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Lecture - 26
Boundary Value Problems for Second Order Differential Equations
Hello friends, welcome to this lecture. In this lecture will start of a decision of boundary
value problems. So, boundary value problems means equation is given and the conditions are
defined on the boundary of the domain.
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Linear Boundary Value Problems

Consider the second-order linear differential equation

po(x)y + (XY + pe(x)y = r(x) 1)

in the interval J = [, /1] where, we assume that the functions po(x), p1(x), P2(X)
and r(x) are continuous in J. Together with the differential equation (17, we shall
consider the boundary conditions of the form

hlY) = aoy(a) + @/ ) + boy(9) + biy (9) (4 "

by=coe) ey (o) + Gy) + dy ()= 8 |

So let us see, what is the boundary value problem in a precise manner. So, consider the
second order linear differential equation pO(x) y double dash + p1(x) y dash + p2(x) y = 1(x)
here. So, here coefficient p0, pl and p2 are continuous in an interval J which is alpha 2 beta.
Alpha beta are any real numbers and alpha is < beta we will say. Then we assume that

function p0, p1 and p2 and r(x) are continuous in J.

So, by existent and unique, we simply say that this solution exist if we are prescribe the initial
condition along with this. But now let us consider the differential equation we with the
boundary condition like this. So, here we define boundary condition of the form 11(y) = 11(y),
where 11(y) is given as a0y (alpha) + aly dash (alpha) + bOy (beta) = bly dash (beta) and it is

taken as some value that is A.



And second boundary condition is cOy (alpha) + cly dash (alpha) + dOy (beta) + dly dash
(beta) = B. Here and A and beta are again some real constant.
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where a;,0;, ¢, 0, 1 =0,1and A, B are given constants. Throughout, we will
assume thal these two conditions are linearly independent, i.e., there does not
exist a constant ¢ such that (ay. &, by, by ) = ¢{co. ¢1. dh. ).

Definition 1

Boundary value problem (1), (2} is called a nonhomogeneous two point linear
boundary value problem, whereas the associated homogeneous differential
éﬁualiﬂ together with the homogeneous boundary conditions (( (1= v”\

e

hiy|=0, kly]=0

will be called a homogeneous boundary value problem,

So, here ai, bi, ci, di for i = 0 to 1 and A and B are given constant, real constant and
throughout we assume that these 2 conditions, the previous 2 conditions are linearly
independent. So, we simply say that these are not the precisely the same condition. So, here
we are assuming that the vector a0, al, b0, bl are not scale of multiple of c0, c1, dO and dl.

So, it means that these 2 vectors are linearly independent vectors.

So, it means that we are precisely working with 2 boundary conditions rather than one
boundary condition. So, here I am assuming that there exists no K for which this is true. So, it
means that we are assuming that the condition given in 2 are linearly independent boundary

conditions. So, it means that now we define the boundary value problems.

So, boundary value problem 1, 2 is called a nonhomogeneous 2-point linear boundary value
problem. Whereas, the associated homogeneous differential equation together with the
homogeneous boundary condition will be called a homogeneous boundary value problem. So
first you just look at here is an equation and a boundary conditions. Because these condition,

the define or a 2-point alpha one end point and beta is another end point.

So, we simply say that these 11(y) and 12(y) are conditions defined at 2 different point that is
alpha and beta. So, we say that 11(y) and 12(y) are boundary condition rather than initial

condition because it is defined at 2 different point, in fact at the end point of this. So, we call



it boundary conditions or 2 point boundary conditions. It may happen that we have some

more point on which we may define condition in terms of more points.

But right now it is a 2 point boundary value problem. Now, we define nonhomogeneous
equation and nonhomogeneous boundary condition. So, if this r(x) is non-zero for non-zero in
the whole interval then we say, call it nonhomogeneous differential equation. And if A and B
are non-zero real constant then we call these boundary conditions are nonhomogeneous

boundary conditions.

So, it means that if we consider nonhomogeneous differential equation with nonhomogeneous
boundary condition we call this as a nonhomogeneous 2 point linear boundary value problem.
But if we consider that r(x) = 0 and A =0 = B, we call it that this is a homogeneous boundary
value problem. So, it means that associated homogenous differential equation together with
the homogeneous boundary condition that is ly 11(y) = 0, 12(y) = 0 will be called a

homogenous boundary value problem.

So, it means that when r(x) = 0, A = 0, A = B then in this case we call this as homogenous
boundary value problem. But if r(x) is non-zero A and B are all non-zero then we call it
nonhomogeneous boundary value problem, okay. In fact, one of A and B has to be non-zero
in nonhomogeneous boundary value problem.
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Definition 2
Boundary value problem (1), (2) is called regular if both « and 3 are finite, and the

function po(x) # 0 for all x & J. If o = ~o andlor 5 = s andlor po(x) = 0 for at
least one point x in J, then the problem (1), (2) is said to be singular. -

We shall consider only regular boundary value problems.

Now, we define a regular boundary value problem and similar boundary value problem. So,

we simply say that boundary value problems 1 and 2 is called regular, if both alpha and beta



are finite and the coefficient pO(x), coefficient of d2y/dx square is pO(x), this is non-zero in
the entire interval J. So, if interval is finite and the coefficients are non-zero then we call our

boundary value problem as regular boundary value problem.

Otherwise we call our boundary value problem as single boundary value problem. It means
that if your alpha is — infinity n or beta and or r beta = infinity and or pO(x) = 0 for at least
one point in J, then the problem 1 and 2 is set to be a singular boundary value problem and
for this particular course we will consider only the regular boundary value problem, it means
that we consider that our end points are finite and the coefficient of d2y/dx square is never 0
in the said interval in finite interval.
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Boundary conditions (2) are quite general and, in particular, include the e

(i} first boundary conditions (Dirichlet canditions) L) " Ly FoalPITe
y(o)=A y(#)=8, R

(i) second boundary conditions (mixed conditions)
yf[n] =A y(#)=8Bor
y(0)=A y(9)=8,

(iil) separated boundary conditions (third boundary conditions)

aoylo) + a yr[(aJ_=A =

dyy(5) + diy (5) =B v

where both & + & and d + df are different from zero, and
(iv) periodic boundary conditions

yla)=y(8), y(a)=y(8)
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Now, the boundary condition which we have consider 11(y) = A and 12(y) = B are very

general boundary conditions and we can summarize and we can write many more boundary
condition as a special case of 11(y) and 12(y). So, first let us take a special case where 11(y) is
given as y alpha = A. So, here 11(y) is y only. So here 11(y) which I am writing as here, we are
simply taking 11(y) is basically, taking only a0 as 1, rest all 0.

So, we say that the simplest form of 11(y) is that a0 = 1 rest are all simply 0. So, 11(y) =
simply y only. So, here we simply say a0 = 1, so y alpha and all are 0, Oy dash (alpha) + Oy
(beta) + Oy dash (beta). So, it is a particular case of your 11(y). So, here we simply assume

that A0 = 1, rest are all 0. Similarly, you assume that cO = 1 rest are all 0.



So, we have boundary condition y(alpha) = A and y(beta) = B. So, we say that it is first
boundary condition and sometimes we call it a Dirichlet condition. So, here in first boundary
condition or Dirichlet condition your function is given, function is given some value at the
endpoint. And then second boundary condition or which we call us mix boundary conditions

where function as well as its define at the endpoint.

So here, one kind of mix boundary condition is y alpha is given as A and y dash beta is = B.
So, it means that one point your function is given and the other point your derivative is given.
So, y alpha = A, y dash (beta) = B or the other way that is y dash (alpha) = A means at the end
of x = alpha your derivative is given a particular value and the other end the function is define

are getting a particular value.

So, this is your second boundary condition or we say mix condition. Now, third that is
separated boundary condition. So, it means that here one condition is given in entirely at one
point, one end point and other boundary condition is given at the other endpoint. So, here
your 11(y) is define only, say alpha, x = alpha. So, we say a0y (alpha) + aly dash (alpha) = A
and dOy (beta) + dl1y dash = B.

So, here your a0 al is some non-zero and b0 and b1 are 0. Similarly, in 12(y) your c0 and c1
is given as 0 and dO and d1 are non-zero value. So, here we say that your boundary condition,
first boundary condition you find only at x = alpha and the second boundary condition is
defined only at the other point that is x = beta. So, your boundary conditions are separated.

So, we call these boundary conditions are separated boundary conditions.

And here we are assuming that not all a0 al is 0. So, we assume that a0 square + al is square
is different from 0 and similarly dO is square + d1 is square is different from O here. Then
there is one more very important kind of boundary conditions that is periodic boundary
condition. So, it means that the initial point is the same as final point. So, it means that the

value are y given at alpha is same as given at beta.

So, y alpha is = y beta and same similarly the derivative. So, derivative is the value of
derivative at alpha is same as the value given at the point x = beta. So, here y (alpha) =y

(beta) and y dash (alpha) =y dash (beta) is these kind of conditions are known as periodic



boundary condition. So, the initial point the value given at initial point is same as the value

given at the final point.

So, it means that y (alpha) = y (beta) and y dash (alpha) = y dash (beta). So, there are some
important boundary conditions which we need to discuss very often.
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Example 3

Consider o _
ly)=y +y +y=0 v~

and - ‘
|

hiy)=y(A)= 0 |

b(y) ‘-}_’[ )_j C !

Then any solution y(f) of L(y) =0, A < t < B and which satisfies
y(A) }y/) 0, is a solution of the given BVP.
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Now, let us consider one example. So, let us take differential equations say y double dash +y

dash + y = 0 and here boundary conditions are separated boundary condition and it is a
Dirichlet kind of boundary condition that is ly(y) = y(A) and 12(y) = y(B). So, it is the first
kind of boundary condition and it is also a separated boundary condition. And so any solution

of this we satisfy the conditions at A and B are simply a solution of this.

So, in particular if I take your y(A) = 0 and y(B) = 0 we can say the solution of this satisfying
this is a solution of the given. So, we simply right it 0. So, it means that any solution we
satisfy this and these conditions are known as the solution of this boundary value problem
and in fact this is a homogenous boundary value problem.

(Refer Slide Time: 12:48)



Example 4

Consider the following linear homogeneous BVP
Llyl=y +€'y +2y=0,0< < 1with boundary conditions y(0) = y(1) and
¥ (0) = y'(1). In this case S

Wy =y -y M \,B
Bly) =y (0) -y (1) J)20

Also L{y) = sin2rt, 0 < t < 1, along the boundary conditions y(0) = (1) and
y'(0) = y'(1) constitute a linear non- homogeneous BVP.

Then consider the next example. Here, we have a homogenous boundary value problem. So,
y double dash + et y dash + 2y = 0 and t is lying between 0 to 1. Boundary conditions are
this, y(0) = y(1) and y dash (0) = y dash (1). If you recall this is a periodic boundary
conditions and here let us write this y(0), y(1) this is a 11(y) = y0-y1, 12y = y dash (0) —y
dash (1). So, here 11(y) = 0 and 12(y) = 0 give you these periodic boundary condition which is
like y(0)=y(1) and y dash (0) y dash (1).

So, we can simply say that if you take any say nonhomogeneous boundary value problem that
is L(y) = sin 2 pi t or you can say y double dash + et y dash + 2y = sin 2 pi t along with the
boundary condition that is y(0) = y(1) and y dash (0) =y dash (1). This will constitute a linear
nonhomogeneous boundary value problem.
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Definition 5

A boundary value problem which is not a linear boundary value problem is called a
non linear BYP.

The nonlinearity in a boundary value problem may be introduced because
o the differential equation may be nonlinear;

@ the given dmeremfgf?quan'on may be linear but the boundary conditions may
not be linear homogeneous.
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So, these are example of some boundary value problem and some boundary conditions. Now,
we again define the classification of boundary value problem in terms of linear and nonlinear.
So, a boundary value problem which is not a linear boundary value problem is called a
nonlinear boundary value problem and this is happening because this nonlinearity in a

boundary value problem may be introduced because of the following thing.

The first thing is, the differential equation may be nonlinear, right? So here we have 2
components, one is differential equation other component is your boundary conditions. So,
your nonlinearity a boundary value problem is said to be linear if both the equation as well as
the conditions are linear and if any of these 2 fail then we call this as a nonlinear boundary

value problem.

So, it may happen due the differential equation may be nonlinear and the given differential
equation may be linear but the boundary condition may not be linear. So, we simply say that
nonlinear boundary value problem is maybe because of equation maybe nonlinear or the
condition may be nonlinear. So, let us consider some example of nonlinear boundary value
problem.

(Refer Slide Time: 15:27)
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Example 6

Consider a differential equation 4
L= @»ﬂ )
_j' —|J’|—_U,0(_:If_i, | L_ a;,-e!n.,l’t

with boundary conditions y(0) = y(r) = 0./ ,
This BVP is not linear because of the presence of [y, |

|

Example 7

Consider the following BYP y" + 5y = e'sin(t), t & [0, 1] along with the boundary
conditions y(0}y(1) = y'(0)y' (1 } is a nonlinear BYP as boundary conditions are
not linear homogeneous.

(3 weELowuke
s

First problem is y double dash + = 0. Here t is define from O to pi here. Our boundary
condition is y(0)=y(pi) = 0. So, these are condition which are defined on the boundaries and
if you look at these are very simple boundary condition, separated boundary conditions. But
if you look at the equation, equation content your modulus y terms. So, it is a nonlinear

differential equation.



Your boundary conditions are linear but equation is nonlinear. So, we simply say that it is a
nonlinear boundary value problem and I hope that you already know how to check whether it
is a linear or nonlinear boundary value problem. For that you define ly, y double dash + y and

you check that if L (alpha y1+ beta y2) if it is = alpha L(y1) + beta L(y2).

If this holds then we call it linear and if this does not hold we call it nonlinear and if you
check that here it is not holding. So, you can check that differential equation is not a linear
differential equation. So, we call this problem as nonlinear boundary value problem. Now,
look at the next example here boundary value problem is y double dash + 5y = e to power t

sin(t).

t is again in some interval let us say 0 to 1 along with the boundary condition y(0) * y(1) =y
dash(0) = y dash(1). So, here if you look at your boundary conditions are not linear. So, we
simply say that your equation is linear, differential equation is linear but boundary condition
is not linear. So, we again call this as a nonlinear boundary value problem.

(Refer Slide Time: 17:23)
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The existence and unigueness theory for BVP is generally more difficult than the
that of IVR

| (PR
o y'+y=0, y0)=¢q. ¥i0) = ¢; has a unigue solution as ‘vi“" 4t

(-
Y(x) = ¢y cosx + Gy sinx, for any sel of values ¢, and ;. +1?'° o ;:?.
o y'+y=0.y(0)=0. y(r) £ J# 0) has no solution. L/~ HATFE 2o

BY Hy=0p0)=0 y(3) =c(£0),0< < -rhasa unlque soluhon o=¢ rﬂ”

y(x) = ,% Ve (/
f' Y y=0,y(0)=0 y(r) —n\g)has an infinite number of solutions
;f} = esinx, where cis an arbitrary constant, (o S S
o= fL Eﬂ"‘. @ (z = _'E-\
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Now, why again we are discussing the boundary value problem different from initial value
problem because we have already discussed the initial value problem, we have discussed the
existence and uniqueness theorem and consider several methods to find out the solution of

initial value problem. But why we are bothering about boundary value problem?



So, we can say that the existence and uniqueness results of boundary value problem is in
general quite difficult than the theory of initial value problem. For example, take very simple
example and try to understand why this theory of existence and uniqueness for boundary
value problem is say difficult than the initial value problem. So, first let us take simple

example y double dash + y = 0 and take the initial condition y(0) = c1 and y dash (0) = c2.

This is a simple initial value problem and we know the solution is given as y(x) = cl cos of x
+ ¢2 sin of x and you can take any cl, c¢2 and you can get your solution in a very nice way
and solution is given. But now let us in place of initial condition now let us define boundary
condition and see that how this nice solution is change in a difficult solution. So, equation

remains the same that is y double dash +y = 0.

But now your boundary conditions are changed. Your boundary conditions are yO0 = 0 and y
pi = some epsilon. So some value, epsilon may not be that. And we can see that it has no
solution at all. Though how we can check that it has no solution. So, what we try to do we try
to solve this equation for a general initial condition. So we simply see that your yx = general

solution of this differential equation is ¢l cos of x + c2 sin of x.

And we want to find out this ¢l and c2 but not with the help of initial condition but with the
help of boundary condition. Now, we look at y(0) = 0, this force has to choose c1 = 0, right?
Because if you put x = 0 then sin x is 0, so and cos x is 1. So c1 has to be 0. And but if you
look at y (pi) = epsilon then look at here what you have. This is epsilon = ¢l and cl is 0. So,

it is c2 sin of pi. So, sin of pi is simply 0 but here we have a non-zero value.

So, it means that this has no solution, right. So, simply say that when y (pi) is some non-zero
value then it has no solution, right. But suppose you look at this case that here, y double dash
+y=0,y=0,y (pi) = 0. Now, here we have taken the value epsilon. But if you take epsilon
may be any value maybe very small but it is still it will have no solution. But if you take

epsilon as 0 then we can easily check that it has an infinitely many solutions.

That is quite say very, say strange thing. Because here we just differ our boundary condition
by that. So, this epsilon may be very small quantity but it is still in one case we have no

solution but in other case we have infinitely many solution and you can easily find out the



infinitely many solution as you here if you look at in place of epsilon if you put 0 then 0 = c2

sin pi of course this is 0, this is 0, so I can take any value of c2, right?

So, it means that we have infinitely many choices for this ¢2 and we can say that our solution
is given as y(x) = ¢ sin x and you can take any value of ¢ and you take different value we
have a different solution of this. So, here we say that we have just change the boundary
condition a little, but we have in place of no solution now we have infinitely many solutions.

So that is very strange for this boundary value problem.

Now, look at next example that is y double dash +y = 0, y(0) = 0 and y beta = epsilon. Here,
beta is any number between 0 to pi and you can say that it has a unique solution and solution
is given as y(x) = epsilon sin x sin beta, that also you can get it from this. So, you can say that
y(0) = 0 means cl = 0. So, it means that now we have y(x) = c2 sin of x and y beta = epsilon

is given. So, epsilon = c2 sin of beta.

So, c2 sin of beta you can get, so c2 is what? epsilon sin of beta. So, solution is given as y(x)
= epsilon sin x sin beta and this is a unique solution. So, it means that if you change your
boundary condition a bit and you have all the cases that no solution unique solution and
infinitely many solutions. So, it means that here we have to look at our existence and
uniqueness theory in a very careful manner.

(Refer Slide Time: 22:39)
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Consider the differential equation
)y + By +palxly =0 > (4)
with

) = o) + @iy (o) + boy(9) + by (6) =02) W<

bly] = oylee) + €1y () + coy(8) + diy (8) =0 3 Jal=D

and fet y;(x) and yo(x) be any twa linearly independent solutions of the differential
equation. Then the hamogeneous boundary value problem (4), (5) has only the
trivial solution if and only if S

hin] Hlyal
Lyl bl

0.V (6)
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So, now let us start with the simplest possible cases, the simplest possible is the homogenous

equation with homogenous boundary condition and we know that a homogenous boundary



value problem has a trivial solution that is 0 solution. So, we say that consider the differential
equation this pO(x) y double dash + p1(x) y dash + p2(x) y = 0 with the boundary condition
11(y) which is define like this.

So, 11(y) is define as aOy (alpha) + al(y) dash alpha + bOy (beta) + bly dash (beta) = 0. So,
we can summarize it to right 11(y) = 0. Similarly, this as 12(y) = 0. So, we have a homogenous
differential equation and homogenous boundary condition and you already know that O
solutions satisfy this. But we are interested in finding the non-trivial solution. In trivial

solution already exists that is 0 solution.

How to find out non-trivial solution? So, we try to first find out the condition under which we
have a non-trivial solution for this homogenous boundary value problem. So for that let y1
and y2(b) any 2 linearly independent solution of the differential equation then the
homogenous boundary value problem 4 and 5 has only the trivial solution if and only if this

term is, this quantity is different from 0.

If this quantity is = 0 then we may have more than one solution but in case when this quantity
delta is non-zero then we have only and only trivial solution. So, let us prove this.

(Refer Slide Time: 24:20)

Theorem 8
Consider the differential equation  |.J4)

Py +pi(x)y +pe(x)y =0 (4)
with -
) 1[7] [ ) +DUY{ )+D1}’[f_})l=0.ﬂ 1D 5
fz[y] ) a) + chy(f) + iy (8) = 03 JN=D

and et yy(x) and yz(x) be any two linearly independent solutions of the differential
equation. Then the homogeneous boundary value probiem (4} (5) has only the
trivial solution if and only if
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So, proof is quite simple. You simply say that your general solution is written as y(x) =

clyl(x) + c2y2(x) because it is already given that yl and y2 are 2 linearly independent

solutions. So, general solution you can easily find out, so general solution given then. Now,



we can find out cl, c2 using the boundary condition. So, if you use boundary condition then

1[clyl +c2y2]is clll[yl] + c2l1[y2] =0

Please look at here your boundary condition which is define as 11(y) and 12(y) this is a linear
form, I will say. It means that this is a linear, in terms of your y alpha, y dash alpha, y beta
and y dash beta. So, it means that I can easily check, in fact I request you to check that 11(y)
and 12(y) are linear, are linear in argument that is y here. How you can check? You look at
here.

(Refer Slide Time: 25:25)
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So, let me write it 1, 11(y) = a0 y (alpha) + al y dash (alpha) + b0 y (beta) + bl y dash (beta)
and we want to check whether it is linear in terms of y or not. For that you write 11(y) alpha y
+ beta, alpha is we have already taken, so let us use some other, so let us say you say rl and
r2. So, let us say rly 1 + 12 y2. And we want to check whether it is r1 11 of (pi 1) + 12 11(y2).

If it is then we say that 11 is a linear in terms of y.

And that you can easily check that it is actually satisfying this. Let me write it here. So, this is
what this | am writing as a0 y alpha is (rlyl + r2y2) define at (alpha) + al (rlyl +r2y2) dash
(alpha) + b0 (rlyl+r2y2) define at (beta) + bl(rlyl+r2y2) dash (beta) =, now this if you
simplify it is what? Here, rlyl + r2y2 given at alpha is what? rly1 (alpha) + r2y2 (alpha).

So, we can simplify and we can write it r]l and here we have a0 yl(alpha) that you can easily
check. So, this we are taking and here we are taking. So, here alyl dash (alpha) + look at this
term. Here we have b0yl (beta) + here we have blyl dash (beta) + look at 2. So, here r2
look at the last term. So, here if you look at this then we have aOy2 (alpha) + look at this



term, so it is y2 dash (alpha) * al + this term that is bOy2 (beta) + this term, that is bly2 dash
(beta).

So, this is what rl and if you look at this is what 11 in terms of y1 + r2. Now, look at this, this
is what 11(y2). So, we have proved or we have shown that l11rlyl + r2y2 = rlllyl + r211y2.
So, it means that 11 similarly we can prove that 12 also is a linear in terms of y. So, we are
going to utilize this.

(Refer Slide Time: 28:34)
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Any solution of the differential equation can be written as

y0) = o) ¢ ogala). e {w/i
g ¥ N
|El,{f_,'5£h‘ e
hle +cay] = ehlv] + exh 2] =0 v
bleryy + Caa] = €iblyy] + cablys] = 0. L,A.'

This is a solution of the problem (4), (5) if and only if

System (7) has only the tLiErLaLI solution if and only if A # 0.

————

So, here we simply say that 11 (clyl + c2y2) now using linear what clllyl + c2l1y2 = 0 and
12 (clyl + c2y2) =cl12 (y1) + c212 (y2) = 0. Now, to find out a non-trivial solution we must
have that we should have a non-trivial value of ¢l and c2. Non-trivial values of c1 ¢2 means
non-zero values of c1 and c2. So, here we have this and 11, so we simply say that we will get

a non-zero value provided the c1 let me write this equation, right.

So, this is what ax = b kind of thing. So, here we have cl c¢2 and here we have what 11(y1)
11(y2) 12(y1) 12(y2) and here we have 0 0. So, we have ax = 0 kind of thing. So, here this will
have an only a trivial solution provided that determined of this coefficient is basically non-
zero. So, we say that this system has an only a trivial solution provided that determinant is

non-zero, right.

So, that is the contain of this theorem that this homogenous boundary value problem will
have a trivial solution if and only if this quantity delta is non-zero. Determinant of this value

is non-zero. So that is one, so if it is 0 then we may have more than one solution.
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The homogeneous boundary value problem (4), (5) has an infinite number of
nontrivial solutions if and only if & = 0. .~

Example 10
Consider the follawing BVP
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This BVP has an infinite number of solutions y{x) = ce™* sin x
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In fact, we may have infinitely many solutions. So, that is the contain of this that the
homogenous boundary value problem has an infinite number of non-trivial solution if and
only if delta is = 0. So, we have just taken the half way, you have to prove the remaining part.
So, we say that if delta that quantity is O then we have infinitely many solutions if delta is

non-zero then we have only at this. But it will always have a solution.

So, let us consider one example, that is y double dash + 2y dash + 2y = 0. Boundary
condition is given as y(0) = 0 and y(pi) = 0 and to find out the solution here we simply first
find out the general solution of this for finding the general solution of this we can use, we can
find out the solution by given method. So, here you can simply say that here solution is given

as e to power —x sin of x, you can call it y1 and y2 as e to the power —x cos of x.

And that you can simply check that it is what you can write it. Your auxiliary equation is (m
square + 2m + 2) e to power mx = 0 and it is m + 1 whole square + 1 e to power mx = 0 when
you put y as e to power mx as a solution here then you will get this as a solution. So, this
quantity has to be 0 and using the boundary condition you can fix it. But if you look at here I

just want to go aback again.

Because here, if you look at this is depending on the boundary condition basically, it is not
depending on say solutions. you take y1 and y2 are any 2 linearly independent solutions but

this delta is depending on the boundary condition rather than its specific initial, its specific



solution of this boundary value problem. So, it is very much centric about the boundary

condition rather than your solutions.

So, here you can take any 2 linearly independent solutions and you can easily check this. So,
let me take solutions as e to power —x sin x and e to power —x cos of x and that you can easily
check. So, general solution you can find out y(x) = cl e to power —x sin(x) + c2 e to power —
x cos(x). Now, we have already condition, 11(y) = 0. So, you can look at the delta here, delta
is what? 11. So let me write it, what is 11 here?
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So here 11(y) is basically y(0), right and 12(y) is y(pi) and it is given as 0. And y(x) is already
given cl e to power —x cos of X + ¢c2 e to power — x sin of Xx. So, we can easily check 11 (y1)
is basically what y1 is this y2 is this. Let me see whether it where I have defined, okay. So,
you can easily check your what is 11 (y1). So, let me write it y1 is this y2 is this. So, 11(y1) is

basically what? e to power —x cos x defines at 0. So, that is going to be what?

It is going to be one only. Is that okay? Now, 11 (y2) is what? 11 (y2) is going to bought
define this at 0. So, this is going to be 0. Then 12 (y1) means this define at pi. So, it is e to
power — pi cos of pi is -1, so it is -. 12 (y2) is going to be again 0. So, now look at the
determinant, determinant is 11 (y1) 11 (y2) 12 (y1) 12 (y2) that determinant that this is your
delta.

So, this 11 (yl) is basically 1, 11 (y2) is 0 and this is what e to power -, - of e to power pi and

this is 0 and you can see that it is having what? It is 0 basically. So, it means that this delta is



coming out to be 0. So, it means that our theory says that it has infinitely many number of
solution and you can easily check that your infinitely many solution is given by y(x) = ce * e

to power —x sin of x. How can you check that?

So, this theorem simply says that it has infinite number of solution. How to find out? That is
up to you, means you have a general solution and you have boundary condition you can
easily find out the solution. Let me say that here your condition, your general solution is this
then yO = 0 means here you simply say that c1 has to be 0, using yO = 0. Now, y (pi1) = 0 let

us use this and how to see then this is what c1 is 0 means only c2 is there.

So, ¢2 e to power — pi here and sin of pi is simply 0. So, 0 =c2 * 0. So, ¢2 you can take any
value. So, let us say K belongs to R. So, here we simply say that your solution is ¢ e to power
—x sin of x and ¢ is coming from R. So, we can say that here we have infinitely many solution
and given by this and this we have checked using delta. Here delta is coming out to be 0 and

so we have infinitely many solutions.

So, we have seen that in the homogenous boundary value problem when we have a one
solution, trivial solution or a non-trivial solution, infinite number of non-trivial solution.
Now, let us look at the nonhomogeneous boundary value problem with nonhomogeneous
boundary condition.
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Theorem 11
The nonfiomogeneous boundary value problem
Po(x)y + Pa(X)y + palx)y = r(x) |

with nonhamogeneaus boundary conditions ‘

hiy) = &y(a)+ &y (o) + boy(8) + byy (5) = A |
biy] = cop(a) + oy (o) + chy(8) + dy'(9) =B

has a unique solution if and only if the homogeneous boundary value problem (4),
with homageneous boundary condtions (5) has only the trivial solution.
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So, the nonhomogeneous boundary value problem pO(x) y double dash + pl(x) y dash +

p2(x)y = r(x) and nonhomogeneous boundary condition is given l1(y) = a and 12(y) = b. This



has a unique solution, if and only if the homogenous boundary value problem with

homogenous boundary conditions has only the trivial solution.

So, that is why whatever we have discussed is going to be very useful in finding the unique
solution for nonhomogeneous boundary value problem. So, if we have a homogenous
boundary value problem has a trivial solution then nonhomogeneous boundary value problem
will have a unique solution. So, let us see how the proof goes.
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Let y;(x) and y(x) be any two linearly independent solutions of the differential
equation (4) and 2(x) be a particular solution of (1). Then the general solution of
(1) can be written as

Y0 = on) < G 20”0y
/=5t (Rl Rzo|
This is & solution of the problem (6.6), (32.1) if and only if :}ICI. Ll QL= )

Vhle + ey + 2= ok + Gkl + bl =A _‘:‘:___:{m
bleys + Coya + 2] = crb[y] + Cak[ye] 4 ﬁi_[_z_]= 8 &
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So, let us look at yl and y2 be any 2 linear independent solution of the differential equation 4

means your homogeneous part and z(x) be a particular solution of nonhomogeneous equation
that is this. So, z(x) is a particular solution of this nonhomogeneous boundary value problem,
this and it will satisfy this. So, it means that then the general solution of 1 can be written as

y(x) = clyl(x) + c2y2(x) + Z(x).

So, it means that this is the general solution of this along with boundary condition. Now,
since it satisfy the boundary condition, so we write 11(clyl + c2y2 + z) = A and 12(clyl +
c2y2 + z) = B. Because if, okay so, it satisfy this condition because y is a general solution of
the nonhomogeneous boundary value problem. So, if you simplify this you simply say that

since 11(z) = A and 12(z) = B.

So, this equation number 11 deal through this ¢l 11(yl) + ¢2 12(y2) = 0 and cl 12(y1), sorry
this is a(l1) + c2 12(y2) = 0 and remember this is precisely the term we say that this = 0 means

this implies that the homogenous part has a trivial solution provided that this delta which is



given as 11(yl) 11(y2), 12(y1) 12(y2) this determinant is non-zero. So, if this determinant is

non-zero then you may have cl = c2, we have a trivial solution for homogenous part.

When you put a trivial solution for homogeneous part then this will simply say that this will
cancel and we have y(x) = z(x) as the only solution. So, we say that nonhomogeneous system
(11) has a unique solution if and only if delta is non-zero. Because if delta is non-zero then

we have c1 = c2 = 0 and we have only solution given as y(x) = z(x).

So, we can say that this nonhomogeneous system has unique solution if and only delta is non-
zero and we can say that if and only if the homogeneous system has only the trivial solution
and delta is not = 0 is the equivalent to the homogenous boundary value problem having only

the trivial solution. That is what we want to conclude from this equation.

So from 11, you can conclude that trivial solution for homogeneous boundary value problem
is equivalent to say that we have a unique solution for nonhomogeneous boundary value
problem with nonhomogeneous boundary condition. So, let us take one example based on
this.
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Example 14
Consider the boundary value problem
Ky +Try +3y =0~ (©

pAE N g

(l)=1) (15)
y(2) =2
Solution: General solution is

Y=o B gx 98 (16)
Now, y(1)= 1= ¢+ 0p = 1and y(2) = 2= 28 4 g2 V6 =1 —

So let us consider this example, consider the boundary value problem x square y double dash
+ 7 xy dash + 3y = 0 with the nonhomogeneous boundary condition that is y(1) = 1 and y(2)
= 2. And we can simply say that since it is an equation we can easily find out our solution is

given in terms of x to power R kind of thing.



So, for which values of R, x to power R is a solution that we have already discussed and we
can easily see that y(x) = cl x to power — 3 + root 6 + 3 to x power — 3 — of root 6 is a general
solution of this. So, this I am leaving it to you that how to find out a general solution of this.
Now, let us proceed further and we want to find out y1 = 1 and if you use the condition y1 =
1 then cl +¢2 =1 and y2 =2 means cl 2 to power — 3 + root 6 + c2 2 to power — 3 — root of
6 = 1 and we want to find out the c1 and c2 for which it has a solution.
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On solving, we get
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By putting these values in (16}, we find the solution of (15) as
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So, you just look at the value of cl. cl is here you can simply say c1(x) 1 — 3 to put it back

and you can simplify. So, here you can get cl as 2-2 to power -3 — root 6/this quantity and if
you simplify or you simply say that take this term out, 2 to power -3 common then you will

get that cl is 16 — 2 - root 6/2 power root 6 — 2 to power — of root 6.

Similarly, in c2 also we take 2 to power -3 out and you will get ¢2 as 2 to power root 6 — 16
upon 2 to power root 6 — 2 to power — of root 6. And once we have cl and c2 you can write
on the solution general solution as this y(x) = this and since now cl and c2 are particular
values then we can call this as a solution of the initial value problem and you can say that this

1s a unique solution of the boundary value problem here.

And this we simply say that since we are getting a unique solution because the homogenous
boundary value problem has a trivial solution. How we can check? You put yl =0 and y2 =0
and when you put y1 = 0 and y2 = 0 then we have c1 + ¢2 =0 and c1 2 power — 3 root 6 + c2
2 to power — 3 —root 6 = 0. So, here we can easily check than this is what 1 1 and 2 to power

-3 + root 6 and 2 to power — 3 — of root 6 this is your delta, right.



And if you look at the value is going to be what, this delta is not coming out to be, this is
coming out to be non-zero value. So, we simply say that since homogeneous boundary value
problem has a trivial solution then nonhomogeneous boundary value problem has a unique
solution and we have not only prove that it has a unique solution we also have find out the

unique solution here.

So, with this we conclude our lecture here. In next class will continue our study of boundary

value problem. Thank you for listening us, thank you.



