Numerical Linear Algebra
Dr. D. N. Pandey
Department of Mathematics
Indian Institute of Technology, Roorkee

Lecture - 07
Bases and Dimensions-I

Hello, friends welcome to the lecture and in this lecture we will discuss some concept ah
basis and dimension, and if you recall in previous ah lecture we have discuss what do we

mean by a basis. So, there we started with a vector space say V define on a Say field F.
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And we say that B is a basis, of say V if 2 things satisfy first thing is the a span of B
whole is whole of V, and second thing is that B is a 1 i set and as an example, we have
discussed certain cases. First example, we have seen as set of all R n basically set of all n
cross 1 vectors. So, R n and here we have seen that this E 11 equal to i is from 1 ton 1

less than i less than n is a basis here E 1 is nothing, but E i is equal to 0 say 1.

So, here we have at ith place we have 1 so here we have this is ith place, ith place. So,
we have seen that that in R n this set is a basis and it is known as standard basis for R n,
similarly we have seen another example of set of all polynomials of power of degree not
more than F, and here we have seen that set 1 x x n, the set forms a basis for set of all

polynomials whose degree is up to n and here we have shown that this act as a basis and.



It is also known as stand basis for this at P n F and we also seen the vector space of
matrices of size m cross n defined over this F, and here we have shown that E1j i is from
1 to m and j is from 1 to n, forms a basis for this vector space. So, here E ij is basically
what E 1] is a matrix whose only nonzero entry is 1 at the position which is 1 th 1 j th
position. So, at 1 j th position it is 1 rest all 0, so 1 j th position means i th row and j th

column.

So, this we have discussed in last class now in continuation of this institution, let us

consider a next theorem which says that V if let V be a vector space.
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Let V be a vector space and (3 = {uy, U, ...., Un} be a subset of V. Then } is a
basis for VV if and only if each v € V can be uniquely expressed as a linear
combination of vectors of 3 or in other words V can be expressed in the form

V=ailh + ala +.... + aplp

for unique scalars ay, a, ....ap.

Proof. Let s be a basis for V. If v € V, then v € span(/3) as span(/}) = V. Thus v
is a linear combination of the vectors of 4. Suppose that

V=ail +alp+ ..+ aplp

and
V=Dbils + bols + ... + bplp

are two representations of v. Then
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And beta be a subset of V beta consists of these element u 1 to u n, then beta is a basis
for V if and only if for each V ah vector in vector space V, we have a unique
representation of V or we can say that each vector in V can be uniquely expressed as a
linear combination of vectors of beta or in other words V can be expressed in the form v

equaltoalul plusa2u?2 plusanun for unique scalars a 1 to a n.

So, it means that if we take any vector in vector space V, then corresponding to this
vector we have unique scalars a 1 to a n says that we can be written as a linear
combination of these a i u 1. So, this we wanted to prove and this is if and only if result.
So, first let us prove here that let beta be a basis and then we try to find out that we have
a unique representation. So, just assume that beta is a basis and take any element in

vector space V, then V belongs to a span of beta because a span of since beta is a basis



then a span of beta is whole of V and V is a element of capital V. So, it means that V has

to be a element of a span of beta

So, it means that V can be written as linear combination of the vectors of beta now let us
assume that we may have more than 1 representation it means that V can be written as
summation aiuiiis from 1 to n, and we can also write V in terms of biuifromiis 1 to
n, now we want to claim that these 2 representation is nothing, but the same

representation it means that E i is same as b m.

So,, so let us take these 2 representation and we subtract these 2 representation and we
can have when we subtract here V minus V is simply 0 and here in the right hand side

what we have a 1 minus B 1 times u 1 plus a 2 minus B 2 times u 2 and so on ah.
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0=(a—bi)ui +(a - ba)ua + ... + (an — bn)un.

Since /3 is linearly independent, it follows that

ay —‘b1 :ag—bgz....:an—bn:O.

Hence a; = b, 1 < i< n,and so v is uniquely expressible as a linear combination
of the vectors of 3. Converse is trivially true.
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And we can get this kind of equation that 0 can be written as a Il minus b 1 intou 1 plus a
2 minus b 2 into u 2 and so on. Now this implies that O has ah representation in terms of
u 1 to un, now since u 1 to u n forms a basis it means that u 1 to u ends are linearly

independent vectors.

So, this implies that that 0 must have only a trivial representation it means what that the
coefficient of u is nothing, but 0. So, if coefficient of u is 0 means a 1 is equal to a 1
minus v 1 is equal to 0 a 2 minus v 2 is equal to 0 similarly a n minus b n is equal to 0,

and this simply these and equations will give you that a i equal to b i for all i from 1 to n.



So, it means that all constants a i is equal to b i. So, it means that these 2 representation is
nothing, but same representation. So, it means that if we have a basis then any vector can
be represented in terms of basis vectors, in a unique manner now let us move the
converse part. So, converse part is quite trivial, but let us have a small hint here, so, what
we want to prove here that if we can any vector V can be written as unique
representation in terms of elements of beta then beta has to be a basis here, so now we

want to prove that if any vector V.
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In vector space V has unique representation in terms of elements of this set beta here
then this set beta is nothing, but basis for this vector space V. So, here V has a unique
representation means V can be written as summation aiuiiis from 1 to n and these a i’s

are unique a i1 from 1 to n I less than i less than n all these are unique scalars.

Now to using this we want to show that this set beta is a basis for this, now since it is
already given that any vector V can be written as unique in a unique manner in terms of
vectors of beta it means that a span of beta is full of v. So, it means that any vector can be
written as inner combination of ah elements of beta it means that a span of beta is whole

of V, the only thing we want to prove is that this beta is a linearly independent set.

So, for that we start with 0 and we try to find out say 0 as a linear combination of u is.
So, here let us say that 0 can be written as sum aiuiiis from I to n, we want to show

that if this all a is are 0 then we can show that u is are linearly independent. So, this can



be easily achieved by saying that this 0 has another representation, representation in

terms of u u is that 0 times v 1 plus 0 times u 2 and so on.

Now, we already know that every vector has unique representation means this ah
representation is nothing ah different from this representation. It means that if we equate
the corresponding coefficient corresponding coefficient has to be 0 0. So, a i1 has to be 0
for all i ah equal to 1 to see n. So, here this implies that that if we take summation aiu 1
equal to 0, then all a i has to be 0 which shows that all u is are linearly independent is

that.

So, this shows that if every vector V of a vector space V, can be uniquely represented in
terms of elements of this set beta here, then beta has to be a basis of this vector space V
this is very, very important result in terms of ah in, in terms of forming a basis that if we
have a finite generating set. Then ah our vector space V can be generated by a finite set

and ah, we can find out a basis from this finite set which is a generating set.

So, here we try to find out that a, a, a, a generating set a finite generating set S can be
reduced to find out a basis of this vector space V. So, let us look at the proof of this, so

here let us consider the trivial case, so let us say that if S is empty set.

(Refer Slide Time: 10:49)

If a vector space V is generated by a finite set S, then some subset of S is a basis
for V. Hence V has a finite basis.

Proof. If S = ¢ or S = {0}, then V = {0} and ¢ C Sis a basis of V.

Let S contains a nonzero vector say v; and {v; } is a linearly independent set.
Choose v, ¢ Span{v; }, then {v;, v,} is a linearly independent set. Proceeding in
this manner let us construct a subset /3 := {vy, vy, -+, v} such that /3 is a linearly
independent set and by adding any vector in 7 we have a linearly dependent set(S
is a finite set). Now our claim is that 4 C S'is a basis for V. To show this we will
show that S C Span{/3}. Letu € S, if u € 3 € Span{f3}. If u ¢ Span{/3} then
construction shows that /U {u} is linearly dependent. So u € Span{/3}. Thus

S C Span{f3}.
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Or singleton 0 in this case a span of S is nothing, but 0. So, it means that since ah V is

generated by this is finite set S. So, it means that in this case V is nothing, but a trivial



vector space and in this case if V is a trivial vector space then we already seen that in this
case our species ah set is nothing, but empty set. So, we can set that embady empty set,
which is a subset of this S. In fact, empty set is a subset of each set, so we can say that
empty set is a basis of V. So, in case of when S is empty set or singleton 0 set, then we

can say that basis of V can be written as nothing, but this empty set.

Now, let us move to nonzero ah non-trivial case, so let us say that let S contains a
nonzero vector say V 1, now since V 1 is nonzero, we already know that V 1 is linearly
independent set that is clear from the remark given in previous lecture. So, first remark if
you remember, then now let us extend this singleton set to the basis of vector space V.
So, now let us choose another vector say V 2 of V now this V 2 we are choosing in a way

says that it is not belonging to the span of this singleton V 1.

So, it means that V 2 can mean cannot be written as linear combination of this V 1, then
way we have already seen that in this case this V 1 union V 2 is a linearly independent
set, that is to will from the proof from a theorem which we have proved in a previous
class that if we start with a linearly independent set say S. And if we take any element

which which is not in S, then S union V is 1 d if and only if V belongs to span of S.

So, here using that result we can show that if we choose V 2 which is not belonging to
span of V 1, then V 1 union V 2 is a 1 i set. So, ah using this procedure we can proceed
and we can find out a set subset beta of set S, consisting V 1 to V k such that beta is
linearly independent set. And by adding any vector in beta we have a linearly dependent

set, and this we can ah always achieve because S is a finite set.

So, it means that it can go up to this set S now here ah here I am assuming, that this set S
is not a 11 set, because if S is a | i set it is already a generating set then S is already a
basis, we can say that S is already a basis then here we need not to go for them. So, here
we are assuming that this S is not a 1 1 set, so it means at s is 1 d set. So, it means that S is
1 d set S is a finite set then we can always find out a subset beta of this head says says
that if we add any more vector in beta, we have a linearly dependent set this we can get

from the previous theorem which we have discussed in previous class.

Now, our claim is that this set beta which is subset of this S is a basis for V. So, how we
can prove we already know that this beta is 1 1 by construction, what we need to prove

here is that beta is span the whole of V. So, we need to prove that span of beta is whole



of V, so to show that ah we already know that the span of S is whole of V. So, if we can
show that S is contained in a span of beta then we can say that span of S is contained in

span of beta and so can say that V is nothing, but a span of beta.

So, to show that S contained in a span of beta let us take a element of this capital S. So,
let us say this u belongs to this S now if u belongs to beta, means if u is already in this set
beta, then u will automatically belongs to span of beta. So, nothing ah we need not to
prove anything, but if u is not belonging to a span of beta. So, u belongs to S now if this

u is already in this beta then it will also belong to a span of beta.

So, ah you can say that S belongs to a span of beta, but if we can find out 1 u which is
not in a span of beta. So, it means that u is not in a span of beta, then ah by previous
theorem we can say that u union beta is a | 1 set, but our construction shows that beta
union u is a 1 11 d linearly dependent as we have already constructed our beta in a way,
that if we add any more vector it will be a I d set, but by previous theorem we can say
that if u does not belongs to span of beta then ah by u taking u along with this beta will

give you a a linearly independent set.

So, here we can get a contradiction and this contradiction we are getting because we are
assuming that u does not belong to a span of beta. So, u is belongs to a span of beta and
we can say that if u belongs to span of beta means S belongs to span of beta it means that
a S span of beta is nothing, but whole of space vector space V. So, it means that this beta

is a subset of this S, which is a basis for this vector space V.

So, this complete the proof of this theorem and again reiterating the importance of this
theorem too here, that if we start with a finite generating set S then every finite, this
finite generating set can be reduced to a find out a basis of this vector space V. So, now,
let us move to again a very important theorem that is a replacement theorem which says

that let V be a vector space.
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Replacement Theorem

Let V be a vector space that is generated by a set G containing exactly n vectors,
and L be a linearly independent subset of V containing exactly m vectors. Then

m < n and there exists a subset H of G containing exactly n — m vectors such that
LU H generates V.

Proof. The proof is by mathematical induction on m. The induction begin with

m = 0; for in this case L = ¢, and so taking H = G gives the desired result.

Now suppose that the theorem is true for some integer m > 0. We prove that the
theorem is true for m+ 1. Let L = {vy, o, ..., Vi1 } b€ @ linearly independent
subset of V consisting of m+ 1 vectors. Then {vy, va, ..., vin} is linearly
independent,
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That is generated by a set G containing exactly n vectors, and let L be a linearly
independent subset of V, containing exactly m vectors then m has to be less than or equal
to n what is m here m is number of vectors in linearly independent subset of V. And n is
what n is the number of element in a spanning set then m has to be less than or equal to n
and, there exist a subset H of G containing exactly n minus m vectors, such that L union

that subset H of G generate the whole of V.

Now, this can be understood in a way ah, if you look at the previous theorem previous
theorem says that a finite generating set can be reduced to a basis. Now this theorem says
that we start with a linearly independent subset of V and we can extend it to the basis of
a vector space V. So, previous theorem says the construction of basis from a generating
set, and this theorem says the construction extension of set a linearly independent set to a

basis of a vector space V both are very, very important.

So, the only thing is that from where we are starting, if we are starting from generating
set look at the previous theorem and if we are starting from linearly independent ah set

then we can look at this a replacement theorem.

So, let us try to prove this theorem the proof is by mathematical induction on m. So, the
induction begin with the say m equal to 0, and if we consider the m equal to 0 means the
number of element in this L i set is 0. So, in this case we can say that L is nothing, but

empty set. So, if L is empty set said we know that empty set is basically linearly



independent set, and span of L is nothing, but 0. So, in this case your subset H of
generating set G is nothing, but same. So, here we can take H as whole of G. So, it
means that phi union with this G will generate whole of V, because it is already given

that G is the generating set of this vector V, so which gives the desired result.

Now, let us assume that that theorem is true for some integer m which is positive, we try
to prove that theorem is also true for next integer that is m plus 1. So, let us assume this
that let L is a linearly independent set, subset of V consisting of m plus 1 vectors, let us
say a call these vectors as v 1 to v m plus 1. So, if v 1 to v m plus 1 this if this set is
linearly independent, then any subset of this linearly independent subset is again linearly

independent that we have already seen.

So, remove this v m plus 1 then we have v 1 to v m and it is linearly independent, then if
you look at the the assumption here then this by assumption we can say that this theorem
is true for m. So, it means that this m is less than or equal to n, and for this set we can
always find out we can find out a subset H of G containing exactly n minus m vector

such that this set union that H generate the whole of V.
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and so we may apply the induction hypothesis to conclude that m < nand that
there is a subset {uy, Uy, ...., Un_m} of G such that

{Vi, Vo, ooy Vi U {U, U, ..., Un-mm} generates V. Thus there exist scalars
a,a, ..., am, by, ba, ..., by_m Such that

n-m

m

Y avi+ ) b = V1. (1)
=1 j=

If vy, 1 is a linear combination of vy, v, ...., vin, nly then this contradicts the
assumption that L is linearly independent. Hence n > m; thatis, n > m+ 1. This
imply that some of the bj, say by, is nonzero. Solving (1) for uy gives

p
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so it means that we may apply the induction hypothesis to conclude that m is less than or
equal to n and that there is a subset u 1 to u n and u n minus m of G such that this set

union u 1 to u n minus 1 generates the whole of V.



Now, with this we want to ah prove the result for this set L. So, now, since this span the
whole of V. So, it in particular we can always find out say constanta 1 toamb 1 tobn

minus 1, such that this vector v m plus 1 can be written as linear combination of vinu i.

Now here my claim is that there exist at least 1 b 1 which 1 b j’s, which are nonzero
because if all b j b 1 to b n minus 1 are 0 it means that v m plus 1 can be written as u
linear combination in terms of v i ah, which contradict the fact that 1 is linearly
independent because 1 is linearly independent means v m plus 1 cannot be written as as a
linear combination of v 1 to v m. So, at least 1 of thisb 1 to b b 1 to b n minus 1 has to
be nonzero, it means that this n minus m has to be positive then only ah some of b j’s are

non z<ro.

So, here n is strictly greater than m or we can say that n is greater than or equal to m plus
1 this implies that some of the b 1’s let us say at least 1 b 1 is non 0 and then we can write
down equation 1 in terms of b 1. So,b 1 u 1 we can write itb 1 u 1 in terms of aiv i and

v m plus 1.

(Refer Slide Time: 22:57)

m n-m
==Y bylawi+ b7 v - Y b7 by
i=1 j=2
Let H = {up, U3, ...., Up_m}. Then u; € span(LU H), and because
Vi, Vo, ...V, U, Us, ..., Un—p @re clearly in span(L U H), it follows that
{V4, V3, oy Vin, Ut U, ., Un_m} € Span(LU H).

Because {vi, Va, ..., Vin, Uy, Uy, ..., Un—m} generates V, so span(LU H) = V. Since
H is a subset of G that contains (n— m) — 1 = n— (m+ 1) vectors, the theorem is
true for m+ 1 vectors. Hence the proof follows.
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And we can write it u 1 as minus summation i equal to 1 tomb 1 inverseaiviplusb 1

inverse v m plus 1 minus j equal to 2 ton minus 1 b 1 inverse bjuj

So, it means that u 1 can be written as linear combination of viv m plus 1 and uj’s, and

we can say that let us consider h now in this case h is nothing, but remove this u 1 from



this set u 1 to u n minus 1 now h is what u 2 to u n minus 1. Then u 1 belongs to span of 1
union edge | is what 1 is v 1 to v m plus 1 h is what u 2 to u n minus 1. So, we have
shown that u 1 can be written as the linear combination of v i’s v m plus 1 and uj. So, we
can say that u 1 belongs to a span of | union S and because v 1 to vm u 1 to u n minus m
these are already in span of an union H basically these are element of L union H, so this

will belongs to a span of H.

So, it follows that v 1 to vm u I to u n minus m it also belongs to a span of L union H,
since this theorem is true for ah vectors v 1 to v m, then this set generate the whole of v.
So, we are using this fact and we are saying that v 1 to vm u 1 to u n minus 1 generates
v. So, and this is already contain in span of a L union H. So, it means that v containing a

span of L union H. So, we can say that span of L union H is whole of v.

So, since H is subset of G now how many element it contain it contains n minus m minus
1. So, it means it contains n minus m plus 1 vectors and the theorem is true for m plus 1

vectors also, and hence the proof follows.

(Refer Slide Time: 25:00)

Replacement Theorem

Let V be a vector space that is generated by a set G containing exactly n vectors,
and L be a linearly independent subset of V containing exactly m vectors. Then

m < n and there exists a subset H of G containing exactly n — m vectors such that
LU H generates V.

Proof. The proof is by mathematical induction on m. The induction begin with
m=0; for in this case L = ¢, and so taking H = G gives the desired result.

Now suppose that the theorem is true for some integer m > 0. We prove that the
theorem is true for m+ 1. Let L = {1, va, ..., Vin+1 } be alinearly independent
subset of V consisting of m + 1 vectors. Then {vi, v, ..., vin} is linearly
independent,

0
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Now, this has a very, very say useful corollaries which we are going to discuss, so first ah

corollary is this that.
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Dimension

Corollary 4

Let V be a vector space having a finite basis. Then every basis for V contains the
same number of vectors.

Definition 1

A vector space is called finite-dimensional if it has a basis consisting of finite
number of vectors. The unique number of vectors in each basis is called the
dimension of V and is denoted by dim(V). A vector space that is not
finite-dimensional is called infinite-dimensional.

(3¢ NPTELONUINE
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Let V be a vector space having the finite basis then every basis for V contains the same

number of vectors let us have a small proof of this. So, what we need to prove here that

we have a.
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Vector space V and we know that it has a finite basis, has a finite basis, finite basis, what
we want to prove here that every basis of this V contain the same number of vectors. So,

suppose we have 2 basis say S and T, since it has a finite basis let us consider this finite



basis as this S. So, let us take the number of element in this basis is n and consider

another basis say T and here the number of element is this m.

So, here since S is a basis it means that S is L I set, and S is a spanning set similarly T is
a basis it means T is L I set and T is a spanning set. So, let us consider this as S is a
spanning set means spanning set first second thing is that Sis 1 a S is a L I set, similarly
we can write down for T. So, that T is a spanning set a spanning set means span of T is

whole of V and second is that T is L I set.

Now, please recall the replacement theorem and replacement theorem says that the
number of that if we have a vector space V, and a spanning set having ah number less
having number n and this n elements here then if we take any L I set, then number of L I

independent vectors must be less than number of a spanning elements.

So, it means that here by a replacement theorem if we use these 2 result that if we have a
S is a spanning set, means as generate the vector space V and T is a L I set, then the
number of ah vectors in T must be less than or equal to number of the element in this
spanning set. Now the number of element in L I set is m must be less than or equal to
number of the element in this spanning set that is n. So, it means that m has to be less

than or equal to n let us call this as equation number 1.

Now, let us consider again the same situation, but this time we use this set of ah things
that in this case T is a spanning set, and S is a L I set. Now again use the replacement
theorem which says that the number of number of vectors in a L I set, must be less than
or equal to number the number of the element in a spanning set. Now here the number of
element in L I set is what here the number of element in L I set is n this must be less than

or equal to number of the element in a spanning set that is less than equal to.

So, n is less than or equal to m call it 2 now if we look at the both the equation number 1
and 2 this can be possible only when m is equal to n. So, it means that that if V has a
finite basis then the number of element in any of the basis must be same, and this shows
that that the number of basis element it means that number of basis may not be unique,
but the number in each basis has to be unique and this number unique number assigned

to this vector space V as a dimension of this vector space V.



So, let us with the help of this let us define the dimension of a vector space V. So, a
vector space is called finite dimension if it has a basis consisting of finite number of
vectors. And as we pointed out in this corollary 4 the unique number of vectors in each

basis is called the dimension of V, and it is denoted by dimension of V.

Now if we do not have finite dimensional vector space then we call this as infinite
dimension vector space, examples we have shown seen is R n and here we have seen a
basis we have seen as e i 1 less than i less than or equal to n. So, here we can say that the
dimension of R n is nothing, but n. So, dimension of R n is nothing, but n similarly
dimension of P and F if we have seen that P n F is what P n F is the set of all polynomials

whose degree less than or equal to n.

And we have seen that the basis element and basis are what 1 x up to x m. So, here
number of element is n plus 1. So, we can say that dimension of P n F is nothing, but n

plus 1 is it they are certain more example here ah the trivial example is that.

(Refer Slide Time: 30:58)

Example 1
The vector space {0} has dimension zero.

Example 2
The vector space R has dimension n.

Example 3
The vector space P,(R) has dimension n+ 1.
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The vector space 0 has dimension 0, so here ah we have defined as the. So, here ah basis
set is nothing, but empty set and empty set has no element. So, we can say that vector
space 0 has dimension O the next example which we just now shown that R n has
dimension n. Similarly, the vector space P n R has dimension n plus 1 now P n R means
that set of all polynomials whose of degree less than or equal to n, whose coefficients are

coming from real number is it ok, so here dimension is n plus 1.
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Example 4

Over the field of real numbers, the vector space of complex number has dimension
2. (Abasisis {1.1}.)

The subspaces of R® are easily seen as:

(a) 0-dimensional subspaces:{0}

(b) 1-dimensional subspaces: Al lines through the origin
(c) 2-dimensional subspaces: All planes through the origin
(d) 3-dimensional subspaces: R3
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Next let us consider the example 4, which says that consider the vector space complex
number and underlying field is real numbers. So, if underlying field is real number then
we have basis vectors 1 and i. So, it means that you take any element in say ah C over R.
So, C over R means you take any element here. So, let us call this as u here, so you can
write and write down a plus 1 b, now since a and b are coming from where a and B are

coming from R right.

So, here basis elements are 1 and i, so we can say that ah this is 11 and this can this spend
the whole of vector space C. So, we can say this is a basis element. So, here we can say
that dimension of C over R is nothing, but 2, but if we consider the vector space C over
C. So, it means that now the possibility for a and b that this a and b is coming from c,
then here basis element contain only 1 element that is any nonzero element let us take
this as 1. So, here we have only singleton set which is spanned the whole of C, and since,

since it is a nonzero, so it will be a linearly independent set.

So, here C over C has dimension 1 while C over R has dimension 2. So, ah we can
consider this subspace of R 3, and we can say that 0 dimensional subspace is 0 1
dimensional subspace we can consider all lines through the origin 2 dimensions away
spaces all placed through the origin and 3 dimensional subspace is nothing, but R 3 will

discuss more about this remark in next lecture. So, here we skip we are skipping it and in



next lecture we will discuss more about it, and next important ah result is corollary 5

which says that.
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Corollary 5

Let V be a vector space with dimension n.

(a) Any finite generating set for V contains at least n vectors, and a generating set
for V that contains exactly n vectors is a basis for V.

(b) Any linearly independent subset of V that contains exactly n vectors is a basis
for V.

(c) Every linearly independent subset of V can be extended to a basis for V.

Example 5

Fork =0.1,2......n, let px(x) = x* then {po(x). p1(x). .. pa(X)} is a basis for
Pn(F) where Py(F) is vector space of all polynomials having degree less than or
equal to n.
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Let V be a vector space with dimension n then any finite generating set for V, which
contains at least n vectors and a generating set for V that contain exactly n vectors is a
basis. So, it means that if we already know the dimension here then if we can find out a
generating set having exactly n vectors that is nothing, but a basis second thing be that
any linearly independent subset of V that contains exactly n vectors is a basis for V, and

third is that every linearly independent subset of V can be extended to a basis for V.

Now, we can consider as an example of this corollary 5 is this, then since it is L I set
having n plus 1 element which is nothing, but the dimension of P n F. So, by second
point of corollary 5 we can show that this set is a basis of P n F next lecture we will
discuss the concept known as a coordinate of a given vector. So, how this concept of
basis will help you to find out the coordinate of a given vector V is it ok. So, we will

discuss in next lecture thank you for listening us we will meet in next class.

Thank you.



