Multivariable Calculus
Dr. S. K. Gupta
Department of Mathematics
Indian Institute of Technology, Roorkee

Lecture - 07
Differentiability- I

Hello friends. So, welcome to lecture series on multivariable calculus. So now, we will
deal with differentiability; that when we can say there are several variable function is
differentiable. We already know about single variable functions that differentiability of
single variable functions. How can I define differentiability of single variable functions?

Suppose, suppose, X is changing from.
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X naught to x naught plus delta x ok then if f is differentiable, then the corresponding
change the value of the function ; where y is equals to f x y oh sorry, f x because we are

dealing with single variable function here, say y equal to fx.

So, if x is changing from x naught to x naught plus delta x, then the corresponding
change in the value of the function will be given by f dash x naught delta x plus epsilon
into delta x; where epsilon tending to 0 as delta x tending to 0. So, this is how we define
differentiability of a function at a point x naught. A function is differentiable at a point x
naught this means, that if x is changing from x naught to x naught plus delta x, then the

corresponding change the value of the function will be equal to f dash x naught delta x



plus epsilon into delta x; where epsilon tending to 0 as delta x tending to 0. And how we
define delta y? Delta y will be simply f of x naught plus delta x minus f x naught. This is
the change in the value of the function, when x is changing from x naught to x naught

plus delta x.

Now, similarly we can extend this definition for 2 variable functions. How could you
find differentiability for 2 variable functions? Now suppose function is given as Z is

equals to fx y, function of 2 variables ok..
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Suppose x is changing from x naught to x naught plus delta x. And y is changing from y
naught to y naught plus delta y ok. Now corresponding change, the value of Z, which is
delta Z will be nothing but f of x naught plus delta x y naught plus delta y minus f x
naught y naught. So, this will be the corresponding change the value of the function;
when x is changing from x naught to x naught plus delta x, and y is changing from y

naught to y naught plus delta y.

Now, this delta x can be written as f x at x naught y naught delta x plus f y x naught y
naught into delta y plus epsilon 1 delta x and plus epsilon 2 into delta y. And in which
epsilon 1 ; which is a function of delta x delta y will tend to 0, and epsilon 2 ; which is
again a function of delta x delta y will tend to 0 as delta x and delta y will tend to 0. So,
here this is called the increment in the value of Z. This will be given by f x at x naught y

naught in delta x, plus f'y at x naught y naught in delta y plus epsilon 1 delta x epsilon 2



delta y where epsilon 1 and epsilon 2 are the functions of delta x, and delta y and they
tend to 0 as delta x delta y tend 0 ok. now if this definition hold, if this condition hold,

then we say that a function is differentiable at a point x naught y naught ok.

So, first we are having differentiability for a single variable function which we have

discussed.
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Differentiability of functions of one variable

Recalling, the function of single variable, y = f(x). If f is differentiable at x = X,
then the change in the value of f that results from changing x from x; to Xy + Ax is
given by the eguation

Ly = Fxo)Lax + elsx

in which e — 0 as Ax — 0.
For the function of two variables, the analogous property becomes the definition of
differentiability.
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The increment thearem for functions of two variables

Let the first-order partial derivatives of f(x. y) are defined throughout an open
region R containing the point (a. b) and f, and f, are also continuous at (xp. yo).
Then, the change

AZ = F(Xo, Yo)Lox + £, (X0, Vo) Loy + €1 80X + e Ay

or Az = dz + 69 AX + egAy (1)

where, €. ez =+ 0as Ax. Ay — 0and dz = f(xp. yo)2x + F (%0 yo) Loy
(dz is called total differential of f)

Then the increment theorem of the functions of 2 variables. It is states that if the function

if the first order partial derivative of f x y are defined throughout an open throughout an



open region are containing the point a b and f x and f are also continuous at x naught y
naught, then the change in the value of the function will be given by this expression;

where epsilon 1 epsilon 2 are tending to 0 as delta x delta y tending to 0.

Now, this term this term; which we are having here we are we ca [can] we can denote
this term by dz, and this dz is also called total differential of f. So, basically, we can
write, we can write delta Z as dz plus epsilon 1 delta x plus epsilon 2 delta y ok. This
definition has this definition also. Now a function f x y is said to be differentiable at a

point X naught y naught..
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A tunction f(x. y) is differentiable at a point (xg. yo) if fe(Xo. yo) and f,(xo, ya) exist
and equation (1) holds™or f at (xq. yo). We call f is differentiable if it is
differentiable at every point in its domain.

MNecessary condition for differentiability

Existence of partial derivatives f, and f, at a point P(xy. o) is a necessary
condition for differentiability of f(x, y) at P.

Sufficient condition for differentiability

If the partial derivative f, and f, of a function f(x, y) are continuous throughout an
open region A. then f is differentiable at every point of A.

If f x at x naught y naught and f'y at x naught y naught exists, and equation one holds for
f at x naught y naught; that is, that is this equation. If this equation holds at x naught y
naught, and first partial derivative at x naught y naught exists, then we say that the
function is differentiable at a point x naught y naught. We call f is differentiable, if it is
differentiable at every point in this domain. If this definition holds for every point in it is

domain then we say the function is differentiable.

So, what is the necessary condition for differentiability. Of course, if this partial
derivative exists at a point, then this is a necessary condition for the differentiability. So,
existence of partial derivative f x and f y at a point P is a necessary condition for the
existence of differentiability at a point P. And what you are sufficient condition?

Sufficient condition is if the partial derivative f x and f y of f x y are continuous



throughout an open region R then function is differentiable at every point of R. So, for
sufficient condition, we must have continuity throughout an open region of first order
partial derivative f x and f y of the function f x only. Then we can say the function is

always differentiable ok.

Now, first we solve these 2 problems, then we come to problems related to
differentiability. Now we are having first problem say, say Z is equals to tan inverse y by

X ; where y by x where x y is not equal to 0 0..
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And we have to find total differentiability total differential of this function. So, what do
you mean by total differential? Total differential is simply dz of f x at x naught y naught
into delta x plus f y at x naught y naught into delta y. So, this is differentiability or I
mean total differential. So, let us find the total differential at a point say a comma b. So,
what is f x of this function f x or Z x ok, here we are having Z. So, we can call it Z x, it is

1 upon 1 plus y upon x whole square into del by del x of y by x.

So, what it is? It is equals to x square upon x square plus y square into minus y by X
square, which is equal to minus y upon x square plus y square. So, Z x has at a comma b,
a general point a comma b will be minus b upon a square plus b square. Now similarly Z
y will be 1 upon 1 plus y by x whole square into del by del y of y by x, which is equal to

x square plus upon x square plus y square in to; the partial derivative of this with respect



to y which is 1 by x, and this will be x upon x square plus y square. So, this value so, Z 'y

at a comma b will be, will be a upon a square plus b square.

So, what will be total differential of this function? Total differential of this function will
be given by will be given by dz, which is f x at x naught y naught or a comma b which is
which is minus b upon a square plus b square times delta x plus, a upon a square plus b

square times delta y..

(Refer Slide Time: 09:57)

S feln (%) (x84

. . dz- £ Gaw)oxs £ (mmoy

ol /_a

dz- R
ol 2 Kﬂ’-H«L

= / N
Z, fa ) i L |
N g )

Ty lasye X
BT

So, this will be the total differential of this function at a point a comma b ok. Similarly
for a second problem, the second problem is basically u is equals to x square plus y

square plus Z square whole raise to power minus 3 by 2.
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And x y Z should not equal to 0 0 0. So, what we have to find? We have to find total

differential of u. Say at a point a comma a b c, say at a pointa b c.

So, what will be u x? U x will be x square plus y square plus Z square, minus 3 by 2 and
it is minus 5 by 2, and it is into 2 x. So, 2 2 cancels out. It is minus 3 x upon X square
plus y square plus Z square, whole raise to power 5 by 2 ok. And this value at a b c is
minus 3 a upon a square plus b square plus ¢ square whole raise to power 5 by 2. Now
similarly, by the symmetry we can easily write u y as minus 3 b upon a square plus b
square plus ¢ square whole raise to power 5 by 2. And similarly, u Z will be minus 3 ¢

upon a square plus b square plus ¢ square whole raise to power 5 by 2.

So, what will be total differential of u? So, total differential of u, which is d u is given by
uxatab cinto delta x plusuy atab cinto delta y, plus u Z at a b ¢ into delta Z. So, this
will be equals to a minus 3 a upon a square plus b square plus ¢ square whole raise to
power 5 by 2 into delta x minus 3 b upon a square plus b square plus ¢ square whole
raise to power 5 by 2 into delta y, plus minus 3 ¢ upon a square plus b square plus ¢

square whole raise to power 5 by 2 into delta Z.

So, this is how we can find out total differential of a function f at a point a b c or a b ok.
Now how can we show data function is differentiable? So, let us discuss few examples

based on this.
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So, first example is f x y is equals to x square plus y square. We have to show that this
function is differentiable at any point a comma b. So, for differentiability, first is
existence of partial derivative, first order partial derivative at a comma b is required, and
sank it is the equation one should hold. Equation me one means that delta Z is equals to
x at a comma b delta x plus f y at a comma b delta y. Epsilon 1 delta x plus epsilon 2

delta y, and epsilon 1 epsilon 2 should tan to 0 as delta x delta y tan to 0.

So, if these 2 conditions hold, then we say the function is differentiable at a point a
comma b. So, first we will find f x at a comma b. So, this f x in 'y will definitely exist
for this function. So, f x will be 2 x and f x at a comma b will be simply 2 a. Similarly, f
y will be simply 2 b, and f'y at a comma b will be simply to b ok. it has 2 y sorry. Now
so, partial first order partial derivative exists at a comma b. Now what is the definition?
What is the equation 1? That is delta Z is equals to f x at a comma b into delta x plus f'y

at a comma b into delta y plus epsilon 1 delta x plus epsilon 2 delta y.

So, we have to write a this equation, try to find out delta one sorry epsilon 1 of epsilon 2
which are the functions of delta x and delta y, and try to show that epsilon 1 and epsilon
2 are tending to 0 as delta s delta y tend to 0. If they tend to 0 as delta x delta y tend to 0,

then this function f will be differentiable at a point a comma b.

So, let us try to find out these values. So, it is clear that f x is 2 a. So, it is 2 a into delta x

plus it is 2 b into delta y plus epsilon 1 into delta x plus epsilon 2 into delta y. Now what



will be delta Z? Delta Z is a increment in the value of Z or the change in the value of the
function. When x is changing from x naught to x naught plus delta x, and y is changing
from y naught to y naught plus delta y. Here instead of x naught y naught we are having
a comma b ok. So, what will be delta? Delta Z delta Z will be f of a plus delta x b plus
delta y minus f a b. Instead of x naught y naught we are having a comma b. So, what is
this value now? This from here it is a plus delta x whole square plus b plus delta y whole

square minus a square minus b square.

So, when you open the bracket it is a square plus delta x whole square plus 2 a delta x
plus b square plus delta y square plus 2 b delta y minus a square minus b square. So,
these terms will cancel out. So, this would be delta Z. Now you compare these 2-
equation ok. This is also equal to delta Z, and this is also equal to delta Z. So, both must
be equal. So, suppose it is equation number 1 and suppose it is equation number 2. So,

from 1 and 2 what we have obtained?

(Refer Slide Time: 17:13)

From (0 £,
Sy e
it |

=h_9{1?ﬁ;§+(ﬁ,ax |

+ € 0y

Az e 4 (a8 ax
+ fy (a8 oF

= € = 8x, € =oy v £ B 4 € 0y

dvd € € —30 oy (Bx au)-as

> (Ax. ay) e, o) | - 2a 6% 4 24 4

i 4
TE ax £

_ p ) ' + Ay .@

T (a+ax = °d

: . Bray) - +(a,5)

= {MMJ:L"(Bfaa.]"_

a? 1
1. =it
+axTy o

asx_ 4L

+oyya bay "4}%

-

From one and 2 what we have obtained? We have obtained there delta x square plus 2 a
delta x plus delta y square plus 2 b delta y is equal to 2 a delta x plus 2 b delta y plus
epsilon 1 delta x plus epsilon 2 delta y.

Now, these terms again cancels out ok. So, if you compare both the side so, we can
obtain this implies epsilon 1 is delta x and epsilon 2 is delta y. and definitely epsilon 1

epsilon 2 will tend to 0 as delta x delta y tending to 0. So, we can say the function this is



differentiable at a point a comma b ok. And epsilon 1 epsilon 2 will tend to 0 as delta x
delta y tending to 0 0 0. So, this implies there a function, this is differentiable at a point a
comma b. So, that is how we can show that a function is differentiable. We have to find
out 2 things basically. First, we have to find out the first order partial derivative at that
point. The point where we are checking their function is differentiable or not. And
second we have to find this expression delta Z equal to this expression. And try to show
that epsilon 1 epsilon 2 which are the functions of delta x and delta y should tan to 0 as

delta x delta y tan in to 0 0, your function is differentiable ok.
Now, let us try to show for a second example. Now what a second example?
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F x y is equal to X y X square minus y square X square plus y square. So, x y not equal to
0 0, and 0 when x y is equals to 0 0. And again at 0 comma 0, we have to show that this
function is differentiable. So, first we have to find, first order partial derivative at 0
comma 0, a first partial derivative does not exist. So, there is no question of
differentiability, because for differentiability first set of partial derivatives 2 types this
exists. It is a necessary condition for differentiability ok. If function if first order partial
derivatives does not exist fall this means, we clearly directly we can say whether the

function is not differentiable at that point. So, first you find f x at a comma at 0 comma 0.

So, what will be fx at 0 comma 0? It will be limit h tending to 0 f of 0 plus h minus f0 0

upon h ok. It is a 2-variable function sorry. So, so it will be 0 minus f of 0 0.
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Now when you replace x by h and y by a 0 here. So, what will obtain? It is 0 minus 0 0 is
0 and upon h it is 0. Now what is fy at 0 comma 0? Limit h into 0 f of 0 comma O plus h
minus f 0 0 upon h. This is by the definition of f y. Now you replace x by 0 and y by h.
So, this value will be 0, 0 minus 0 because f at 0 comma 0 is 0 is 0. So, this means first

order partial derivative at 0 comma 0 exists, and the value of both are 0 ok.

Now, now first now the expression is delta Z equal to F x at 0 comma 0 into delta x plus

fy at 0 comma 0 into delta y plus epsilon 1 delta x plus epsilon 2 delta y.
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Now this term is 0 and this term is 0. So, this term will not be there in this expression.
Because f x at 0 comma 0 is 0, and f'y at 0 comma 0 is 0. So, this will be equal to epsilon
1 delta x plus epsilon 2 delta y. Now let us compute delta Z. So, what will be delta Z
again? Delta Z will be f of 0 plus delta x, 0 plus delta y, minus f of 0 comma 0. Now it is
delta x delta y delta x square minus delta y square upon delta x square plus delta y square
minus 0 ok and this is equals to epsilon 1 delta x plus epsilon 2 delta y. So, if we
compare these 2, if we compare these 2 so, we can get epsilon 1 as equal to this into this,
or we can take delta coefficient of delta x as epsilon 1, and coefficient of delta y from

this expression as epsilon 2.

So, epsilon 1 will be delta y into delta x square upon delta x square plus delta y square.
And epsilon 2 will be minus delta x into delta y square upon delta x square plus delta y
square ok. If you compare these 2, you take the coefficient of delta x as epsilon 1 and the
coefficient of delta y as epsilon 2 ok. So, these expression of epsilon 1 and epsilon 2 is

may not be unique. I am taking only one of the expression.

It may not be unique, someone can take some other expression may multiply with this,
they can take as this expression as delta x, [ mean coefficient delta x. You see when you
multiply this with this. So, it will be it will be what? From here, from here it is delta x
cube into delta y upon delta x square plus delta y square minus it is delta x into delta y

cube upon delta x square plus delta y square.

Now, one can take, one can take coefficient of delta y from here. The co delta y is this
upon this and coefficient of delta x from here, negative of this upon this. So, if you take
any expression of any one of the expression of epsilon 1 epsilon 2 and try to show that
epsilon 1 epsilon 2 tending to 0 as delta x delta y tends to 0 comma 0. Now we obtain

this expression.
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Now only thing now to prove that as limit delta x delta y tending to 0 0, epsilon 1 which
is limit delta x delta y tending to 0 0, delta x square into delta y upon delta x square, plus
delta y square. This limit and this limit epsilon 2; which is negative of delta x delta y
square upon delta x square plus delta y square. This both limit exist or an equal to O this

is remain to show for differentiability ok.

So, this exists an equal to 0 this to show. Now how can we showed at this limit exists an
equal to 0? Let us take first case, I mean the first limit. The easiest way is you convert
this in to polar coordinate system. You take delta x as R cos theta, and delta y as R sin
theta. So, when you take delta x as R cos theta, and delta y as R sin theta so, this limit
when delta x delta y tend to 0 comma 0. So, R will tend to 0. So, we can say that R will
tend to 0. And this is R cos squared theta into R sin theta upon R square, R square also
cancel out. Now whatever theta may be theta may be? Anything ok, whatever theta may
be when R is tending to 0 and 0 multiplied by some finite value this will be equal to 0.
And you can show this value is equal to 0 by delta epsilon definition also. You can take

you can take let epsilon greater than 0 be given.

Now, when you take mod of cos squared theta into R into sin theta minus 0; which is
equal to mod of R into cos square theta into sin theta and it is less than equals to mod R
into 1, because mod of this is less than equal to 1 mod of this is less than equal to 1. So,

this is less than equal to mod R, and if you take it equal to delta and choose delta equal to



epsilon, then mod of cos square theta into R into sin theta minus 0 will be less than

epsilon; whenever mod R is less than delta.

So, in this way, we can also show that this limit exists and is equal to 0, by delta epsilon
definition. And similarly, for the second part also we can proceed in the same way. So,
hence we have shown, that epsilon 1 and epsilon 2 what tending 0 as delta x delta y
tending 0 comma 0. So, we can say that this function is differentiable at a point 0 0. So,

in this way we can show that the function is differentiable ok.

Now, there is another way also to check whether function is differentiable or not. So,

what is that way?.
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Ah you see that delta Z is equal to f x at x naught y naught into delta y delta x, plus f'y at
x naught y naught into delta y, plus epsilon 1 into delta x plus epsilon 2 into delta y ok.
So, it is it is delta Z delta Z will be f x s naught y naught delta x plus f y x naught y
naught delta y and this thing ok. Now you define delta rho as under root delta x square
plus delta y square ok. If it you find delta rho as the under-root delta x square plus delta y
square. So, definitely as delta x delta y tending to 0. So, delta rho will also tend to 0.

So, this term the first term we can write as dz plus epsilon 1 delta x plus epsilon 2 delta
y. So, delta Z minus dz will be equals to epsilon 1 delta x plus epsilon 2 delta y. Now

divide the entire equation by delta rho. So, this implies delta Z minus dz upon delta rho



will be equals to epsilon 1 delta x by delta rho plus epsilon 2 delta y upon delta rho ok.
Now you take the limit. Limit delta rho tending to 0. When you take the limit here, now
it is delta x upon under root delta x square plus delta y square whose value is always less
than equal to 1. Whose modulus value is always less than equal to 1. Similarly, delta y
upon delta rho delta rho is this term. So, this mod is also less than equal to 1 ok. And as
delta rho tending to 0, epsilon 1 epsilon 2 will tend to 0, because if we are assuming

function is differentiable ok.

So, epsilon 1 epsilon 2 will tend to 0, and this is a finite quantity which is whose mod is
less than equal to 1 this is also finite quantity. So, 0 into something is some finite
quantity is 0, 0 into some finite quantity is 0. So, this will be 0. So, if we have shown that
this value tend to O as delta rho tend to 0, then also we can say that the function is

differentiable at a point x naught y naught.

So, basically, we are we are having 2 approaches to show that a function is differentiable
at a point x naught y naught, how? The first approach is you find epsilon 1 epsilon 2
from the basic definition of differentiability. And try to show that epsilon 1 epsilon 2 10
into 0 as delta is delta tending to 0 comma 0. Or the second way out is you find out this
limit, and if this limit it is tending to 0 as delta rho 10 into 0, then we can show the
function is differentiable at a point x naught y naught ok. Say we have just proved these

2 problems.
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@ f(x.y) = x? + y? is differentiable at any point (a.b) € B2
(2]

o
f(x,y) = {: xy,((z ,yf}‘ (x*+y2) £0,
0. (x*+y%) =0

is differentiable at (0. 0).




Say we take the second problem, and try to show that this function is differentiable from

this definition ok.

So, how can we show for this problem, you see what are the function is x y x square

minus y square upon X square plus y square, and x y is not equal to 0 comma O..
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And 0 when x y is equal to 0 comma 0 ok. So now, we have to show that this is
differentiable by this definition. We have already find f x and fy at 0 comma 0 for this
for this problem. And we have shown that this is equal to 0 ok.

So, dz will be 0. What is delta Z? Delta Z we have already computed for this problem
delta Z will be delta x delta y, delta x square minus delta y square upon delta x square
plus delta y square. Now try to find out this limit. So, what is this limit now? It is limit
delta rho tending to 0 delta Z minus 0 upon delta rho which is equals to; now it is delta x
delta y tending to 0 comma 0. Because if delta rho tending to 0; this means, delta x delta
y both will tend to 0. Because delta rho is nothing but under root of delta x square plus
delta y square is equal to and delta rho is delta x delta y, delta x square minus delta y
square upon delta x square plus delta y square, this term and from this term we are

having 3 by 2.

Now, we have we have to show that this tending to 0 as delta x delta y tending to 0

comma 0. So, again we can convert this into polar coordinate system. So, in that case in



epsilon 1 epsilon 2 definition we have to prove for the 2 limits, we have to prove for the
epsilon 1 also and for the epsilon 2 also, that both will tend to 0 as delta x delta y tends to
0 comma 0. And here we have to show that, only this will term to tend to 0 as delta x

delta y tends to 0 comma 0.

So, we can convert the polar coordinate system take delta x as R cos theta and delta y as
R sin theta. So, what we will obtain? This is equals to limit R tending to 0, this is R
square sin theta cos theta. This is again R square this is cos 2 theta, how hold is to power
it is R square R cube into this is one basically. And this will tend to this is this cancels
out. And for any theta this is always a bounded function. So, when R is tending to 0, this
will tend to 0. And we can show this also by delta epsilon definition. So, hence we can
show that this function is differentiable using the second definition of differentiability.

So, in the last lecture we will deal some more property of differentiability.

So, thank you very much.



