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Lecture - 06
Solution of parabolic equations

Welcome to the lecture series on numerical methods, finite difference approach and in
this lecture. In the last class, we have discussed that how we can just approximate this
differential approximations in a finite difference form with these polynomials and in this
lecture first we will just go for this likely one sided approximations. How we can just
treat the polynomial in one directional sense considering different points. That we will

just to discuss.

Then we will just go for the solution of parabolic equations. In this form we can just
discuss the different approaches like explicit approach, implicit approach or crank

Nicholson approach to find the solution f for parabolic equations.
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First we will just go for this explicit method.
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One-sided Approximation

The finite difference approximation for first order derivative along the boundary
can be obtained by using forward difference which is first order accurate.

For second order accurate, we will use a polynomial approach as follows:
Assume that f can be expressed by the polynomial

f=a+bx+cx? s (BT
Atgrid point 1, x = 0 which yields J za+exo+c>0 # Gz dpietbng
fi=a I
At grid point 2, x = Ax whichyields i=1 i=2 =1
Ji=(f= a+bdx + c(8x)’ ,1W
At grid point 3, x = ZAx which yields At esan

fi = a+ 2bAx + c(2Ax)?

And if you just go for this one sided approximation, the finite difference approximation
for first order derivatives along the boundary can be obtained by using forward
difference which is your first order accurate. Especially if you will just see like a forward
difference approximation if you are just using at a single point suppose. So, if you just
see. That we are just writing in the form like if you will have 2 points. Especially if you
are just considering like xi and xi plus 1 here, then especially we are just writing this
function as a like f dash of xi as f of xi plus 1 minus f of xi divided by h here and if we
want to fit this polynomial with this approximation here. Especially we can just assume a
function as in the form of like f of x equals to a plus bx plus cx square here. A second
degree polynomial or we can just say it is a quadratic polynomial here and at each of this
grid point suppose if you are just starting the boundary I equal to 1, then we will just

consider consecutive 2 points.

That is suppose I equals to 2 and I equals to 3 here and each are spaced at equal distances
like del x distances says. Then at each grid point one for suppose at first grid point we
can just consider x equals to 0 here. Then at the I equals to 2 we can just consider this is
as the del x here and I equal to 3 we can just consider x equals 2 del x here; so, at the
first grid point if you will just approximate this function that is for x equal to 0 here. So,
we can just provide you as f equals to a plus b into 0 plus c into 0 here. Especially if you
just to see that at point I equals to 1 here. So, fl equals to a here and for grid point 2.

Suppose if you will just see here x equals to consider as a del x here and if you will just



approximate this point with this function here, that function can be represented as a since

we are just a putting this subscript I as fi here.

So, I equals to 2. That is why we can just write it as a plus b delta x plus ¢ del x whole
square and at grid point 3 suppose if you will just find this function that can be written in
the form of like f 3. This equals to a plus 2 b delta x plus ¢ 2 del x whole square here. So,
if you will just go for this is solving off of these expressions like 3 equations, we will
have 3 unknowns there. If you will just solve these equations, then from the first

equation we can just get this coefficient a as f1 here and b if you will just calculate.
That can be represented as a minus 3 f1 plus 4 2.
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One-sided Approximation (continue...):

Solving the above expressions, we get:

asp,  p=CORIRXER)  _fi-2htf
o 28x : 2(Ax)?
MNow the first denvative at grid poin JLe, atx = 01s given by:
3)’ _?;1 + 4fz fz
dx 21.“

(5.8)

Minus {3 by 2 del x and the ¢ especially we can just find it as a f1 minus 2 {2 plus {3 by 2
del x whole square here. So, why we are interested in this like one way of transformation
is that or one sided approximation is that, sometimes in a physical problems if suppose
some physical behaviour is occurring inside the system, which is considers the property
at the boundary, but this property is a transmitting towards the inner points, then we have
to consider inner 2 points considering with the first point to find the flow properties or to
find the physical behaviour of the system. So, that is why higher order approximation it

is needed to get more accurate solutions.



So, that is why we are just considering this a formulation as in the form of like a plus bx
plus cx square. For the polynomial approximation to approximate in these 3 different
points at a particular time. Now if you will just approximate this first order derivative
here, then we can just write del f by del x that is nothing but b. So, b especially if you
will just see it is nothing but a minus 3 f1 plus 4 f2 minus {3 by 2 del x here. If you will
just see here. 3 different points I equals to 1, I equal 2 and I equals to 3 all are involved
for this like a first order differentiation here. Even if sometimes if you will just to see this
boundary conditions, we are just rotating as this normal boundary conditions that is a

normal derivative equals to certain value or 0.

If you are just considering, then this is a normal derivative sense we are just considering
the first order derivative there and if we want to include all these fluid properties or like
physical behaviour properties there. So, then we have to consider like 3 different points
at a particular instant or in a particular subject. Then at a time we can just write this

formulation as in this form here.
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One-sided Approximation (continue...):

Now the second derivative at grid point 1, i.e., at x = 0 is given by:
(?271( =2¢ ‘:[ =¢_45-+(1"'
dx?
x=0

ﬂ _h-2hH+ 6
dx? M_ (Ax)?
(5.9)

The error in above approximations are of order O(Ax).

So, if you will just go for like second order derivative here though we can just
differentiate that one this a function that is we defined as in the form of like if you will
just see a plus bx plus cx square there. So, that is why it will just to give you 2c there. 2¢c

means ¢ has a value here.



That is in the form of if you will just see f one minus 2 f2 plus f3 by 2 del x square here.
So, 2 can cancel it out. That is why it can be written in the form of like al minus 2 2
plus f3 by del x whole square here. This is a approximations can be used for first order or
second order differentiation in a one way approach or in a one sided approximation. We
can just write. Especially this is very useful whenever we are just considering any
physical problem and which can be used along the boundary levels. After then we will
just to go for this methods for solving parabolic equations and in the beginning of this
lecture we have discussed this classification of partial differential equations when we can
just say that the differential equation is like parabolic in nature, high parabolic in nature

or elliptic in nature.
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Methods for solving Parabolic Equations:

; . ; ; |
One-dimensional parabolic equation can be written as: ond ) / |
i R v |’ 6.1
at ~oxz  V=¥SLiz M (03]

AT o [

Suppose Dirichlet boundary conditions are prescribed at both'ths ehds and an
initial CWC > (Las: T — ERIRMIT Y
= = = <xy < :

(U,i‘,uy u(L,t) u) u(x,0=f(x)) 0<x<L (6'.\2:)11”«‘
To solve this problem, we first discretize the domain into regular mesh such ~*
that 2 = ilx; i = 0(1)N where xq = 0,x, = N. When the values of ugf)is
computed up to t = t; = jAt i.e, j' time level, the values at (j + 1)'" time
level are computed to give ugjuq; i = 1N —1,j = 1,2,...
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So, if you will just see that if we will be consider like one dimensional parabolic
equation, it can be written as like del u by del t equals to del square u by del x square.
Where you will have this boundary for this problem. That boundary is defined at x equals
to 0 and x equals to 1 here and this is a time always it will start from 0 and this
computation will you go for the t greater than 0 suppose along the boundary if we the
boundary conditions are prescribed for both the ends either at the initial level. So, initial
level means we can just consider that as like t equals to 0 here that is nothing, but u of x

0 which is defined as fx here. That is the initial condition.



And if you will just go for this boundary for particular times or the with variation of time
also we can just consider that the boundary will you remain same or it will not get
change with respect to the complication. Since, we will just do this computation fixing
these boundary conditions. So, that is why these boundary conditions are given as like u

of 0 t as u 0 that is nothing but a dirichlet condition here and u of It as ul here.

So, to solve this problem we first to discretize the domain into regular mesh such that x I
equals to I del x here. If you will just refine a domain as in the form of like you will have
2 boundaries here. That is al is defined at x equals to 0. Otherwise it defined as x equals

to | here.

And initial time level t equals to 0. All the values are supplied here and as time proceeds,
then we can just go like t equals to 1 here. For t equals to 1, we have to consider like a
boundary condition. Whatever existing here and here we will just to get the next point
here or we will just get the next point here we will just get the next point here we will
just get the next point here. So, that is why first we how to discretize this domain into
regular mesh or regular intervals. For this we will just divide this domain into like
regular intervals here and in this regular interval each of this interval can be defined as a

del x, del x, del x or some space length as h or.

You can just define in your way. So, if you will just discretize this domain in this form
then you will have these points like a starting point if you will just consider as 0 here,
then the first point will be x1, second point x2, third point x3 likewise it will just
continued and each of it is a distances it can be computed. Since x0 we will be started at
like x0 equals to 0 here. Suppose then x1 can be written as a0 plus delta x that is nothing
but delta x. Then x 2 can be written as like x1 plus delta x that is nothing but 2 delta x.
So, likewise if you will just to define here then finally, we can just find this xi any
arbitrary point. We can just write as xi minus 1 plus delta x here and especially if you

will just you see.

This is nothing, but I delta x. So, if we can just define this domain by putting all these a
nodal points, that as in the form of xi is here. Which are placed at equal distances and
which can be written as like xi equals to I delta xi equals to 0 one up to n. Where x0
equals to 0 and xI equals to n. If we are just considering here, we will have this values of

uij, but is j represent here the time level and I represents the coordinates for x direction



here. So, we can just compute these values at each of the increment of time levels. That
is nothing but p equals to tj here. Which can be written as like if del t is the space of time
here. For the first interval we can just write t1 equals to del t here and t2 we can just

write 2 del t here.

So, likewise we can just proceed and; obviously, j has a no restriction. So, that is why
you can just write j equals to 1 to up to a convergence state level. That where we can just
find a steady solution there or up to that level that we will have a converse solution.
Based on this problem if you will just go for this like explicit method here. First we will

just to discretize this.
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Parabolic Equations (Continue......):

+» Explicit Method: We discretize equation (6.1) at mesh point (i, j) such that
the time derivative is replaced by forward difference and space derivative is
replaced by central difference. We get Fra= Foe skt

3%_ u(x, H,J—u[x, .LJ,)_ X% G) 2u[fl)+u(x%
? At 0BT S [

or we can write this as:

”"'ilal“: u,, +r [ i 2u,  +u, |__,-]+ A[O(A!) +(){f\.1‘) ]

At ) " \w LL:«,JT u(_m.a\,q.j)
Let T IalE and neglecting lhajrror term, pe get ™,

Uy = FU;2 [@+(1 2r)uf+mf 0 (6.3)
Thus value of u; .4 can be computed explicitly. This method is also known as
Schmidt’s method.

Equation at mesh points. That is at is a point suppose such that the time derivative is
replaced by a forward differential and the space derivative is replaced by a central
difference approximation here. If you will just go for this a time derivative by a forward
difference approximation here we can just write. Since forward difference

approximation.

Always it is just written in the form like f of f t of xi as f of xi plus 1 minus f of xi
divided by delta x and at the time level since we are just considering this forward time
level here. That is you written as a del u by del t here. So, del u by del t this can be
written as like u of xi means a your I direction we are just doing this derivative in the j

direction here itself. You will just see del u by del t means time space. It is just to getting



changed. So, that is why we are just writing I is fixed here. u of xi tj plus 1 minus u of xi

tj by del t here. Which can be written as like del square u by del x square.

This is nothing but del square u by del x square here. Where we can just consider time
level is fixed. Since this variation is just coming or this partial derivative we are just
considering this has a variation in the x axis itself. So, x axis means we can just consider
this a central difference scheme at 3 different points in the x direction. That can be
considered this point as I minus 1, I and I plus 1 here. Hence, this central difference
approximation can be written as u of xi minus 1j minus 2 u of xi tj plus u of xi plus 1 tj
by del x square plus. This order of approximation if you will just see this left hand side
order of approximation is a order of a delta t here and if you will just see this central

difference approximation it is this order of approximation.

That is in the form of order of delta x square. So, that is why in a combined form both
the sides we are just putting it as order of a delta t plus order of 4 del x square here and
once it is written in this form, then we can just write this formulation as in the form of u
ij plus 1. Since, in the next time level we are just computing if you just see here. This
level we are just computing this values if you will just say j plus 1th level, this means
that t equals to Oth level. All the values has been supplied and we want to compute these
values at the 1th level here. Since, a boundary values it is given. These 2 values it is

provided to us. Then we will just compute this.

Next level values. So, that is why u I of j plus 1 this is nothing but uij plus del t by del x
square. Since, a del t is a multiplied here over. del t by del x square into u I minus one j
minus tu uij plus ui plus 1 j. Especially we are just writing u I plus 1 j means that is
nothing but u of x I plus 1 tj here and then if you will just multiply by del t. Also del t
can be multiplied also this order of approximation here. So, that is why this is written as
a del t into order del t plus order of a del x whole square here. Let del t by del x square
suppose if you will just consider it is r suppose if you will just consider this as r here and

neglecting all the error terms we can just to get this formulation as.

Since the u ij plus 1. It is just written, then we are just writing this a del t by del x square
is equal to r here. r into ui minus 1 j and then 1 I plus 1, ij is there. So, that is why 1
minus 2 r into uij. Then next is a r ui plus 1 j. Where this a higher order terms is you

neglected here and thus the value of uij plus 1 can be computed explicitly. Since we are



just involving this, if you will just see here that is I plusl j value is a involved here I j
values involved I minus 1 j value is involved here, but all these time levels if you will

just see these all are at the Oth level for the 1th level calculation here this means that.

If you will just see this slide here. This means that this all values here known to us at 0 th
level for this domain here. So, based on these values we can just compute all the values
in this level here. This method is a specifically known as smeeds method and people are
broadly using this explicit method for their computation of different differential

equations in a 1 dimensional sense.
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Farabolic Equations (Continue......):

Molecule of Explicit Scheme

Or in 2 dimensional sense and if you will just formulate this molecule for this system
here then our system is written in the form of like you ij plus 1 rui minus 1 j plus 1 minus
2 r plus r here . So, since we are just defining this domain as in the form of like a, if a

this is the domain here then we will have these points.

Like I minus 1 I and I plus 1 here and j th level it is just starting like since it equals to 0 it
is a starting then t equals to 1. Then t equals to 2 or we can just write t equals to 0. This is
the del t, this is 2 delta t likewise it is just moving. So, that is why at a first level if you
just see here these coefficients are written as a I minus 11 and I plus 1 here and suppose if
you will just consider like j equals to 0 suppose here Oth level. So, Oth level means this

all values were known to us and we are just computing this level value here. So, this is



called the molecule. Here molecule means we can just consider these 3 values at a

particular time to get.

This values here this means that this level of computation requires at this 3 different

points with the coefficients to get the values if it is asked the question like.
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|Pambof;’c Equations (Continue......):

Example: Find the numerical solution of the heat conduction equation

GO0 5 ey 25
ot g = -
With boundary conditions u(0,t) = u(1,t) =1 and initial conditions ‘ \|
_(1+2x 0<x<1/2 =
wE0=13 5 . 1/2<x<1 il o)y

O Use explicit method taking Ax = 0.2,At = 0.02 and compute up 10't =\L =
0.24 up to six decimal places.

Solution: Since the mitial temperature u(x,0) 1s symmetric and boundary

conditions at x =0 and x =1 are also same, so the problem is symmetric

about x = 0.5 i.e., the temperature at the subsequent times will also remain

svimmetric.

Del u by del t equal to del square u by del x square x lies between 0 to 1 and t greater
than 0 with the boundary condition co of 0 t equals to u of 1 t equals to 1 here. With
these initial conditions as u of x0 equals to 1 plus 2x. Along this half of this domain and
3 minus 2x as other half of this domain if you will just see here that the domain is a
defined in this form that your range is going from 0 to 1 here like if you will just define x

0 equals to 0 here and xn equals to 1 here.

And one particular level it is just considered as like a half here. So, where if you just see
the boundary condition, it is just given as al plus 2x. For this region and this region it is
just written as 3 minus 2x and at this point if you will just see this is nothing but if will
put x here as half here, then you can just to this is getting as a 2 here and especially if
you will just put this condition also here you can just find that 3 minus 2 into half here.
This is nothing but 2 here. That is why this represents a symmetricity along the center
line there and the boundary condition it is defined as u of Ot. That is nothing but along
the first boundary it is defined.



As 1 and if the last boundary it is defined as 1 of t equals to 1 here also. So, for this if
you will just used this space length has a 0.2. Since it is a given and your time scale it is
just given as 0.02. Then we can compute this calculation of 2 like t equals to 0.24. So, up
to 6 decimal places it is just asked. The problem is a asymmetric at x equals to 0.5 if you

will just to put.
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Parabolic Equations (Continue......):

The domain is subdivided as:

2t C P [ass e H -

w=0f : —— ——tu=1
0 0.2 0.4 0.6 0.8 1.0
We have x; = 0.2x{,1=0(1)5 " e
Due to symmetry at x = 0.5, for all j, ] to
Uy = Us,j, Uy ;= Uy, Uy = Uy < i
At 002
TEE T 008 02

Putting ¥ = 0.5 in the Explicit formula,
Uijpy = TU_yj+ (1= 2r)ug; +rugyy

Now, the domain is a divided into 5 sub intervals if you will just see here. So, you will
start as u equals to 0 at x equals to 0 and it will ended like a final point. That is a x equals

to 1.0.

You will have u equals to 1 there. Since the grid spacing is defined as 0.2 here. So, the
total domain that is 0 to 1 will be sub divided into 5 sub intervals each of length like 0.2.
Hence, if you will just consider here like x0 as the 0.0 here, then your starting point like
x1, this can be written as a x0 plus 0.2; that you will just give you as x0 is 0 here 0 plus
0.2 that is nothing but 0.2 here. That is the first point here. If your starting point is like x0
here, then x1, x2, x3, x4 and final point is like x5 here. That is why we have just 2
defined xi equals to 0.2 into I here. I is varying from 0 to 5 here due to symmetry as we

have.

Told that if you will just consider like ax equals to 0.5 here, then we can just find for all j
as u of 0 j equals to u of 5 j. Since the symmetry is occurring at 0.5 here. So, that is why

we can just consider u of 0 j equals to u of 5 j here. Then u of 1 j equals to u of 4 j. Then



u of 2 j equals to u of 3 j. So, likewise we can just to find the values and if you will just
see this r value as here r you can be defined as the del t by del x is square which can be
written as a 0.02 by 0.04. Since a del x is a chosen as a 0.2 here and del t as a 0.02. That
is why this a r value can be find out as a 0.5 here. If you will just use this explicit

formula for r equals to 0.5.

Then the complete formula it is just written as u I of j plus 1. This can be written as r ui

minus 1 j plus 1 minus 2 r uij plus r ui plus 1 j here.
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|Paraboh'c Equations (Continue......):

1 ‘
Ujjpq = 5{“54,;‘ +ugqhi=12

i = 3,4 can be written by symmetry.

For j=0 - L = - s Ve
Ugp = Usg = 1.0, Upg = Uy = 1.4, Uzg = Uzpg = 1.8
Computed values are:

t x 0 0.2 0.4 0.6 0.8 10
0.00 Ao} 1.4 1.8 18 14— [ ho)
0.02 [ 10} 14 16 16 14 /10
0.04 [10] 13 15 15 13 [10]
0.06 1.25 14 14 125 | ~10

This expression in the form of like uij plus 1; this as like half of ui minus 1 j plus uij plus
1 I equals to 1 to 2 here. Then we will have like a this boundary conditions. So, that is
defined as u of 0 as u of 5 0 that is nothing, but 1 here and u of 1 0 that is the u of 4 0.
That is 1.4 here and u of 2 0 u of 3 0 that is nothing but 1.8 here. So, it will just start this

computation, then we can just find these values are in this form.

Like 0.00, 0.02, 0.04, 0.06 these are all like time increments we can just get and your
space increments. You can just get it as a 0, 0.2, 0.4, 0.6 and 0.8 and last point is 1.0 here
and if you will just go for this computation of these values by putting this molecules
here. So, then you can just find this solution as like first point it is a boundary values. It
is just given like a x0. It is just satisfied all these are boundary conditions. So, that is just

defined in the form of like a u of 0 t and last boundary you can just also find.



The same value that is 1 also there so that is why we can just write this as like a 1.0, 1.0,
1.0, 1.0 here and this is also 1.0, 1.0, 1.0 here and if you will just see this further
calculation. It can just take this boundary conditions there. So, first value we are just
getting 1.4. Then second one we are just getting 1.8. Third we can just if you will just to
use the symmetricity here 0.2. It remains the same for 0.8 here and 0.4 is a remains same
for 0.6. Likewise if you will just computed this is the complete table that we can just to

get all the solutions.

Thank you for listen this lecture.



