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Lecture - 21
Floating point representation

Hello, friends I welcome you to my lecture on computer representations of a
representation of numbers 2. So, in this lecture we shall talk about the floating point
representation of real numbers, in a computer digital computer. In a digital computer the
numbers are represented in an integer mode and the floating point mode, integers are
represented in the integer mode, we have already discussed the integer point
representation in our previous lecture and the real numbers are represented by the
floating point mode. We shall discuss the floating point representation of a real number

in the digital computer.
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In a digital computer, the numbers are represented in an integer mode
and a floating point mode. Integers are represented in the integer
mode and the real numbers are represented by the floating point
mode. We shall discuss the floating point representation of real
numbers in the digital computers. In any real number system with
arithmetic base B, a real number x can be written in the floating point

form as
x=(00dd,ydd )y X (1
where d, are digits in the system i.e
0sd sf-1i=12.. and e is an integer. The number(0-dd,....dd, ,....)

is called the fraction or mantissa and e is called the exponent of .
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Now, in any real number system with arithmetic ways with a real number x can be in the
floating point form as x equal to 0 pointd 1 d 2 d and, so on dt d plus dt plus 1 and, so on
beta into beta to the power e x equal to 0 point d 1 d 2 dt, dt plus 1 and so on base beta
into beta to the power e. Now, here dis are integer digits in the system that is 0 less than
or equal to di, less than r equal to beta minus 1 e is an integer the e is an integer the
number 0 point d 1 d 2 and so on dt dt plus 1 and so on is called the fraction or mantissa
of the real number of the real number system and the real number and e is called the

exponent of x.

So, 0 point d 1 d 2 dt dt plus 1 and so on, this called fraction r mantissa of the real
number and e is called as the exponent. Now, let us notice that if you look at the real
number half, the real number half has two different floating point representations in the

binary system if you look at half.
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Since the real number }% has two different floating point representations in
the binary system, the floating point form of a real no . xin (1) is not
unique.

To prove this, we see that

(001111.....), ==+

1
?

=(0. l):

Thus, for a unigue floating point system, a normalized floating point

representation is used in which any non zero real number x is
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I can write in the floating in the binary system I can write it as 0.1 2 with base 2. So, this
is 1 representation of the real number half in the of in the binary system and another 1 is
I can write, since 1 by 2 square 1 by 2 to the power 3 and so on. If you look at this
infinite series, this infinite series is equal to some of the infinite series is equal to half, we
find that the left hand side here left hand side can be written as 0.01111 like this. So, this

another representation of the real number half in the binary system.

So, since there are two representations of the real number half in this case of the floating
point representation in the binary system, for unique floating point system a normalised
floating point representation is used in which any nonzero is used in which any nonzero
real number x is represented in 1, in this representation with the additional requirement

that d 1 is not equal to 0.

So, in the case of a normalised floating point representation, the representation of x is
written with the additional requirement that d 1 is not equal to 0. So, that we have only 1
representation here this representation will then be not considered, we will have half
equal to 0.1 in the floating point representation. So, now computers represent real

numbers.
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represented in (1) with the additional requirement that d, = 0.

Precision: Computers represent real numbers in normalized floating point
representations with k significant digits , the number k is called the
precision.

Such a representation is of the form
x=(0-dd,...d),xf
where d, are integers satisfying

In normalized floating point representations with say some significant digits let us take k
then this number k is equal to called as the precision such a representation is of the form.
So, if you have a floating point representation with k significant digits, a floating point
representation with k significant digits is of the form 0.d 1 d 2 d 3 and so on ,up to d k
with base beta into beta to the power e, and where since it is a normalised floating point
representation as we said earlier for a unique floating point representation, we have to
use normalised floating point representation in the case of normalised floating point
representation d 1 is not assumed equal to 0; that means, that d 1 starts with 1 and goes
up to beta minus 1 and d 2 d i, they start with 0 and go up to beta minus 1 for i equal to 2

and 3 and so on up to k.

Now, so we can say that 0.d 1 d 2 d k can be written as this will be equal to d 1 upon beta
d 2 upon beta square and so on, d k upon beta to the power k. Now further the exponent e

is restricted minus N is less than or equal to e less than or equal to M..
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Further, e is restricted by - N <¢<M , for some large positive integers N
and M. If the calculations in a computer produce an exponent>M then
the result is £ which is called overflow. Similarly, if e <-N , then the
result is shown zero without any warning message. This situation is
called underflow. The overflow and underflow can be avoided by
organizing the computationsin a different manner.

Example: Let us find a numerical algorithm to compute the Euclidean
norm or length of a vector u = (u, u,,..,,)" € R".
The Euclidean norm of u is given by

P

3 3 3
”u”I =(u, +uy+..+uy)
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So, there is a restriction on the value of e it is bounded below by minus N and bounded
above by M, for some large positive integers N and M, if the calculations in a computer
produce an exponent greater than M, then the result will be plus minus infinity which is

called overflow.

Similarly, if e is less than minus N then the result is shown 0 without any warning
message, in this situation we say that there is underflow the overflow and underflow can
be avoided by organising the computations in a different manner. Let us take a numerical
find a numerical algorithm to compute the Euclidean norm are length of a vector in R n,
so let us take a vector in R n x equal to x 1 x 2 x n belonging to a R n this t means

transpose.
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So, we are writing it as a column vector, so x 1 x 2 x n then the norm of x the Euclidean
norm of X is given by ok. So, suppose we want to find the Euclidean norm of a vector are
length of a vector say u, here have taken an example u equal to u 1 u 2 u n transpose
belonging to R n, then the Euclidean norm of u will be equal to square root u 1 square

plus u 2 square and so on u n square.
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If weR'is a vector with some components 1, too big or too small then
we may get overflow or underflow if we apply the formula (2) directly.
So, to overcome this problem, we first find

m=max(u4 [, ...|u, ) and then define v, =" i=12, ..

m
The norm of u becomes I

Hn"‘ =MV +v; +.. V).
Example: Consider the evaluation of a real polynomial
P =a )" +ax” “+.4a,a,20 03]

wherea,,a,,...,a, € R. We see that there are n additions and (2n-1)
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Now, if this vector u belonging to R n is such that some components u i are too big or too

small. So, norm of u 2 this equal to square root u 1 square plus u 2 square u n square.



Now, if some u i some u i’s are too large or too small, then we can have a situation where
we have a overflow or underflow. So, to avoid the case situation of overflow or
underflow what we do is we find the maximum value m of mode of u 1 or we have say
norm of u 1 norm of u 2 and so on, because they are real numbers we can write modulus

of u 1, so we can write m equal to mode of u 1 maximum of.

So, let us find the maximum value of mode of u 1 mode of u 2 u 'l u 2 un are
components of the vector x vector u. So, then let us define v i equal to u i upon m, for i
equal to 1 2 and so on, up to n now; obviously, m is not equal to 0 because if m is equal
to 0 then u 1 u 2 un all will be 0 norm of u will be 0. So, we can assume that m is equal

to not equal to 0.

Now, so let us define v i equal to u i over m then we can find norm of u 2 by the formula
m times under root v 1 square plus v 2 square and so on, v n square since we are dividing
each component by its modulus the u i’s will not be too large or too small. So, in order to
avoid overflow or underflow and to calculate the length or the Euclidean norm of the
vector u, we use an alternative technique that is we divide each component of u by the

maximum value of mode of u 1 mode of u 2 mode of u n.

And then write norm of u 2 equal to this norm of u 2 you can see can be written in
alternate way like this. So, m times square root v 1 square plus v 2 square plus v n square
by playing an alternative technique, we can find the Euclidean norm or length of the
vector u and we can avoid overflow or underflow. Now, let us go to another situation

suppose we have to evaluate the real polynomial.



(Refer Slide Time: 13:25)

Y _:‘I ..],:_ ] ')’.,_ T p \'[\" ” ;.;La_d.-h. ":( o el I—F:r{;f?}ﬂ:u.;,(
A D) =g v g yh-1
A T EUE L Yiyn ‘ T CREaEIG ) - 4, X+q
s G\ 1 Led = n
| Gvten by ¢ b - o
l)/ 0 2 T Qo Ane f
o ]
IL ' ] -
) = (2,02 L= 5
N L T e <
- d - h 1= 1%
L '
If ““,F = ‘llrn"_J;-H,"-
| {4 P i oy
2 J Tt -vf(r\f-- X' % ww, .

\ T i )
ey | 0 ) a | okl mulicsk
M W) ayg b JMIE(‘ o T ] ; 1 J\lk#}«c.;hmx\q.@h_“_ n
| +02 ot l Wi of adddidpuon ™ 7

Evaluation of real polynomial, so let us we are given a polynomial p x equal to a naught
x to the power n plus a 1 x to the power n minus 1 and so on, a n minus 1 x plus a n we
want to evaluate the value of p x for a given value of x and here a naughta 1 a2 an
minus 1 a n are real numbers. So, to evaluate the value of p x for a given you can see that
there are n multiplications see there are n minus 1 multiplications to calculate x square x

cube x to the power n x square can be calculated by x into x.

So, there is 1 multiplication x cube can be calculated by x into x into X into X, so there
are 2 multiplications and so on, while calculating x to the power n we have to multiply n
minus 1 times. So, there are n minus 1 multiplications to evaluate x square x cube and so
on, X to the power n and furthermore we have to multiply a naught by x to the power n,
that is 1 multiplication a 1 we have to multiply it to x to the power n minus ones there is
1 more multiplications and then we have n minus 1 multiply to x, so there is 1 more

multiplications.

So, we have total 2 n minus 1 here and multiplications are there and here, n minus 1
multiplication are there. So, we have total multiplications involved 2 n minus 1, and
there are n additions, 1 addition here, 1 addition here and so on the addition there, so
total number of additions. So, to calculate v x in a digital computer for a given value of x

it has to carry out n additions and 2 n minus 1 multiplication.



Now, we all we are going to see that by applying alternative technique we can evaluate p
x by just n multiplications and n additions. So, we will apply the nested multiplication

technique.
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multiplications involved in (3).
By nested multiplication, the polynomial

p)=((@x+a)x+a)x+.)+a, .4

can be evaluated very efficiently as there are only n additions and n
multiplications and so (4) is numerically a better scheme.

. T ROGREL
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So, let us evaluate p x by nested multiplication, p x can be written as you can see a
naught x plus a 1 multiplied by x plus a 2. So, that we get a naught x square plus a 1 x
plus a 2 and then again we can multiply by x and add a 3, and then we can multiply by x

and add a 4 and so on ok.



So, let us say I we are write like this into x plus we have a n minus 1 into X plus a n, now
here you can see we have 1 addition here, 1 addition here 1, addition here 1, here, 1 here,
1 here, we have total n additions and how many multiplications are there you can see just
by example I can show you a naught x plus a 1 plus a 2 into x, see if you want to
calculate only a naught x plus a 1 we have 1 addition 1 multiplication a naught into x 1

multiplication and a naught x plus a 1 1 addition.

If you want to calculate a naught x square plus a 1 x plus a 2 then you have here, 1
multiplication, 1 addition, then 1 addition, and 1 multiplication. So, we have 2
multiplications and 2 additions, and similarly if you want to calculate this p x 4 n equal
to 3 you have 3 additions 3 multiplications in general we have n additions n
multiplications. So, we can imply this nested multiplication technique to determine the
value of p x where there will be only n addition n multiplications. So, numerically we

can say that this nested multiplication is a better numerical scheme.
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Example: Let
ax, +b_r_, =¢
o +dy, = f
where a.bed.e. fER and a=0.
; ¢ o
* Find m==d =d-bn,f = f-em
a
* Find Y,="
d,
. ¢-bhr,
* Find x = L
a
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Now, let us say suppose we want solve a system of linear equations by Gaussian

elimination method.
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So, in the Gaussian elimination method the equations are let us say a x 1 plus b x 2 equal
tocabax1plusbx2equal to e and then ¢ x 1 plus d x 2 equal to f, then what we will
do let us assume that a is not equal to 0. So, what we will do we will multiply this is
equation let us say 1 this is equation 2 multiplying 1 by ¢ by a and adding and

subtracting from the second equation subtracting from 2 ok.

We shall have c by a we are multiplying to the equation 1, so the coefficient of x 1 will
become ¢ x 1 which when subtracted from ¢ x 1 gives 0 into x 1 and then the coefficient
of x 2 will become d minus b in to ¢ by a equal to f minus c by a into e. So, if I define if
we define m equal to ¢ by a we shall have x 2 equal to f minus em divided by d minus

bm.

So, we can calculate this and I can call this as f minus em I can call as f 1, this is f 1 and
this I can call as d 1 d minus bm I can call as d 1. So, then fx 2 equal to f 1 by d 1 once
we have evaluated the value of x 2 we can go to the first equation substitute the value of
x 2 to determine x 1, we substitute the value of x 2 in equation 1 and we get x 2 equal to
e minus bx 2 divided by a. So, we can put the value of x 2 equal to f 1 by d 1 here and

determine the value of x 1.

So, we can use this scheme of Gaussian elimination to solve the system of linear
equations in the 2 known x 1 and x 2. Now let us see a how we can [ mean discuss what

do we mean by round off error, a computer represents real numbers we have seen in a



normalized floating point representation with a certain number of significant digits which

we can take as k.
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Round off error: A computer represents real numbers in a normalized
floating point representation with k significant digits and therefore
most real numbers x can not be represented exactly. In such case, x is
approximated by a nearby number that can be represented in the
computers.

Let x be 2 given number and fl(x) denote the computer representation
of x. In computers a real number x is represented in the following two
ways:

+ Chopping

* Rounding

. T BOOREN

And therefore, most real numbers x cannot be represented in an exact manner. So, in
such a case x is approximated by a nearby by number that can be represented in the
computer. So, let us say let x be a given number and, fl x denote its floating point

representation, so let us say x be a given number.
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And fl x denote its floating point representation, then real number can be x represented in
the following 2 ways chopping, rounding because it is representing the real number x up
to and certain number of significant digits, let us say take k then we have to chop that
number or we have to round of round that number to k significant digits. So, while
writing fl x we will apply 2 things either chopping or rounding and what will happen in

the case of chopping and in the case of rounding it is given in this definition.
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Definition: Let x=+ (0-dd,..dd, ..),x [,

where - N < ¢< M be the normalized floating point representation of a

real no. x.

Then the chopping machine representation of x is defined by
J(x)=chop(x)=%(0-d,.d,,...d, },rr x

and the rounded machine representation of x is defined by

£(0-d,d,,..d),xf if 0<d,, <

l(x) = round(x) = S

£((0-d, d,,...d),+ B if E‘GS d,<f
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So, let us say x equal to plus minus 0 pointd 1 d 2 dtd t plus 1 and so on, with base
beta into beta to the power e where minus n is less than or equal to e less than or equal to

m let this be the normalised floating point representation of a real number x ok.

So, let us again recall in the normalised floating point representation d 1 is assumed to be
nonzero; that means, d 1 is greater than or equal to 1, but less than or equal to beta minus
1 while the other d i is from 1 equal 2 onwards they vary from 0 to beta minus 1, they are
greater than or equal to 0, but less than or equal to beta minus 1. So, let us say x equal to
plus minus O pointd 1 d 2 dtdtplus I and so on, beta into beta to the power e this is the

floating point representation normalises floating point of a real number x.

Now, if we chop these 2 say t significant digit here we are taking k equal to t. So, then
the chopping machine representation of x to t significant digits, chopping for t significant
digits will give us chop x equals to fl x equal to we simply ignore all the digits that

appear after d t in the case of chopping. So, chopping for t significant digits will give us



the floating fl x equal to chop x equal to plus minus 0 point d 1 d 2 and so on, d t with

base beta into beta to the power e.

And in the case of rounded machine representation of x what we will have fl x equal to
round x this will be equal to plus minus 0 point d 1 d 2 and so on d t again up to t
significant digits, provided O is less than or equal to d t plus 1, less than beta by 2 and
plus minus 0 point d 1 d 2 d t plus beta to the power minus t 0, we have multiplied here

into beta to the power e we have to multiply.

So, what we will have in the case of this in the case where 0 is less than r equal to d t
plus 1 less than beta by 2, we simply write O pointd 1 d 2 d t there is no change in d t we
simply ignore the remaining digits into beta to the power e, but in the case of beta by 2
being less than or equal to d t plus 1 or you can say d t plus 1 greater than or equal to
beta by 2 and less than beta. We add beta to the power minus t beta to the power minus t
now beta to the power minus t means 1 upon beta to the power t we add to the t th; t th
place the t significant digits; that means, that the t th significant digits is added by 1, so 1

over beta to the power t.

So, this is what we do in the case of rounding now let us look at an example and see how

we apply this chopping and rounding, let’s consider the 5 digits decimal system.
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Example: Let us consider the five digit decimal system
ie.p=10andt=5.
Let x =m = 3,141592653589...
Then fl(x) = chop(x) = 0.31415 x10'= 3.1415 and
fI(x) = round(x) = 0.31416 x 10' = 3.1416.
Next, lety =/3 = 1,7320508075...
Then fl(y) = chop(y) = 1.7320
and fly) = round(y) = 1.7321.
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That means we are taking k equal to 5, here and we are taking decimal system means we
are taking beta equal to 10. So, beta equal to 10 is given and t is equal to 5 is given X is
given to be pi equal to approximate value of pi we are taking here pi equal to 3.14159265

and then we have 3589.

Now, the floating point representation of this floating point representation will be in the
floating point representation of x it will be written as 0.3141592653589 into 10 to the
power 1 beta is here 10 exponent e is equal to 1, because we are writing it in this form

sign is plus ok.

Now, we have to consider t significant k we have to consider 5 significant digits, because
it is given that we have to consider 5 digit decimal system 5 digit means 1 2 3 4 5 now
this we have to see this 6 digit, if we are doing chopping first let us first chopping we

have do ok.

So, fl x in the case of chopping what we do after 5 significant digits, we just I mean
ignore the remaining digits this means 0.31415 into 10 to the power 1. So, in the case of
chopping floating point representation of x will be point 31415 into 10 to the power 1
which means that 3.1415 ok.

Now in the case of rounding, we have to see the 6 digit d t plus 1 t is equal to 5 here. So,
this 6 digit is 9 here and you see that if the d t plus 1 is lying between 0 and beta is equal
to 10 here. So, between 0 and 5 0 less than or equal to d 6 less than 5 then we do not
change d t, but if d t plus 1 is more than or equal to beta by 2 that is 5, but less than 10
we add 1 by beta to the power t in the t th place ok.

So, what we do here this will be equal to in the floating this fl rounding in the case fl x in
this case it will be equal to 3.1415, 5 will become now 6 we have to add 1 at the t th
place that is the fifth decimal. So, 3.1416 multiplied by 10 to the power 1 you see here
beta to the power minus 10 t is equal to 5 beta is equal to 10. So, 10 to the power minus
5; 10 to the power minus 5 means 1 by 10 to the power 5 1 by 10 to the power 5 when
you add to 0.31415 it will become 0.31416, so this into this is equal to 3.1415 so in the
case of rounding it will become 3.1416. Now, in the other example let’s say y equal to

root 3.
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So, let us say y equal to root 3 and the value of root 3 we and take as 1.7320508075, so
we will write in the floating point representation y as 0.17320508075 into 10 to the

power 1 ok.

Now, here again we are considering 5 digit decimal system. So, beta we have taken equal
to 10 e is equal to 1, so in the case of chopping we will have fl x y equal to chop y now
we are asked to t take t equal to 5. So, we take 5 significant digits 17320 and discard the

remaining ones.

So, we shall have 0.17320 into 10 to the power 1 or we will get 1.7320 now in the case
of rounding fl y equal to round y. So, in the case round y we have there are 2 (Refer
Time: 36:36) cases 1 is 0 less than or equal to d t plus 1 less than beta by 2 the other 1 is
b by 2 less than or equal to d t plus 1 less than beta t is equal to 5 so; that means, d 6, d 6
means 1 d1d2d3d4d5do6thisisd6d6is S here and beta is 10. So, 5 by 2 sorry 10
by 2 means 5 is less than or equal to d 6 less than 10 ok.

So, since d 6 is equal to 5, we have to apply this case it will mean that we have 0.d 1d 2
d 3 d4d>5 plus beta to the power minus t; that means, 10 to the power minus 5
multiplied by 10 to the power 1, now d 1 d 2 d they are 0.17320 plus 10 to the power
minus 5 into 10 to the power 1. So, we have 0.17321 into 10 to the power 1 which gives
you 1.7321. So, this how we calculate fly in the case of 5 digit decimal system with this I

would like to conclude my lecture.



Thank you very much for your attention.



