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Lecture — 47
Perturbation theorem for singular values

Hello friends, welcome to this lecture. Here in this lecture we will continue our study of
singular value decomposition. If you recall in previous class in previous lecture of single
value decomposition we have seen that the singular values of a any matrix A is well

posed.
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(Perturbation Theorem for Singular Values)

Theorem

LetAand B = A+ E be two real m x n matrices, where m > n. Let
oni=12...nand7.i=12 .. nbe the singular values of A and B,
respectively, in nonincreasing order. Then

=i <|B=Al2, Yi=12,,n.
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So, here we have discussed this theorem that let A and B where B is can be written as A
plus E, E is considered to be a perturb perturbation matrix to this matrix A, be two real m
cross n matrix, where m is greater than equal to n. And let sigma i, i from 1 to n and tau i
1 from 1 to n with a single values of A and B respectively. And it is arranged in non
increasing order then modulus of tau i minus sigma 1 is less than or equal to 2 norm of B

minus A and this is true for every i from 1 to n.

So, this is the result which we have discussed in previous class and we say that the that if
we perturbed our matrix A by this matrix E then the eigen values of be singular values of
B and a is differed by 2 norm of this perturb matrix E. So, in a the similar kind of result

we can also state in terms of Frobenius norm.
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(Perturbation Theorem for Singular Values)

Theorem

LetAand B = A+ E be two real m x n matrices, where m > n. Let
.0 =1,2,...nand7.i=12,..n be the singular values of A and B,
respectively, in nonincreasing order. Then

n
(7= aif2 < 1B~ Al = ]l
i=1

For proof one may see the book "Matrix Analysis”, Cambridge University Press by
Horn and Johnson 1996, page 419.

The result basically states that the singular values of a matrix are well conditioned.
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So, the similar kind of result which we a state a state in this theorem that let A and B,
where B is A plus E be two real m cross n matrices, where m is greater than equal to n.
Let sigma i1 from 1 to n and tau i from i from 1 to n be the singular values of A and B
respectively and it is arranged in non increasing order then under root of summation 1
equal to 1 to n tau 1 minus sigma square is bounded above by norma Frobenius norm of
B minus A. And here Frobenius norm of B minus A is nothing but the Frobenius norm of
the pert perturbation matrix that is this E. So, it means that into Frobenius norm this is

bounded by the Frobenius norm of the perturbation matrix.

Here we are not providing any proof and if you want to see the proof of this theorem
then we refer the book matrix analysis published by Cambridge University Press, and
written by Horn and Johnson in the year 1996 and at page number 419 you can see the

proof of this theorem.

And since we have already seen the proof here and we say that the similar kind of proof
we can produce for this theorem. And the purpose of studying these two theorems is the
following that the result basically state that the singular values of a matrix are well
conditioned. So, it means that if you perturb your matrix your singular values will not

change much.
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In numerical linear algebra and many important applications, finding the rank of a
rectangular matrix, and in particular knowing about the non-singularity of a square
matrix are some very important problems.

The simplest and least expensive method to find the rank of a matrix is to find the
triangular form of the matrix using Gaussian elimination.

Using elementary transformation, Gaussian elimination method may transform a
rank deficient matrix into a matrix of full rank due to numerical round-off error.
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Now, with the help of the last result let us discuss some more important results. So, here
we start with this that in numerical linear algebra and many important applications
finding the rank of a rectangular matrix or in particular find finding the rank of a square
matrix means, whether a square matrix is a singular or nonsingular is these problems are
very very important problems. And we take will these problems of finding the rank of a
given matrix by using the Gaussian elimination method and in Gaussian elimination
method we use elementary root trans root transformation to convert a given matrix into a

triangular matrix.

And in, but theoretically it is a very convenient method to find out the rank of a matrix.
But if we consider this the same situation in practical life then it is a very it may create a
lot of problem the problem is because of this you will elementary transformation and this
using elementary transformation Gaussian elimination method may transform a rank
deficient matrix matrix into a matrix of full rank due to numerical round off error. So,
this is a fact which is very very important and we already know that the matrix which we
are considering a may is already perturb or may be polluted by the equipment error or

many other error

So, it means that there we are we are never sure that the matrix we are handling is the
actual matrix are a perturb matrix. So, we cannot ignore these kind of thing that this

elementary row transform may convert a rank deficient matrix into a rank full rank



matrix. So, to avoid these kind of thing we take the help of singular value decomposition

to find out the rank of a given matrix A.
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Consider a matrix of size nx n_

We may check that the cond..(A) = n2"~" and hence, A is very close 10 a singular
matrix when n is large.
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And for example, if you look at this matrix here, where A is a matrix of size n cross n
and it is a upper triangular matrix. So, the diagonal elements are one and the all the other
element in same in the triangular part is minus 1. So, upper above diagonal entries are
minus 1 and the lower diagonal entries are simply 0. So, it is basically a upper triangular

matrix whose diagonal entries are 1 11 1.

So, it looks that this matrix is a nonsingular matrix and it is nowhere apparent that this
matrix is very very near to a singular matrix how we can check that if you look at the
condition number of this matrix and the infinity norm and it is you can check that it is
coming out to be n times 2 to power n minus 1. And hence you can say that for large size
n this condition number is very very large number and hence we can say that by the
property of condition number we can say that A is very close to a singular matrix when n

is large.

So, it means that handling since you can say that this matrix you can obtain from a any
matrix using not any matrix for a given matrix using Gaussian elimination method and
here looking at this a we are not able to find out whether this matrix A is very near to a
singular matrix or not. So, looking at all these drawbacks that a the matrix given in hand

A is a original matrix or a polluted matrix or due to numerical round off error this



Gaussian elimination may convert a rank deficient matrix to a full rank matrix, and even
in a triangular form we really do not know whether a given matrix is near to a rank

deficient matrix or not we prefer to use SVD, single value decomposition method.

Now, since the number of nonzero singular value determine the rank of a matrix we may
say that a matrix A is arbitrary close to a matrix of full rank by changing all these 0
singular values by a very small number say epsilon which is very very small and it is
positive, any nonzero number we can say. Then you have a same matrix and it may have
some 0 singular values, you change your singular values by an arbitrary small number
say epsilon and then this matrix is A changed matrix is a full a matrix of full rank, and

you can say that it is arbitrary close to the given matrix.

So, in practical it is more important to know if a matrix is near to matrix of a certain rank
rather than knowing the rank of the given matrix. And the singular value decomposition
may exactly answer this query. The most useful way to determine the rank and nearness
to rank deficient matrix is to use the SVD. So, we try to verify the these statement by

same methods.
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(Eckart - Young Theorem)

LetA = USVT be the SVD of a real m x n matrix A, where m > n. Let the rank
of Aber. Letay > ap > ... > a, > 0 be the positive singular values of A. For,
71
]
k=12 ..r-1. define A, = US,VT, where S =

Then,
(1) rank(Ay) = k.
(2) Let B be any matrix of rank k, then |A - Bl = |A~ Ai|¢. or

min |A-Blr=|A-A
Wi 1A~ Ble =4~ Ade
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So, first result in this direction is the following theorem which is Eckart young theorem
and given by Eckart and young in 1936. The statement of theorem says that, let A is
equal to USV transpose be the singular value decomposition of a real m cross n matrix A,

where m is greater than equal to n and we let us assume that the rank of this matrix A is r



and sigma 1 greater than equal to sigma 2 greater than equal to sigma which is positive

be the positive singular values of A.

Now, for k ranging between 1 2, r minus 1 we can define A k as US k V transpose where
this matrix S k is given by this diagonal matrix where the first these diagonal elements
are sigma 1, sigma 2 to sigma k and rest are all Os. Wait, then we say that we claim that
rank of Ak is k and if we have any matrix B of rank k then Frobenius norm of A minus B

is greater than or equal to Frobenius norm of A minus A k.

So, it means that if you calculate the Frobenius norm of A minus B, where B is any
matrix of rank k then the Frobenius norm of this is always bigger than or equal to
Frobenius norm of A minus A k. And you can say that the equality you can achieve that it
means that and minimum of rank B is equal to k norm Frobenius norm of A minus B is a
Frobenius norm of A minus A k. So, it means that the equality achieved when B is equal

to A k.

(Refer Slide Time: 11:09)

Since Ay = US, VT is the SVD of A, it is obvious that A, has rank k. LetB be any
m x n matrix of rank k. We will prove that

|A-BJE > |A- A2

Since B has rank k. let the singular values of B be

So, we have

i]
R 2. 2 2 2 2
IA-BI% > ) (01— 1) > oy + o+ .+ 0% = |A- Al

=1

This completes the proof.
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So, let us consider the proof here. So, first thing is that the rank of A k is k and this is
quite easy because if you look at the rank of A k is rank of US k we transpose. Now, U
and V are orthogonal matrices and hence of full rank. So, rank of A k is nothing, but rank
of S k and rank of S k is nothing, but lead nonzero values in the diagonal in the diagonal
of S k which is k. So, it means the rank of A k is nothing, but the k. So, it is obvious that
A k has rank k.



Now, we want to show that if we take any B which is a m cross n matrix of rank k then
we want to show that the Frobenius norm of A minus B square is greater than or equal to

Frobenius norm of A minus A k

So, let us take B and any m cross n matrix of rank k then the singular values of B, B let
us say tau 1 tau 2 and tau k and we assume that rest are all tau k plus 1 to tau n are all 0
singular values. So, up to tau 1 to tau k we have positive singular values and rest are 0

singular values.

Then we already know that the result we have shown in the first as this result if you look
at this result that, let A and B be two real m cross n matrix then we know that the
Frobenius norm of B minus a is bigger than this. So, using this result we can say that that
Frobenius norm of A minus B whole square is bigger than i equal to 1 to n sigma i minus
tau 1 whole square, and if you if you look at this is what this is greater than or equal to

sigma i square k plus 1 plus sigma i square k plus 2 and so on sigma n square.

Now, if you look at this is nothing, but the Frobenius norm of A minus A k square. So, it
means that that if it calculate the Frobenius norm of A minus B square then it is greater
than or equal to Frobenius norm of A minus A k square and the equality follows if you
replace B as A k. So, this complete the proof of the theorem that Eckart young theorem
that if you define A k like us k V transpose then minimum of Frobenius norm of A minus
B, where B rank of B is a matrix of rank A, then minimum of rank B equal to k

Frobenius norm of A minus B is equal to Frobenius norm of A minus A k.
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Example
Let
12
A 2 3|, 7y =65468. 0, =0.3742
3 4
Let k be 1. Then

1.2608 1.8193
Ay =US VT = | 2.0534 29630
2.8460 4.1067

Out of all the matrices of rank 1, A; is closest to A.
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Now, consider the similar proof in 2 norm, but before that let us consider the following
example here we have matrix A given as a 1 2, 2 3, 3 4 and we can easily calculate the
singular values of this matrix A as sigma 1 is equal to 6.5468 and sigma 2 as 0.3742. And

we want to find out a matrix B which is of rank 1 and it is closest to the matrix A.

So, for that you define A 1 as US 1 V transpose, where S 1 is a diagonal matrix where the
diagonal entry is sigma 1 and rest all 0. Then we can calculate that A 1 as US 1 V
transpose and it is given by this. So, by previous theorem we can show that this A 1 is the
matrix of rank 1 and it is closest to the matrix A and this you can verify with the help of

your MATLAB. So, you can see whether it is true or not.

So, we want to show the verification of this example using MATLAB.
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So, if you look at we define our matrix A as 1 2, 2 3, 3 4. If you display it and then A is
given as 1 2, 2 3, 3 4 and then we try to find out say singular value decomposition of this
matrix. So, it means that U is an orthogonal matrix given as this and S is this and V as

this and this is given here.
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G.5468

This here we have simply noted down sigma 1 and sigma 2 as 6.5468 and 0.3742 and
which is given here say 6.5468 and 0.3742.



So, here if we define a matrix S 1 where S 1 will consist only first singular values the
bigger singular value 6.5468 and rest entries are 0. So, it means that S 1 is your matrix
like this 6.5468 0 0 0 0 and then we calculate A 1 as US 1 V transpose then your matrix
Ais given as 1.2608, 1.8193, 2.0534 and so on.

(Refer Slide Time: 16:15)

And we can say that this matrix A 1 which is listed here is a matrix of a rank 1 and A 1 is

closest to A, that you can check that rank of A 1 is what.
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So, here rank of A 1 you can say that it is 1. So, it is coming out to be here. So, it is a of

rank 1 matrix which is closest to matrix A with the in Frobenius norm.

Now, we try to see the similar result in terms of 2 norm and we have the following
theorem, The statement of this theorem is that let A is a USV transpose be the singular
value decomposition of real m cross n matrix A where m is greater than equal to n and let
the rank of a matrix A is r and we arrange our singular values as this order. And be in the
sigma 1, 2 sigma r be the positive singular values of a and for k from 1 to r minus 1 we
can define A k as US k V transpose where S k is as defined as before. Then we claim that
rank of A k is k and minimum of 2 norm of A minus B, where B is any matrix of rank k

is your 2 norm of A minus A k which is nothing, but sigma k plus 1.

So, it is a similar kind of result as we have seen in Eckart Young theorem and let us try to

prove this the proof is slightly different from the proof for Eckart Young theorem.
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e
Proof. Since Ay = US V" is the SVD of Ay, itis obvious that Ay has rank k. Also,
‘o :
A-A=US-8)VT=U ket VT

0y

0
For any matrix P, | P||z = omax(P). the maximum singular value of P. Therefore,
A= Agllz = omax(A - Ak) = aks1.
Let Bbe any m x nmatrix of rank k. We will prove that
A- B3> |A- A} = of,
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So, let us say that here since A k as US k we transpose is the SVD of A k it is obvious
that A k as rank k or otherwise you can simply say the rank of Ak is a rank of S k. And

rank of S k is easily we can see that it is k because the nonzero entries in S k is only k.

So, now, you calculate A minus A k which is nothing but U S minus S k V transpose. So,

if you look at it is given by this. So, the first diagonal k-th diagonal entries are 0 and then



we have sigma k plus 1, 2 sigma r and rest all 0. So, the remaining r minus k entries are

nonzero and rest are all 0.

Now, we already know that the 2 norm of a matrix P is sigma max of P singular here
sigma represent the singular maximum singular values of matrix P, then 2 norm of P is
the maximum singular value of P then we want to find out say 2 norm of this matrix A
minus k A minus A k. So, 2 norm of A minus A k is the sigma max of A minus Ak, and if
you look at sigma sigma max of A minus A k is nothing but sigma k plus 1, as we have
already arranged our single values in this fashion that sigma 1 is greater than equal to
sigma 2 and so on. So, sigma k 1, so among these singular values your sigma k plus 1 is
the maximum singular value of this matrix A minus A k. So, what we have proved here is

that the 2 norm of A minus A k is sigma k plus 1.

Now, what remains is to prove that two norms of 2 norm of A minus B is bigger than this
quantity. So, let B be any m cross n matrix of rank k, we will prove that square of 2 norm
of A minus B is greater than or equal to 2 norm of A minus A k whole square and that is

nothing, but sigma i square k plus 1.
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e
By the Rank- Nulity Theorem, it follows that

rank(B) + nullity(B) = n = number of columns of B

Hence,
nullity(B) = n - k

Therefore, we can find orthonormal vectars xy. X, ... X,_x 50 that
N(B) = span{xi. Xz, .. Xo-}
Consider also the subspace W spanned by the first k + 1 right singular vectors of
Aie,
W = span{vy. va.... i 1)
Since the right singular vectors of A are orthonormal, it is obvious that
dim(W) =k +1
If W, and Ws are two subspaces of ", then we know that

dim( Wy + Wo) = dim(W,) + dim(W,) — dim( W, [ Wi
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For that let us assume that for this rank of B which is already known as r k. Then by the
rank nullity theorem we can say that nullity of B a is n minus k, here rank of B plus
nullity of B is equal to n, where n is the number of columns of B and since rank of B is

your k then nullity of B can be written as n minus k. So, if nullity of B is n minus k then



we can always find out orthonormal vectors x 1 to x n minus k so that a nullity null space

of B can be spanned by these n minus k orthonormal vectors.

Now, also consider a subspace W which is spanned by the first k plus one right singular
vectors of A. It means at the first k plus 1 columns of matrix V. So, let us say that W is
span of v 1 to v k plus 1, and we already know that by construction the right singular
vectors of a are orthonormal. So, we can say that this rank dimension of this W is going

to be k plus 1.

Now, look at the dimension of W plus N B. So, we already know that if W 1 and W 2 are
two subspaces of R n then dimension of W 1 plus W 2 you can find out using this
formula, that is dimension of W 1 plus dimension of W 2 minus dimension of W 1

intersection W 2. So, this we have already seen.
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Taking Wy = N'(B) and W, = W. we find that

n > dim(N(B) + W) = (n- k) + (k-+ 1) - dim(N(B) (| W)
Therefore,
dim(N'(B)(|W) > 1
Thus, we can find a vector x £ N'(B)( W such that | x| # 0. Define
X
Z2=—
[x1l2
Then z € N(B)\W and ||z||; = 1.
Since z ¢ N(B), we have Bz = 0. Since z ¢ W, we can express Z as
Z=mW +asVe+ .. +op Vi

Therefore,
k+1

L (A-Bz=Az=) s

i=1
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And we, so if we take W 1 as a null space of B and W 2 as W then we can say that your
dimension of N B plus W it cannot exceed n. So, n greater than or equal to dimension of
N B plus W is equal to n minus k which is the dimension of null space of B plus a

dimension of W minus dimension of null space of B intersection W.

So, if you look at this is going to be n plus 1 and it can since this n plus 1 minus
dimension of N null space of B intersection W cannot exceed this n. So, this implies that

the dimension of null space of B intersection W has to be greater than or equal to 1. It



means that they exist a non0 vector in this at least one nonzero vector in this in this
intersection. So, it means that we can always find out a vector x belonging to null space
of B intersection W such that the it is nonzero or you can say in particular to norm of this

vector X is nonzero.

Now, with the help of this x we define a vector z as x by 2 norm of x so that the 2 norm
of z is equal to 1. So, it means that z belongs to null space of B intersection W and 2
norm of z is 1. Now, with this z we already know that z belongs to null space of B it
means that Bz is going to be 0, and since z also belongs to W it means that z can be
expressed as linear combination of v 1 to v k plus 1. So, we can say that z is equal to
alpha 1 v 1 plus alpha 2 v 2 and so on alpha k plus 1, v k plus 1 therefore, if we calculate
a minus B z then it is basically Az only because Bz is going to be 0. Now, Az is basically

what? a operating on this.

Now, we know that alpha 1 av 1. Now, a v 1 is basically sigma 1 u 1 and a v 2 is sigma 2
u 2 and so on then we can write that A minus B is z is nothing but i equal to 1 to k plus 1

sigmaialphaiui.
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Since Av; = o;u;, where u; is the corresponding left singular vector of A, for,

i=12,..,k+1.
Since uy. Uy, .... U,y are also orthonormal vectors and |z, = 1. it follows that
k+1 k+1
2 2 2 2 2 2 2 2
I(A-B)zlf =Y ofaf > of.s ) of = of sl1213 = of 4
i=1 f=1
Hence, A8
2|2 .
I4- B> 1A= B2 5
:2”2

This completes the proof.
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And we this is follows because Av 1 equal to sigma 1 u 1, where u i is the corresponding

left singular vectors of a for i equal to 1 to k plus 1.



Now, we already know that this u 1 to u k plus 1 which are left singular vectors of A or
orthonormal vectors and we also that 2 norm of z is equal to 1 and hence we can say that
sigma that 2 norm of A minus B z whole square is greater than equal to sigma k plus 1
square. Now, if you divide by 2 norm of z whole square then you can say that 2 norm of
A minus B is greater than equal to 2 norm of A minus B z divided by 2 norm of z and it is

greater than or equal to sigma k plus 1.

So, if we take any matrix B of rank k then 2 norm of A minus B is greater than equal to
sigma k plus 1. Also we have seen that that if we take B as A k then 2 norm of A minus B
is exactly sigma k plus 1. So, if we combine these two facts then we can say that the
minimum of this 2 norm of A minus B, where we are taking minimum over all the matrix
B of rank k then it is nothing, but 2 norm of A minus A k and it is equal to sigma k plus 1

and this complete the proof of this theorem.
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Corollary
Let A= USVT be a SVD of a real m x n matrix A, where m > n. Let the rank of A
ber. Let

020232050

be the positive sinqular values of A. If B is any m x n matrix such that
HA - BH2 < dp,

then
rank(B) > r
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So, now, let us consider a important corollary based on the previous theorem and it says
that let A is given as USV transpose B a singular value decomposition of a real m cross n
matrix A, where m is greater than equal to n and let the rank of A be r and we arrange the
singular values as this. And these are all positive singular values of A, and if B is any m
cross n matrix such that 2 norm of A minus B is less than sigma r then the rank of B is

going to be greater than or equal to r.



So, let us see what it how we can prove this corollary and then we try to see what the

geometric interpretation of this corollary.
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We prove this result by contradiction. Assume, if possible that
k = rank(B) < r

As we know that Ay is closest to A among all rank — k matrices in 2 — norm and
A= Axl2 = ks

Therefore,
|A =Bl > A= Axll2 = o1

Hence, .
A= B2 > g1 > 0

(Notethatk < r = oy, 2 ay).
This contradicts the hypothesis that |A - B||2 < ;. and the proof follows.
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So, proof is quite simple. So, we prove this result by contradiction. So, assume it
possible that rank of B is less than r. What we want to wanted to prove is that rank of B is
greater than equal to r. So, let us assume that rank of B is less than r and let us say that it
is k and we already know that this A k is the closest to a among all rank k matrices in 2
norm. So, that we have just proved in previous theorem and we say that 2 norm of A
minus Ak is sigma k plus 1. So, we, so it means that 2 norm of A minus B is greater than
equal to 2 norm of A minus A k which is nothing, but sigma k plus 1 that is precisely the
theorem we have just proved. And hence 2 norm of A minus B is greater than equal to

sigma k plus 1.

And since your k is less than r then sigma k plus 1 is bigger than sigma r, but this
contradict the hypothesis that 2 norm of A minus B is less than sigma r. So, this complete
the proof of this simple corollary. So, what we have shown here that if we assume the
rank of B is less than r then 2 norm of A minus B is greater than equal to sigma, but we
have already assumed that 2 norm of A minus B is less than sigma r. So, we get the

contribution.
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Remark

A nice geometric representation of the preceding corollary is the following: Let A
be a real matrix of size m x n, m = n, with rank(A)=r. Consider the set
D={B¢ Mn.n:|A-B| < ar}, where a; is the rth singular value of A.

Then, previous corollary states that all matrices in the set D must have rank
k. k > r. In particular if A has full rank i.e. r = n. Then all the matrices in the set D
must be of full rank,

This also provides a geometrical proof of the fact that small perturbation of a
nonsingular matrix will not perturb the non-singularity.
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So, we can understand the by the following remark that what is the meaning of the
previous corollary. So, we can say that a nice geometric representation of the preceding
corollary is the following that let A be a real matrix of size m cross n where m is greater
than or equal to n with rank of A is r. Then we can consider this set S it is a set of all
matrices of size m cross n such that 2 norm of A minus B is less than sigma r, where

sigma r is the rth singular values of A.

Then the previous corollary states that all matrices in this set D must have rank k where k
is greater than equal to r or you can say that any matrix in this set must have rank greater
than or equal to r, or in particular if we assume that rank of a has full it means that r is
equal to n then we can say that any matrix in this set D must have full rank. And it also
provide a geometric proof of the fact that small perturbation of a nonsingular matrix will
not perturb the non singularity. So, it means that if we perturb a nonsingular matrix by a

little then it will not perturb the non singularity status of the matrix A.

So, we will this we stop our lecture. So, in this lecture what we have seen here is that
singular value decomposition not only give the the best way we can say to find out the
matrix rank of the matrix A, but also it also gives the approximation of the matrix A by A
k, where A k approximate our matrix A in 2 norm and F norm and it is known as the best

approximation of the rank k.



So, in next lecture we continue our study and we will see some more important result

obtained through singular value decomposition.

Thank you.



