Numerical Linear Algebra
Dr. P. N. Agrawal
Department of Mathematics
Indian Institute of Technology, Roorkee

Lecture - 11
Orthogonal Subspaces

So, hello friends, I welcome you to my lecture on Orthogonal Subspaces. Let us consider

a real vector space b that is a vector space where the field is the set of real numbers.
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Inner Product Space
Let us consider a real vector space V. Suppose to each pair of vectorsu,vel’
there is assigned a real number denoted by <u, v> then this function is
called areal inner product on V if it satisfies the following axioms:
i. <au +bu,, v>=a<u,v>+b<u, v>
i, <u,v>=<v,u>
iii. <u,u>z0and <u,u>=0iffu=0.
The vector space V with an inner product is called a real inner product
space.
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Now, if let us suppose that if we can assign to each pair of vectors u v belonging to B a
real number donated by this, then the this function by which we are able to associate to
each pair of vectors u v a real number given by this notation is called in a product on b

provided it satisfies the following axiom.
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The first axiom is the inner product of au 1 plus bu 2 with vis equaltoau 1 vplusbu2 v
and the second one is u v equal to v u the third one is u u is greater than are equal to 0
and then u u equal to 0 if and only if u equal to 0. So, the vector space b equipped with

this inner product is called a real inner product space.

Now, from the if we look at the axioms 1 and 2, if we look at the axiom 1 and 2 au 1 plus
bu 2 v equal to au 1 v plus bu 2 v and u v equal to v u then from these 2 axioms, we can
easily a prove thatucv I plusdv 2 isequal tocuv 1 plus d u v 2 because u cv 1 plus
dv 2 is equal to cv 1 plus dv 2 u by the axiom 2 and then applying axiom 1 we have c v 1

uplusdv2u.
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From (i) and (ii), we obtain

<u, v +dw, >=<ev +dvy >
=c<vu>+d <v,u>

=c<u, v, >+d <uv, >

Thus, the inner product is linear in the first position as well as the second
position.
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Now, we apply the axiom 2 and we get c u v 1 plus d u v 2 that the inner product is linear

in the first position as well as in the second position.
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Thus by induction we get

<Xlau, 2 by, >=3" X" ab <u,v, >

j=] j=

which implies that an inner product of a linear combinations of vectors
is equal to a linear combination of the inner products of the vectors.
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And if we apply the mathematical induction we can easily show that the inner product of
sigmaiequalto 1 ton,aiuiandsigmajequaltoltombjvjisequal tosigmaiequal
to 1 to n, sigma j equal to 1 to m, a i b j inner product of u i v j which implies that an
inner product of a linear combination of vectors is equal to a linear combination of the

inner products of vectors.



Now, from axiom 1 let us see the axiom 1 this is axiom 1, au 1 plus bu 2 v is equal to au
1 v plus bu 2 v. From this axiom we have the following 0 0 see 0 0 equal to the inner
product of 0 vector with 0 vector I can write as 0 u 0, because 0 u is equal 0. So, 0 u 0
and then I apply the first axiom. So, I can write the 0 u 0, 0 u 0 and this is equal to now, u
0 is a real number. So, 0 into u 0 equal to 0. So, this means that the first, second and third

axioms of the inner product are equivalent to first and second and the axiom.
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Remark: From axiom (i) we get

<0, 0> = <0u, 0> = 0<u, 0> = 0.
Thus (i), (i) and (iii) are equivalent to (i) and (ii) and the axiom
(iii) If u # 0 then <u, u> is positive.

Norm of a vector: From (jii) <u, u> 2 0, for all u#e¥. So we define

||rr| = J<wu>
The non negative number || is called the norm or length of u.

So, 1 2 and 3 the 3 axioms of the inner product are equivalent to 1 2 and the axiom, if u

is not equal to 0 vector then the inner product of u with u is strictly greater than 0.

So, a vector space with the first axiom, second axiom and this third one if u not equal to
0 then u u inner product of u u greater than 0 this will call as I will v a real inner product
spaces. Now, let us define the norm of a vector from the third axiom the third axiom of
the inner product space tells us that the inner product of u with u is a non-negative
number. So, we can take the square root of this and define norm of u norm of u is equal
to norm of u is the length of the vector u. So, this is multi square root of u with u. Now,

this notation is called at the norm or the length of the vector u.

Now, we have the examples of inner product space, let us say the vector space R n over

the real field R which is known as the fluid in any space. So, R n R let us consider.



(Refer Slide Time: 06:12)

= XN +E,Y..

WA Suall wawnex hivoshad W= (Y,

| 3
@t Shemslorcd tamer bredv ot

Let us define the inner product in R n as the dot product or scalar product in R n. So, let
u v belong to R n then the inner product of u with v in R n v defined as the dot product of
u with v are the scalar product of u with v. So, if [writeuasx I, x2,xnandvasyl,y
2, ynthen Iright x 1,y 1 plus x 2, y 2 and so on x n, y n where u is the vector which are
elements of R n and we can easily check that all the axioms of the inner product are
satisfied by when we define the scalar product as the inner product in R n. So, with this

inner product R n becomes a inner product space.

Now, there are many other ways in which we can define an inner product in R n, but
throughout our future discussion we shall be considering this inner product in R n and
this inner product in R n is called we usual R standard inner product, and because of this
and inner the inner products this space R n with this scalar product has the inner product

this also called as the usual inner product space.
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Examples of inner product spaces:

Euclidean n-space R’ : Consider the vector space R"(R). The dot
product or scalar product in R" is defined by
u-v=xy,+xy,+..+xy,
There are many ways to define an inner productin R" but throughout our
further discussion we shall consider this inner product on RB" which is
called the usual (or standard) inner producton R”.
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Now, they other space where we have we define inner product let us take as C a b

function is space C a b.
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a, b= | L crebimwnes &

b ;
Wiekh, Yl fmmes hsoduer
T4 LT e A vy Praceliach

I L0

So, C a b is the space of all continuous functions on the bounded and closed interval a b
we can write C a b as all functions defined from a b into R such that f is continuous
function. And then let us define plus take any 2 functions f and g in C a b and define the
integral of f't g t as the 2 each f and g belonging to C a b let us associate a number f g in

this manner. We can again check that all the axioms of the inner product space are



satisfied. So, this define say inner product in C a b and so with this inner product C a b is

a inner product space.

Now, let us move to a orthogonality, let say we have the concept of orthogonality if we
take 2 vectors x y belonging to R n. They are called orthogonal if there dot product is 0,
so if x and y are there in R n then they will be orthogonal if x dot y equal to 0 and then
we have the next definition a vector x belonging to R n will be called orthogonal to a set

by which a subset of R n provided x that y is equal to 0 for any y belonging to R n.
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Orthogonality:
Definition 1. Vectors x. y € R"are said to be orthogonalif x -y = 0.

Definition 2. Avector x € R" is said to be orthogonal to a non empty
set ¥ « R"if x-y=0 forany yeR".

Definition 3. Non emptysets X .¥ — 8" aresaid to be orthogonal if
Xx-y =0forany xe X and V€7,
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Now, if we take 2 sets x and y which are subsets of R n they will be orthogonal provided
x dot y equal to 0 for any x belonging to x and y belonging to y. Now, let us take some

examples.
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Examplesin R*:
* Thelinex=y=0is orthogonaltoliney=z=0.
* Theline x =y =0is orthogonal to the plane z = 0.
If v=1{0,0,z) and w = (x,y,0) thenu - w=0.
* Theline x =y =0is not orthogonal to the planez = 1.
The vector (0,0,1) belongs to both the line and the plane and
v.v=1z0.
* The plane z=0is not orthogonal to the plane y = 0.

The vector (1,0,0) belongs to both planesandv - v=1=20.
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Let us take the space R q and see the examples where you will see that if you take the

line x equal to y equal to 0, x equal to y equal to 0 means z axis.

(Refer Slide Time: 11:14)
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This line is nothing, but z axis. So, it is orthogonal to the plane y equal to z equal to 0, it
is it is orthogonal y equal to z equal to 0; y equal to z equal to 0 means y equal to z equal

to 0 it sorry not plane it is line sorry, it is line orthogonal to the line.



(Refer Slide Time: 12:03)

ne A=Y=eo ie. z
, W
LE

L
& Ik,
L5 e B, o § L - a e, 1415
vomenal foill, b, -7 s R e
[ =(0,0,&). (X 0,0

b

2= R
1o Fivtan oy g 47 62

Now, we can see this is very easily this is you are x axis, this is y axis and this is z axis.
If you take any point on the x axis a point on the x axis can be written as are a vector on
the x th e line y x equal to y equal to 0 is given by on the line x equal to y equal to
0 is given by 0 0 let us say k. And a vector on the line y equal to z equal to 0 is given by |
0 0, where 1 is a real number. Now, let us take the dot product of the 2 vectors say this is
u and this is v. Then u dot v is equal to 0 0 k dot 1 0 0 which we have defined as the
scalar product. So, this is 0 into 1 plus 0 into 0 plus k into 0. So, we get 0.

So, the the line x equal to y is equal to 0 is orthogonal to line y equal to z equal to 0, and
then the line x equal y equal to 0 is orthogonal to the plane z equal to 0. So, you can see
this is z axis x equal to y equal to 0 line and this is your the plane z equal to 0. So, line x
equal to y equal to 0 is perpendicular to the plane z equal to 0 the plane z equal to 0 we
can easily show this. So, if you take any vector here a vector will be of the form at say 1

m n 0 a vector; in z equal to 0 is of the form 1 m 0 ok.
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So, let me call this as u and a vector on x equal to y equal to 0, is of the form 0 0 n. So, u
dot v is equal to 0 and therefore, there orthogonal to each other. But if you can see that
the line x equal to y equal to O that is z axis is not orthogonal to the plane z equal to 1
plus is how it is. These your line this z axis x equal to y equal to 0 and say this is your
plane z equal to 1. Then the line x equal to y equal to 0 is not orthogonal to the plane z
equal to 1. Why because the vector 0 0 1, the vector the vector 0 0 1 belongs to the line x
equal to y equal to 0 as well as the plane z equal to 0 z equal to 1. And the dot product of
00 1 with itself and 0 0 1 dot 0 0 1 is equal to 1 which is not 0. So, the line x equal to y

equal to 0 is not orthogonal to the plane z equal to 1.

Then we go to the plane z equal to 0 is not orthogonal to the plane y equal to 0. So, these
your plane z equal to 0 and then we consider the plane y equal to O this plane. The plane
z equal to 0 is not orthogonal to the plane y equal to 0. Because the vector 0 0 1, 1 0 0 the
vector 1 0 O lies in both the planes and the dot product of 1 0 0 with itself is 1 which is

not 0. So, the 2 planes are not orthogonal to each other.
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Now, the vector 1 0 yeah, so this is what I have explained in the next line we go over to.
Now, proposition 1 if x and y are 2 orthogonal sets, that means you take any element in x
an element in y they are perpendicular to each other that is the dot product is 0 then

either they are disjoint R x intersection y is equal to singleton set 0. Let see how we get

this.
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Proposition 1. If XY = R"are orthogonal sets then either they are
disjointor X — Y = {0},

Proposition 2. Let V be subspace of £ and S be a spanning set for
V. Then forany ve &'
xL¥=>x LV

Example The vectorv = (1,1,1) is orthogonal to the plane spanned by
vectors wi=(2,-3,1) and w,=(0,1,-1) becauseyv - w, =y . w,;=0,

So, let X and Y be two subsets of R n which are orthogonal.
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Let this be orthogonal sets then either X and Y are disjoint or X intersection Y is the
singleton set 0. So, let us to prove this assume that X and Y are not disjoint to joint. So,
then let us say let there let there be element let U belong to X intersection Y. So, then U
belongs to X and U belongs to Y. Now, since X and Y are orthogonal sets since X and Y
are orthogonal we have the dot product of any element of X with any element of Y equal

to 0. Now, u belongs to X as well as u belongs to Y.

So, inner product of u with u is equal to 0 or u dot u equal to 0, u dot u equal to 0 means
norm of u square equal to 0 and norm of u square is equal to 0 implies that u equal to 0 in
the axioms of the inner product space we have said that u equal to 0 if u dot u equal to 0
if and only if u equal to 0. So, if X and Y are not joint then there intersection is the

singleton set 0.

Now, let us go to proposition number 2 let V be a subspace of R n and S b a spanning set
for V then for any x belonging to R n x is perpendicular to S implies x is perpendicular
V. So, if V is subspace of R n let us say and V is equal to span of S, span of S. Now, it
says that if you take any x belonging to R n, for any x belonging to R n then x is
perpendicular to S this sin is x is perpendicular to S implies that x is perpendicular to V.
So, x is perpendicular to V means if take any elements in V let us tell y then x has its
inner product with y equal to 0. So, to prove this let y belongs to V then we have to show

that x is orthogonal to y that is x dot y equal to 0. Now, since S is a spanning set of V, so



since v equal to span of S their exists vectors u 1 u 2 say u m in S and scalars alpha 1
alpha 2 and so on alpha m in R the field R such that V is equal to sigma alphaiui,iis

equal to 1 to m.
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Now, x dot y is equal to x dot sigma i equal to 1 to m alpha i u i. So, by the since the dot
product are the inner product is linear in first as well as second position I can write it as
sigma i equal to 1 to m alpha i x dot u 1. x is orthogonal perpendicular to S. So, x that u 1
is equal to O for every i. So, we have, we have x dot V y is equal to 0. So, for any y

belonging to V x dot y equal to 0 in therefore, x is perpendicular to V.

Now, let us take an example let us consider the vector 1 1 1 it is orthogonal to the plane
is spend by w 1 and w 2. So, if we can show that these orthogonal to w 1 and these
orthogonal to w 2 then we will be orthogonal to the plane is spend by the vector w 1 w 2
because any vector in the plane will be a linear combination of w 1 and w 2. So, you can
see that dot product of 1 1 1 with 2 minus 3 1 dot product of 1 1 1 with 2 3 minus 1 is

equal to 1 into 2 2 1 into 3 3 and then minus 1.

So, this is not coming out, this is a 2 minus 3 1 is 2 minus 3 1. So, this is 2 minus 3 plus
1. So, these equal to 0. So, the 1 1 1 is orthogonal to 2 minus 3 1 and similarly 1 1 1 is
orthogonal to 0 1 minus 1. So, it is orthogonal to any linear combination of w 1 and w 2

and therefore, 1 1 1 vector is orthogonal to the plane spend by 2 3 minus 1 and 0 1 minus
1.
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* Orthogonal complement: Let s — 2". The orthogonal
complement of S, denoted by 5, is the set of all vectorsx £ R" that
are orthogonal to S. § - is the largest subset of 2" orthogonalto S.

* Theorem1 §'isasubspaceof R".

* Theorem2 (5*)* = Span (§). In particular, for any subspace V we
have (¥ ')' =V¥.
* Example: Consider a line L = {(x,0,0)| x € R} and a plane
P={(0,y.z)|v.ze R}in R’.Then L' =P andP* = 1.
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Now, orthogonal complement, let say we have a subset S of R n. The orthogonal
compliment of S is donated by S perpendicular and it is the set of all vectors x belonging

to R n that R orthogonal to S. So, S perpendicular is defined in this manner.
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So, S is a subset of R n, then S perpendicular is the set of all u belonging to R n such that

the inner product of u with v equal to 0 for every v belonging to R n for every v
belonging to S. So, it is the set of all those vectors u belonging to R n whose a inner

product with any v belonging to S is equal to 0 and as we have already said the inner



product when we write here it will mean that the dot product are scalar product. So, this

the dot product are scalar product of u with v equal to 0 for every v belonging to S.

Now, it is easy to see that S perpendicular is the largest subset of R n orthogonal to S. S
perpendicular is the largest subset of R n it is the largest to subset of R n orthogonal to S.
So, is this means that if you take any subset of R n which is orthogonal to S then that is
sets will be contend in S R S perpendicular. So, you can say that suppose W is a subset of
R n which is orthogonal to S, then we have to show that then we have to show that W is
(Refer Time: 29:08) W C is a subset of S perpendicular. So, S perpendicular the larger
subset of R n which is orthogonal to S means if we take any subset of R n which is

orthogonal to S then that is set has to be a subset of S perpendicular.

So, to prove this let us say suppose I take any element belonging to W. Let w belongs to
W then we have to show that w is this w also belongs to S perpendicular. Now, let w
belong to W, W is a subset of R n which is orthogonal to S this will mean that w has its
inner product with any u belonging to u S equal to 0 for any u belonging to S, w u is

equal to 0 for any u belonging to S.

Now, S perpendicular defines the those vectors of R n whose inner product with any
vector v belonging to S is equal to 0 and w is a vector who is inner product with any
vector u belonging to S is equal to 0. So, this may mean that w belongs to S
perpendicular. So, it will mean that W is hence, W is a subset of S perpendicular. It is the
largest subset of R n which is orthogonal to S if we take any subset of R n which is the
orthogonal to S then we have to show that that is contained in S perpendicular. So, if we

do this yes. So, W will be a subset of S perpendicular.

Now, let us; so let us, so that S perpendicular is a subspace of R n, S perpendicular. So,
first of all we show that 0 vector of R n and belongs to S perpendicular let us show that 0
vector the 0 vector of R n belongs to S perpendicular. Since the inner product of 0 with u
let us say u is any vector belonging to S then the inner product of 0 with u I can write as

0 u u which is equal to O u u.

So, this is equal to 0 for any u belonging to S and therefore, 0 belong to S perpendicular.
So, 0 vector is there in S perpendicular and if you take if u and v belongs to S
perpendicular then u w is equal to 0 for any w belonging to S perpendicular and v w is

also 0 u w is equal to 0 and v w equal to 0 for any w is belonging to S perpendicular and,



s0, a u plus b v w by linearly in the first position we can write it as a u w plus b v w. So,

a into 0 plus b into 0. So, we get 0. So, a u plus b v belong to S perpendicular.

Similarly we can show that if u belong to S perpendicular and see is any scalar in the
field R then c¢ into u also belongs to S perpendicular. So, next let us show that S
perpendicular is close with respective scalar multiplication. So, let us say that u belong to
S perpendicular and c belongs to the field R then by definition of S perpendicular u w
equal to 0 for any w belonging to S.
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4
T Ran, < u_;l.,\\‘\}:- o Hreatny
- LYy

‘E(C,uc\lﬁo c8

_.‘_. % - prle of P4
\
e (s £l
SN ) (S |
Cuatt ¢ N R Lo
= TR

Now, ¢ u w by linearity in the first position this is equal to ¢ times u w which is equal to
c into 0. So, 0 and. So, ¢ u belongs to S perpendicular hence S perpendicular is a
subspace of R n it is subspace of R n. Now, S perpendicular perpendicular is equal to
span of S, S perpendicular perpendicular we can show that S perpendicular perpendicular
is equal to span of S. S perpendicular we have shown that it is a subspace of R n. So, S

perpendicular perpendicular is also a subspace of R n ok.

So, since S perpendicular is a subspace of R n S perpendicular perpendicular is also a
subspace of R n moreover S perpendicular perpendicular contains S moreover it contains
S. So, span of S span of S is the smallest subspace of R n which contains S. So, span of S
will also contained in S perpendicular perpendicular and we can show that S
perpendicular perpendicular is contained in span of S. So, further sense, they are equal

they S perpendicular perpendicular is equal to span of S.
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Now, in particular if we take any subspace. So, let us say let V be a subspace of R n then

span of V is equal to V. So, is span of V is equal to V. So, let us apply this result. So, by

the equation 1 by 1 we have V perpendicular perpendicular equal to v because span of V

is equal to V.

So, we have this now, considered a line that is x axis we are taking it its elements as x 0 0

and where x belongs to a and plane p where the plane p is the y z plane because the

coordinates of the point they R 0 y z. So, it is y z plane in argue and then we can see that

perpendicular is equal to V, x axis, this y z plane.
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So, this is y z plane and this is x axis. So, here our L is x axis this is L and this y z plane
we have denoted by P, and we know that this line L is orthogonal to the y z plane which
is given by P. So, L perpendicular is P and P perpendicular reason they are orthogonal to
each other. Now, we go to let us say take v and w to v 2 subspaces of R n, so that P is

perpendicular to W.
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* Theorem Let V and W be subspaces of R"suchthat ¥ LW .Then
dimV+dimWsn.

* Corollary LetV and W be subspaces of ®"suchthat ¥ ~ ¥ = {0}.
ThendimV + dim W < n.

@ e

So, V is perpendicular to W means either that disjoint are there intersection is equal to 5

is equal to 0 subspace.
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So, then dimension of V plus then dimension of W is less than R equal to n; So, V is
perpendicular to n then dimension of V plus the dimension of W is less than R equal to n.
Now, this follows because let us say dimension of V is equal to k and dimension of W is
equal to L. Let us take a basis for dimension for the v subspace let v 1 v 2 and so on v k,
v a basis for the subspace vand w 1 w 2 w 1 v a subspace v a basis for the subspace w.
So, by the definition of basis vectors v 1 v 2 v k are linearly independent and the vectors
w 1 w2 w | are linearly independent. So, then we claim that the set of vectors v 1 v 2 and
soon vk, w1l w2 and so on w | the setoff vectors consistingof vl v2vkandw 1 w?2

w |l it is a linearly independent set.

Now, to prove this you can assume that is not linearly independent it is linearly
dependent. Suppose it is a linearly dependent set then one vector in the set can be written
as a linear combination of the other vectors let that vector v some v 1 here you can also
take some w j there. So, the proof will be the same. So, let us say let v i equal to a vector
here is a linear combination of the remaining 1. So, sigma alpha i, v o sorry v i can be
written as a linear combination of v j, j equal to 1 to k and j not equal to i plus sigma i
can write a say R equal to 1 to I, I can write beta r w r. So, this v 1 for sum i this I will be

taking value from 1 to k sum i k.



(Refer Slide Time: 42:57)

A
Yy AL
i s
— 2y B b Aamn,
RHC o a Verkes am Stppote s o Livasdy demtundset
¢ ! ; 3
R 1 =
[if TRECL L e
- & im 1 J el 5 = Y i L o T
i -".-.I 4 | N i_.‘"] U_I 4 3 By, W e o
I d#L (T
- =

AP

Uy I

o
i C\'.-*W_dl‘v"{ e
JE

Now, what we can do is we can write like this, or I can write it as v i minus sigma j equal
to 1 to k alpha j oh sorry alpha j, v j, j not equal to i equal to sigma r equal to 1 to | beta r

w r ok.

Now, this is a linear combination of w 1 w 2 to w 1. So, a linear combination of w 1 w 2
w 1 will be an element of w. So, the right hand side here right hand side is a vector in w
and therefore, this is also vector w. So, v 1 minus sigma j equal to 1 to k j not equal to i
will alpha j v j this belongs to w, but this vector is a linear combination of v 1 v2 v k
where the coefficient of v 1 is 1 and the coefficient of v j is R minus alpha j s. But v i

minus sigma j equal to 1 to k j not equal to 1 belongs to oh sorry alpha j v j belongs to V.

So, this vector belongs to w as well as this vector belongs to be. So, it will belong to their
intersection. So, v i minus sigma j equal to 1 2 k j not equal to i alpha j v j belongs to V
intersection W. Now, V and W are subspaces they are intersection cannot be empty, the
intersection will be I sorry the intersection will be 0 subspace. So, this implies that v i
minus sigma j equal to 1 2 k j not equal to 1 alpha j v j equal to 0 vector which implies

that v 1 is a linear combination of the other vectors in v’s ok.

So, sum v 1 is a linear combination of v 1 v 2 v 1 minus 1 and then v i plus 1 v i plus 2
and so on v k. So, this means that v 1 v 2 v k is not a linearly independent set which is a
contradiction. So, this implies that is a linearly dependent set, so there is a contradiction

and hence our assumption was wrong. So, this set is linearly independent. Now, the



dimensions of say V dimension of sorry dimension of R n is n and this is a linearly
independent set in R n dimension of R n is n means any linearly independent set in R n
cannot contain more than n vectors. So, this set will always v a 1 the that there are 1 plus
k vector. So, 1 plus k will always be less than or equal to n ok. So, | plus k is always less
than or equal to n will mean that dimension of v plus dimension of w is less than or equal

to n.
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Now, here here assuming that let be W is subspace R n. So, that V intersection W is equal

e

to yeah. So, these a corollary here V is perpendicular to W means the intersection of V
and W is 0 subspace. So, that is what we have a written here let V and W subspace R n.
So, that V intersection W C 0 subspace the dimension of v plus dimension of W is less
than R equal to n. Now, let us discuss fundamental subspaces suppose we have n by n

matrix a.
(Refer Time: 47:56).

Ok, I will finish within 5 minutes.
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So, let us say we are given n y and m y n matrix A. Then the null space of a is the setup
all those vector x belonging to R n, null space of a we have as x belonging to R n such
that Ax equal to 0. And the range of a R A range of a R A is the set of all v belonging to
how it will written R m such that Ax is equal to v for some x belonging to R A. R Ais the

range of the linear mapping.

We can say let us corresponding to the matrix A we have the linear transformation L
equal to R n to R m where we have Lx equal to Ax for x belongs to R n. So, R A is the
range of the linear mapping L from R n to R m where we defined L x equal to x and null

space of a is the kernel of L it is called the kernel of L.
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Fundamental subspaces

Definition. Given an m x n matrix A, let
Nul A={ x e RY Ax=0},
R(A)={be R":b=Axfor somex e R"},
R(A) is the range of a linear mapping . : R" — R™, L(x) = Ax. Nul A is the
kernel of L.
Also, Nul A is the nullspace of the matrix A while R(A) is the column space
of A. The row space of Ais R(A4" ). The subspacesNuld ,R(A") < R"and

NulA”,R(A) c R" are fundamental subspaces associated to matrix A.

Now, null space of A is the null space of the matrix A and R A is the column space of A.
So, when it is the column space of A, the row space of A will be R A perpendicular. Now,
let us see which are the orthogonal subspaces here. See Ax equal to 0 means in the
definition null space we have all those vectors x for which Ax equal to 0, Ax equal to 0
means A is this vector, A is this matrix a 11, a 12, a In; a 21, a 22 and so on a 2n and then
we have a ml, a m2 and so on a mn and let us say vector x is x 1, x 2, x n. These equal to

0 vector, so we will have 0 0 0.

Now, from this matrix matrix multiplication what follows when you multiply the first
row, the first row the dot product of first row defines the row vector a 11, a 12, a In
whose dot product with x 1, x 2 is equal to 0. So, what we have? We have the system of
equations a 11 I can write them in the form of the dot product a In and then x 1, x 2, x n
equal to O this 1, then a 21, a 22, a 2n and then its dot product with x 1, x 2, x n equal to
0 and so on. So, what we can gather from here that the rows of A are orthogonal to the
solution vector orthogonal the to every vector x belonging to R n, the rows of A are

orthogonal to the vector x belonging to null of A.

And this is the row of A orthogonal to the vector x belonging to null of A, the linear
combination of the rows of A will also be orthogonal to any linear combination of the

rows of A will also be orthogonal to x belonging to null of A. Any linear any linear



combination of so, we can say range space of A and null space of A are orthogonal to

each other.

(Refer Slide Time: 52:41)
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So, row sorry row space of A, null space of A, row is space of A means column is row
space of A perpendicular, row space because row rows space of A perpendicular will be
orthogonal because here, yes because null space of a contained in R n. So, we have to
take the range space of A perpendicular, A transpose, A transpose, range of A transpose,
A transpose will have a 11 and 11 and a 21, a 22, a 2n and we will have n we have. So,

range space of A perpendicular will orthogonal to null space of A.

So, they are orthogonal subspaces and then we can say range here also we have written
ranger space of A is R perpendicular the subspaces null space of A and range space of A
perpendicular range; in ranger space of A transpose not A perpendicular range of A
transpose is subset of R n, these range space of A transpose range space of A transpose

are rows space of A transpose.

So, this orthogonal to null space of A and R A, R A subset of R m null space of a
transpose in R A subset of R m they are orthogonal to each other. So, these are
fundamental subspaces associated to the matrix A. Null space of A in this theorem we
say that null space of A is range is space of A transpose and null space of A transpose is

range space of A transpose. That is null space of a matrix is orthogonal to complement of



its, orthogonal complement of its row space; null space of a matrix is orthogonal

complement of its row space.

(Refer Slide Time: 55:26)

* Theorem Nuld=R(A7), Nuld' = R(4) . That is, the null spaceof a
matrix is the orthogonal complement of its row space.

* Corollary Let V be a subspace of #". Then

dimV +dimV*=n ,

So, V, if V is subspace of R n when dimension of V and dimension of V perpendicular is
n, so let us see how we is get this. V perpendicular is orthogonal complement of V and
therefore, dimension of V plus dimensions of V perpendicular, if V j subspace of R n

must equal to n. With that I would like to end my lecture.

Thank you very much.



