A - 1/ - W A 'N’Pﬂ Ho F“)

- M = 1~ ) 5 - ] ;x[ov .. (7)3
_ ]
Definition 8

(Self- Adjoint Equations:) Homogeneous linear differential equations that coincide
with their adjoint are said to be self- adjoint equations. Lh=D L =M

M =0

So now here is where the important identity known as the Lagrange Identity which we can
calculate from equation number (1) and (5) which is known as Lagrange Identity. So here
from (1) and (5) we can say that v*L[u] — u*M[v], if you want to calculate this quantity, then
we will get is what is known as Lagrange Identity. So let us first calculate this quantity, so

v¥L[u] —u*M[v].



So when you write v, L[u] is basically what, previous slide it is already given L[u] now you
just multiply v here — u*M][v], multiply u here and just simplify and you will get the
following inequality that is (v*p0)*u double dash — u*(p0*v) double dash +(v*pl)*u
dash+u*(p1*v) dash .

(Refer Slide Time: 18:47)
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So let us do it in here. So here your M[u] is given as (v*p0) double dash — (v*pl) dash +
(v¥p2). So that is your M[v]. If you calculate L[u], L[u] is basically p0 double dash*u +pl
dash*u dash +p2*u = 0. So here this is not dash it is simply p0. So now let us calculate, now
we want to calculate this quantity v*L[u] — u*M[v], so v¥*L[u] — u*M[v] that we want to
calculate. So v*L[u] is what v*p0 double dash*ut+pl*u dash*v+p2*u*v — u*M][v]. So

u*M|[v] is u*(v*p0) double dash —u *(v*p1) dash — u*v*p2.

So this will cancel out here and what is left here is v¥*p0 double dash*u — let us write it here
u*(p0*v) dash +p1*u dash*v — u*(v*pl) dash. So now we want to simplify this, that is what
it is written here u*(p0*v) dash +p1*u dash*v — u*(v*p1l) dash, that is what it is written here.
Now let us simplify this, I think there is, it is double dash here. So when you simplify,
u*M[v] I think there is a plus sign here, u*(v*p1) dash here it is+sign.

(Refer Slide Time: 21:07)



153}

Lagrange Identity. From (1) and (5), we have

e}~ oMy = vgu;zgl ol +ulp).

Since wu' - uw’ = (wu - uw) and ym&) = uw 1 wu, this can be 3|mp||f|eq to
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Definition 8

(Self- Adjoint Equations:) Homogeneous linear differential equations that coincide
with their adjoint are said to be self- adjoint equations. L= L =M

Mg -0

So here, now let us look at this term here (v*p0)*u double dash — u*(p0*v) double dash, so
here we use this inequality w*u double dash — u*w”, this can be written as (w*u dash- u*w
dash ) dash . How we can write this, if you simplify this it is what w*u double dash+ w dash
*u dash- u*w” — u dash*w dash. So now this will cancel out and we have w*u double dash —
u*w”, that is what is written here. Using this, here this is simply (u*w) dash = u*w dash

+w*u dash, this is simply product rule for functions.

So using this w is your v¥*p0, so using this I can write this term as, we can simply write this
as [v¥*p0*u dash — u*(v*p0) dash] dash +this we write (v¥*p1*u) dash. So using this and if we
simplify this we can write it this as v*L[u] — u*M[v] as d/dx of pO0*(u dash*v — u*v dash) —
(p0 dash — pl)*u*v]. So when you simplify you will get this. So it means that this is written
as what, you simply write d/dx of and here you simplify v*p0*u dash — u*(v*p0) dash

+v*pl*u dash.

So using this you can write it that p0 dash-p1 is u*v. So here you have to simplify this. When
you simplify this you will get this v*L[u] — u*M[v] = d/dx of p0*(u dash*v — u*v dash) — (p0
dash — pl)*u*v and this identity is known as Lagrange Identity. So when you simplify this
you will get this. Now let us consider this Lagrange Identity as very useful and we will see

how this is useful in further lecture.

So now we define one more important type of equation known as self adjoint equation.
Homogenous differential equations that coincide with their adjoints are said to be self adjoint

equations. It means that, we have already discussed that corresponding to L (u) = 0 we have



adjoint equation M(v)=0 and if your operator L is ideally equal to M then we say that our
equations are given in self adjoint equation form. So it means that, let us find out the
conditions under which equations are known as self adjoint equations.

(Refer Slide Time: 24:27)
Necessary and suiicie/nﬁonditions for equation (1) to be self- adjoint is that

2p6 - Py = Py, i.e} py = pr) Moreover, in case of self- adjoint, the last term in (7)
vanishes.

This proves the first statement of the following theorem. -

Theorem 9

The second order linear differential equation (1) is self- adjoint if ORI i
the form

d au
V5 ] +eu=0 ®
The differential equation can be made self- adjoint by multiplying through by

1) = o (/] o 9

So necessary and sufficient conditions for equation (1) to be self-adjoint is that 2*p0 dash- p1

=pl.
(Refer Slide Time: 24:40)
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How we can identify this, so if you look at here we have this L (u) = 0. So this is what p0*u
double dash+p1*u dash+p2*u = 0. And we have obtained our M (v)=0 provided that here we
have (v*p0) double dash+(v*p1) dash +(v*p2) = 0. There is a small mistake here, the mistake
is that this is — in place of +, so it is — here. So if you simplify, we can write this as, I think

this is the following format, this we have already calculated that pO*v double dash, so we can



write it here p0*v double dash+(2*p0 dash-p1)*v dash +(p0 double dash — p1 dash+p2)*v =
0.

So we say that L (u) = M (v) provided that the corresponding coefficients are same. So look
at the corresponding coefficients. Here the corresponding coefficient of u double dash is p0,
here it is p0, so no problem. If you look at the coefficient of u dash it is p1 here but here it is
2*p0 dash — pl. So it means that 2*p0 dash- pl has to be equal to pl. So this is one set of
condition which you need to. Look at the coefficient of u, p2 and here it is p0 double dash —

pl dash +p2 here.

Now if you simplify this, this you can get it 2*p0 dash = 2*p1. So we can write it here, this as
p0 dash = pl. So if you use this then pO double dash = pl dash. So we can say that this
condition is also truly satisfied by the next equation that if you take p0 dash = p1 then this
condition is automatically satisfied. So we say that L (u) is same as M (u) provided that we
have p0 dash = p1. That is what is written here that the necessary and sufficient conditions for
equation (1) to be self-adjoint is that condition that 2*p0 dash- p1 = pl or we can write it p0
dash-pl.

So it means that the coefficient of u double dash = coefficient of u dash. That is what the
condition is given here. And this proves the first statement of the following theorem. The
following theorem says that the second order linear differential equation (1) is self adjoint if
and only if it has the following form. So here if you look at, our equation is reduced to what
p0*u double dash+pl*u dash+p2*u = 0. So now in place of p1 I can write it as p0 dash. So

we can write pO*u double dash+p0 dash*u dash+p2*u = 0.

Now if you look at these two term, then I can write this as d/dx (pO*u dash) +p2*u = 0. So it
means that now I can write our differential equation in the following form that d/dx of
pO(x)*du/dx+p2(x)*u = 0. So if a particular differential equation is written in this particular
form then it automatically satisfies the necessary and sufficient conditions for self adjoint. So

it means that this kind of differential equation is known as self-adjoint differential equation.

If it is not given in self-adjoint equation, then we can always find out the integral factor by

which we can make differential equation into a self-adjoint form. We claim that the



differential equation can be made self-adjoint by multiplying thoroughly by this integral
factor h(x) = [exp integral (p1/p0)*dx]/p0. This is our claim; let us prove this claim here.

(Refer Slide Time: 29:11)
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So to prove the second statement, we assume that our equation pO*u double dash+pl*u

dash+p2*u = 0 is not given in self-adjoint form. So it means that your p0 dash is not equal to
pl. So what we try to do, here we multiply by some function by which we say that it is your
integrating factor. So before that multiplying let us assume that p0 is never 0 so that we can
divide it by p0. So when you divide by p0, we write it as u double dash+(p1/p0)*u dash+
(p2/p0)*u=0.

Now multiply by h, so when you multiply by h, you have h*u double dash+(p*h)*u dash+
(q*h)*u. Here p*h is, p is p1/p0, so let us call this as p here and call this as q. So it means that
we are writing u double dash+p*u dash+q*u = 0. Then multiply by h. So we have h*u double
dash+(p*h)*u dash+(q*h) u = 0 where p is p1/p0 and q is p2 here. Now our claim is that here

this is an exact differential equation, so it means that this is given in self adjoint form.

So it means that if it is self-adjoint form then (()) (30:39) of this u double dash must be equal
to the coefficient of u dash. So it means that h dash must be equal to p*h. This equation is in
self-adjoint form if we have h dash= p*h and this is first order homogenous differential
equation, so we can easily solve this equation to find out the value of h. If you solve, then
equation of h is given in exp (p*dx) where p is this p1/p0. So it means that the equation (8)
can be made self-adjoint, so it means that if you multiply here h by p0 then this equation is in

the form of self-adjoint form because this h we are multiplying in this kind of equation.



If we have p0, first we have to divide by p0 and then multiply by h. So it means that the
function h which we need to multiply to make this equation as self-adjoint form is the
following function h(x) =[exp(pl/p0)*dx]/p0. So if you multiply this equation, then our
equation is reduced in a self-adjoint form. Let me, look at here, so h is coming out to what? H

is coming out to be the exponential of p1/p0*dx.

So h we are multiplying here in this equation. So it means that if you multiply h/p0 into this
equation that is p0*u double dash +pl*u dash+p2*u then this is what, this is h*u double
dash+h*p1/p0*u dash+h*p2/p0*u = 0. So if h is this, then this can be written as d/dx of
(exp(p1/p0)*u dash)+h*(p2/p0)*u] = 0. So if you looking at making this as self adjoint the
only rule is of the coefficient of u dash and coefficient of u double dash. So you need not to

worry about coefficient of u at all.

So now we say that self adjoint equation is very common and it is written in this particular
form d/dx of pO(x)*du/dx]+p2(x)*u = 0 and if it is not given in self adjoint form then we can
always multiply by function which we have denoted as the equation number 9. We can make
linear differential equation into a self-adjoint form. So it means that now onward without (())
(33:48) we can always consider that a given second order linear differential equation is given
in self-adjoint form.
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Lagrange Identity. From (1) and (5), we have

Wi~ oM = wﬁJ/ ol +olp).

Since wu' - uw’ = wu —uw and w -uw w ', this can be 3|mp|med to
qive the Lagrange identty = »+'+ W B WWJ 4 )yu)

vL{u] - u[v] = alpo(UV-UV) (%P/)“V] fx[‘jﬂi “(]“‘}’)\v

A ]
Definition 8

(Self- Adjoint Equations:) Homogeneous linear differential equations that coincide
with their adjoint are said to be self- adjoint equations. L= L =M

My -0

And here note one thing that in this case self-adjoint differential equation the Lagrange

Identity is now simplified and it is now given as v¥L[u] — u*L[v] = d/dx of pO(x)*(u dash*v-



u*v dash)]. In fact it is d/dx of pO(x)*w(u,v). So that is what, why because in self-adjoint
form p0 dash=p1 and if you look at, go to Lagrange Identity. Lagrange Identity the coefficient
of u*v is (p0 dash-p1). So in self adjoint form p0 dash=p1.

So this will cancel out in the case of self-adjoint equation forms. So what remains is d/dx of
p0*(u dash*v — u*v dash). That is what it is written here d/dx of pO(x)*w(u,v). So here
Lagrange Identity simplifies to v¥*L[u] —u* L[v] = d/dx of pO(x)*(u dash*v — u*v dash) and
which I can write it as —d/dx of pO(x)*w(u,v). So now let us consider one example.

(Refer Slide Time: 35:12)
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Example 10

(Chebyshev differential equation) Reduce the following differential equation to self
adjoint form:
(1= = xu 4 =0

Solution. By comparing the given differential equation with
()Y (X) + Pr(X)u (1) + polx)ulx) = 0, v~
we get

po=1-x2py(x) ==X and py(x) =\

—_———  —

Integrating factor is

)= o (e

So consider this Chebyshev differential equation. So here we want to reduce the following
differential equation to self adjoint form. Right now it is not given in self-adjoint form,
because if you differentiate this (1 - x square 2) it is given as -2*x which is not the coefficient
of u dash. Coefficient of u dash is only x. So right now this differential equation is not given

in self-adjoint form.

So let us make it into self adjoint form. So here we just compare from the differential
equation and we say that p0 = 1- x square 2, pl(x) = -x and p2(x) = lambda. So we already
know that the factor by which we can make this equation as self adjoint equation. We can
calculate h(x) as [exp (p1/p0)*dx]/p0. So p1 is —x and pO0 is 1- x square 2.

(Refer Slide Time: 36:07)
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Integrating given differential equation by this integrating factor, we get:

X 1 A B
(1 _X2)1/2U + (1 _X2)1/2U7

(1-x3)"2y" - 0

which is the self- adjoint equation.

So we can calculate this h(x) as 1 upon (1-x square 2) this is pO*e to the power »2*(-2*x/(1-x
square 2)). This we can simplify, this is what, this I can write as 1 upon (1-x square
2)*[e1/2*(In*(1-x square 2))]. So you can write this as 1 upon 1-x square 2(square root (1-x
square 2)). We can simplify and we can have h(x) as 1 upon (1-x square 2) power Y. So it

means that by multiplying this function h(x) we can make our differential equation as self-

adjoint differential equation.

So multiply throughout by 1 upon 1-x square 2, we have this following differential equation
((1-x square 2) to the power 1/2)*u double dash — (x/(1-x square 2) to the power 1/2)*u dash
+(lambda/(1-x square 2) to the power 1/2)*u = 0. You can easily check that here the

derivative of this is given by this. So this is given in self-adjoint form.

(Refer Slide Time: 37:03)
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Example 11

(Abel's identity) Show that if u(x) and v(x) are solutions of the self- adjoint
differential equation

(pu) +4q(x)u=0
then p(x)[wv' - w/] is a constant.

o

Proof.
Since equation is self- adjoint so the Lagrange identity reduces to

T

-] = S oo - ) ()

where L[u] = (pu') +q(x)u, since u(x) and v(x) is the solution of given differential
equation i.e. L[u] = L[v] = 0. so (11) reduces to & [p(x)(v - uv')] = 0, which
implies that p(x)[ - uv| reducestoaconstant. [0




Now let us look at one more example, so that if u and v are solution of self-adjoint
differential equation then this quantity (p*u dash) dash +q(x)*u = 0, this is the self-adjoint
equation given. Then p(x)*[u *v dash - v*u dash] is a constant. So this is the self adjoint
equation given in this way and we say that u and v are solutions of this then the following

quantity is a constant quantity.

This is straight forward example because the given equation is self-adjoint form then we have
v*¥L[u] — v*L[v] = d/dx of p(x)*(v*u dash- u*v dash ). So we already know that u, v are
solution of this, so L[u] = 0 and L[v] = 0. So this part is going to be 0, so it means that
p(x)*[u*v dash -v*u dash] is going to be 0. This says that the given p(x)*[v*u dash- u*v dash

] is a constant value. So this example is straight forward example based on Lagrange Identity.

By using Lagrange Identity for self adjoint form we can easily say that this quantity
d/dx*[p(x)*(v*u dash- u*v dash )] = 0 and by integrating we can say that p(x)*[v*u dash-
u*v dash ] is equal to a constant value. So here we end our discussion and in the next session
we will start with Sturm - Liouville boundary value problem. That is all for this lecture, thank

you very much for listening. Thank you.



