Numerical Methods
Professor Ameeya Kumar Nayak
Department of Mathematics
Indian Institute of Technology, Roorkee
Lecture 28
Numerical differentiation part-IV (Maxima minima of a tabulated function and errors)

Welcome to the lecture series on numerical methods, in the current lecture series we are
discussing here numerical differentiation. In the last lecture we have started this numerical
differentiation using Lagrange interpolation method and divided differences. And in the end
of the last lecture I have just given one example based on this divided difference that how we
can use this differentiation. And there itself I have discussed that how we can just apply the
divided difference on the tabular form first and then we can just go for this derivative. And
after this we will just in this lecture we will just go for this Maxima and minima of tabulated

function then the error estimation in the differential equations.
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I
Differentiation using Newton divided difference

Example: Compute y'(3) and y'(3) from the following table:
X | 2 | 8 10
y 0 I 5 21 27

Divided difterence Table

X oy i 2 diff 3 dif 2 dif
| @ (1-0)(2 —[l °|}f(41)11,f'3-|:*3),«-(s-1):@ (-l.v‘l()-l)]e’(l()-l)
2 1 (5-1)(42=2 (4-2)(8-2=1/3 (-1/6-1/3)/(10-2)=-1/16

4 5 (21-5)(8-4=4  (3-4)/(10-4)=-1/6

8 21 (27-21) “q )_

10 27
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But this numerical differentiation how it can be applied for this error estimation and

interpolation polynomials. So this present table already I have discussed in the last lecture
that how we can just find this first order difference, second order difference, third order
difference and fourth order difference. If a tabular value is given to us like x = 1, 2, 4, 8 and
10 and then the corresponding y values are given as 0, 1, 5, 21 and 27 suppose, how we can
compute the derivative of this function y at point 3 suppose and double derivative also at that

same point.



So first we have to go for this divided difference table, already in the last lecture I have
derived this divided difference table there itself and after that once we are just using this
divided difference table we will have these values like first divided difference value that is we
have just obtained here as 1 here, second divided difference for the first table form, we have

just obtained 1 by 3 then 0, then — 1 by 144.

(Refer Slide Time: 2:44)

SE Z sz”“”“ ”‘*” ('”W}
!

Ja Ji=
i (B EEEN

()= P(m)' FlowJt (m-) [ 4 (A7)0 -)H
’101,12
%’7‘—%){1 -ag) (=) f (R ™M™ %) 4 () (- fmmJ»m
(g )
=6+ (1)

}
leq J'j F1=23

’ﬂg:g p ﬂ(q »/0

“' A

So if you will just use this divided difference formula, usually this Newton’s divided
difference formula is written in the form P n x, this = submission of j = 0 to n sorry this is i =
0 to n if you will just write then we can just write f of x 0, x 1 to x i then we can just write
product of j=0toi— 1 and x — x i here, so either you can just use this one as the curl bracket
we have used here. So if we are just writing this polynomial in this form then since the data it
is just given to us are like x 0, x 1, x 2, x 3 and x 4 here. So if you just collectively write this

data here like x 0 =1 here, x 1 =2 here, x 2 =4 here, x 3 = 8 here and x 4 = 10 here.

Then we will have like 5 points here, this can just generate a polynomial of degree 4 here so
we can just write this function f of x it can be approximated with polynomial of degree 4 here
P 4 x and that can be written in the form like fof x 0 +x —x0fofx 0, x 1 +x—x0,x—x1f
of x0,x1,x2+x-x0,x—-x1,x—x2fofx0,x1,x2,x3+x-x0,x—-x1,x—-Xx2,X—X
3fofx0,x1,x2,x3,x4 here. So if we just put all these values here since our initial values

it is in tabular form it is just given us as like 0 here.
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A
i Differentiation using Newton divided difference ‘

Solution: The Newton divide difference formula is

P(x) = Z 1%, X, %] H x x

i= ()
Therefore the polynomial correspondlng to the data set as

fix)=Pax)=1x]+ (x-Xg) xp4] + (xxg) () fxp 0, X +
(g XXy (%) X X o o)+
(XXe)(XXy) (X (XXg) (X Xy X X Xl

Here X,=1, X,=2, %,=4, x,=8 and x,=10.

If you just see this tabular values here, so first corresponding value of x is just given here if
you just see f 0 it is given as 0, f 1 as 1 here, f2 as 5 here, f 3 as 21 here, 4 as 27 here. So if
you just put these values, f of x 0 is 0 here so we can just write this one as 0 + x —x 0, x 0 is
once here then f of x 0, x 1 this is the tabular form already we have discussed in the last

lecture that is specially written as 1 here + x — x 0, x — x 1 here into the divided difference

between this fof x 0, x 1 and x 2.
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Collectively if you just see this table, so we can just we have already obtained that one the
values as 1 by 3 here + x — x 0, x — x 1, x — x 2 that is just 4 here into your fofx 0, x 1, x 2, x

3 here and that value it is just giving you O there + x — 1, x -2, x—4,x—8 into fof x 0, x I, x



2, x 3, x 4 in arguments form and that value especially just giving us in the tabular form as —
1 by 144. So if we can just multiply all these terms here then we can just obtain this
polynomial that is in the form of x only here. So obviously if this polynomial is expressed in
the form of x, directly we can just apply the derivative to get this differential form of this

polynomial P 4 x here.

(Refer Slide Time: 8:09)
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Differentiation using Newton divided difference

Jo)=0+(x-1) (1)+(x-1) (x-2)(1/3)+(x-1)(x-2) (x-4)(0)+

(x-1)(x-2) (x-4)(x-8)(-1/144)

=X-14(1/3)(x°-3x+2)~(1/144) (x*- 1553+ 70x>- 1 20x + 64)
£'(x)=1+(173)(2x-3)-(1/144) (4x3-45x°+ 1 40x-120)
and the double derivative is
[(x)=(1/3)(2)-(1/144)(12x*-90x+140)
Therefore, f'(3)= 1+(1/3)(2%3-3)-(1/144)(4%33-45%3°+ 140%3-120)
=[.97916

£"3)=(173)(2)-(1/144)(12x 3°-90x3+140)=0.8 1944
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So if we will just take all these products here then this product form can be written in the

form like first-term in x — 1 here, second term if you will just see here so that can be written
as 1 by 3 x square — 3 x + 2 and next immediate term is 0 there so then the last term it can be
written as per — 1 by 144 x to the power 4 — 15 x cube + 70 x square — 120 x + 64 here. And if
you will just take this derivative here that is in the form of f dash x, so f dash x can be written
as first derivative here 1 + 1 by 3 into x square — 3 x + 2 derivative is 2 x — 3 — 1 by 144 then

X to the power 4 is 4 x cube — 45 x square + 140 x — 120.
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So final form we are just obtaining here f dash x as 1 + 1 by 3 into 2 x — 3 — 1 by 144 x to the
power 4 sorry, I will just write this one only the derivatives that is why 1 by 3into2x -3 — 1
by 144 x to the power 4 — 15 x cube then + 70 x square, 70 x square means derivative will
come as 140 x here then the last term is — 20. So if you want to find suppose this derivative at
the point 3 so directly we can just replace this x by 3 here and we can just obtain this
derivative at the point 3. And if we want to evaluate this second order derivative here then
directly we can just differentiate once more here that is first-term is 0 here then 1 by 3 into 2

— 1 by 44 then this is 4 x cube — 45 x square + 140.

And similarly if you just put here f double dash of 3 then we can just obtain the second order
differentiation of this fourth order polynomial at the point 3 there. So obviously these values
if it can be calculated so that can be represented in the form of f dash 3 =1 + 1 by 3 into 2
into 3 — 3 — 1 by 144 into 4 into 3 cube there so specially it is just it should be like 4 x cube —
45 x square if you just see so this should be 4 x cube — 45 x square if you will just take the
derivative. So then it can be multiplied and we can have the clear form here then it will just
change to this is like 12 x square, this should be like 90 x here and it is like 140. So if you
will just directly put this f double dash of 3 here then we can just obtain this value as

0$81944 here.
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Maxima and Minima of a Tabulated Function

* Solving the equation for the argument x, the same method can be
used to determine maxima and minima of tabulated function by
differentiating the interpolating polynomial.

* Maxima and minima of y=f(x) can be found by equatingj—y to

.
zero.

* |f we use Newton’s forward difference formula to compute the
maxima and minima from the tabulated values, the formula can
be derived as

; NPTEL ONLUINE
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So then we will just go for this computation of Maxima and minima using this polynomial

differentiation. The beauty of this method is that even if the function is not known to us then
we can have this maxima or minima of this function if the prescribed tabular value is given to
us. So we can just use this same arguments form of x here and we can just determine this
maxima and minima for this tabulated function by differentiating this interpolating

polynomial here.

Maxima and minima of y = f of x can be obtained by equating dy by dy = 0 and first if you
just use Newton’s forward difference formula to compute this Maxima and minima from the
tabulated values, then the formula can be written in the form like the formula for this
Newton’s forward difference formula already we have discussed this one in previous lectures

and if I will just write once more here.



(Refer Slide Time: 12:34)

1 p4 PO A e P SUEED)
(ﬂi’: V’J{“PLW“”' UIfP/’\L’JM_a—E- IVJU'r e —
EURNECL T &

=0
q:%*%

Then this Newton’s forward difference formula can be written in the form of y of p or y of x
P or y of x, this can be written as y 0 + the Delta y 0 + P into P — 1 by factorial 2 Delta square
of yO+uptoPinto P—1uptoP—n+ 1 Dby n factorial Delta to the power n of y 0 here. And
if you just differentiate this word with respect to P here so then we can just obtain dy by dp as
Dely 0+ 2 p— 1 by 2 factorial Delta square of y 0 + all other terms there. For maxima if you
just put here dy by dp = 0 suppose, so this can be written as 0 here. This implies that we can
just terminate this left-hand side series expansion up to certain terms then we can just obtain

this maxima or minima of a function.

Suppose if the left-hand side is just truncated after suppose third differences for our
convenience suppose, then we will just obtain quadratic equation here in p and which gives 2
values of p since it is just the quadratic equation here. Corresponding to these values of p then
we can have maxima or minima at that point and so when we have these values of P there
then we can just obtain this value of x at that point. Since usually this x can be written as in
the form of x = x 0 + P h here, or for convenience we can just write sometimes if x 0 = Ais a

particular value then we can just write this one as A+ P h here.

And once this value of P is known to us then we can just determine the values of x and if the
x is known to us then we have to see these tabular values that where this x is placed inside
this table and at that point either this forward difference formula or backward difference
formula can be applicable that we have to check and once we can just check that one since

that depends on the values of p at that point. So once we are just obtaining the values of p at



that point then we can just obtain the values of another y at that point for these values of y of
x. And to obtain this Maxima or minima the usual criteria is that we have to see that for
Maxima we have to put D square y by D x square is negative and we have to show that for

minima the square y by D x square is positive.
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Suppose we have example here that the question is asked to find x for which y is maximum
taking the difference up to second order from the following table and find maximum value of
y. And if I will just consider this table here like x values are prescribed as 1.2, 1.3, 1.4, 1.5
and 1.6 with space size h = 0.1 here. Suppose the tabular values are given at x = 1.2, 1.3, 1.4,
1.5, 1.6 here and the corresponding values of y are given as 0.9320, 0.9636, 0.9855, 0.9975,

and last value is given as 0.9996.

And the corresponding values for forward difference formula or forward difference table can
be given as the difference of these 2 so that is just given us 0.0316 here, If we will just take
the difference of these 2 here so the values can be written as 0.0219 here. If you will just take
the difference of these 2 here then that will just give you 0.0120 here, if we will just take the
difference of these 2 here that can be given as 0.0021. Then the second difference for these
numbers can be written as — 0.0097 first one, then second one it can be written as — 0.0099,
third difference it can also be written as 0.0099 here. Sorry, this is Del square then we will

just go for Del cube of y here.

And if we will just take the difference here so the first difference this will just give you — 0.02

here and this will just 0 here and fourth order difference you can just write this one as 0.002.



And the space size if you just see, these equidistance points are there so that is why h can be

written as 0.1 here and starting value for y 0 it can be written as 0.9320 here.
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Maxima and Minima of a Tabulated Function

Thus the interpolating polynomial is
¥(p)=09320+ 0.0316p+%(—0.0097+%'(p-2) (=0.0002)+ ..

W p)=0.9320+0.0316p+ p(;— ) (-0.0097)  (taken upto second diffenence)

Y _0.0316- (2‘0 2P 4 0097
do

At a maxima orminima Ep = 0 gives

0.0316= (Zp 2P-1 4 0097
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And based on this if we want to determine this interpolating polynomial, the interpolating
polynomial can be written in the form like y of x =y 0, y 0 means 0.9320 here and the second
point it can be written as P Delta of y 0 here so 0.0316 P here and third one if you will just
write here so + P into P — 1 by 2 into the third difference if you will just write — 0.0097 here.
And then again this difference if you just write P into P — 1 into P — 2 by 3 factorial into next

immediate value is — 0.0002 here + all other terms we can just write here and if the question



since the question is asked to compute or taken these terms up to suppose second differences

here.

So we can just consider these terms of 2 this one only here, and then we can just write y of p
up to second differences as 0.9320 + 0.0316 P + P square — P by 2 since this sign can come as
— here 0.0097 here. And if we want to first find the first order differences here so y dash P this
can be written as 0.0316 — so this will be just giving you 2 P — 1 by 2 into 0.0097 and this = 0
here. If this equates to 0 here for maxima and minima of this point then we can just obtain

these values as 0.0316 this =2 P — 1 by 2 into 0.0097 here.

And finally we will have this value like P = if you just solve here, P can be written as 3.7577
here. If you will just see here, P is just giving you this value then to find this maximum or
minima at that point we have to check d square y by d square y by dp square here, so if you
will just evaluate here d square y by dp square here, then this value it is just giving you
directly as — 0.0097 here this is less than 0 already, so that is why we can just say that this
second order derivative is minimum means or negative means we will have the maximum
value at P = 3.7577 here. To obtain the values of x for that p we have to consider again x = x

0+ Phorx=A++P h there.

So if you just consider that to find this x value for this corresponding P value here so x can be
written as x 0 + P h here or this can be written as A + P h so the final value if you just see here
that initial value is taken as 1.25 here + P is 3.7577 into h is 0.1 here, so finally we can obtain
these values as 1.5758 if you just see this point here, so this value of x is just observed in this
point here on these tabular values. This means that we can have to use this Newton’s

backward difference formula to obtain this value at that point.
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Maxima and Minima of a Tabulated Function

To find the y, ., , we use the backward difference formula as
X=X.+ph
This implies that p=(x-x,) /h=(1.5758-1.6)/0.1=-0.242

wp) = yn+wyn+g-§f—nvzyn+ﬁ%”—z)v’yn
20.242(-0.242+1)

Vi (1.5758) = 0.9996 - (0.242x 0.0021)+ x (~0.0099)

, T0.242(-0242+1)(-0242+2)

6
=0.9996-0.0005+ 0.0009 = 1.0000

So to find this maximise value at that point especially we have to use this backward
difference formula as x = x n + P H at that point. This simply satisfies that P can be written as
X — X n by h there which can be written as 1.5758 — 1.6 since 1.6 is your x n value so we can
just write that one by 0.1 this = — 0.242 since P is lying between like — 1 to 0 there so we can
just use Newton’s backward difference formula. And if we want to evaluate this polynomial
at that point especially we have to consider that y n = 1.6 the particular value will be 0.9996
here, then + P naval y n that is P is just giving you here the value as — 0.242 so — 0.242 into.

(Refer Slide Time: 24:24)
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Maxima and Minima of a Tabulated Function

Solution: Take a=1.2. The difference table is:

X y Ay Ay Ny Aty
12 09320 00316 -00097  -0.0002  0.0002
13 09636 00219 -0.0099 0

14 09855 00120 -0.0099

1.5 09975  0.0021

16 0.999%

Here h=0.1 and y,=0.9320

@ IIT ROORKEE

So — 0.242 into this naval of y n if you just see this backward table differences here that is

just giving you 0.0021 here if you just see and + then P into P+ 1 into P + 2 sorry Pinto P + 1



by 2 factorial del square of y n here so P is given as — 0.242 into — 0.242 + 1 by 2 into —
0.0099 here. So the final value it is just obtaining as 1.000 here up to 4 decimal places.

(Refer Slide Time: 25:01)
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Difterentiation Error on Interpolating polynomial base

We have already discussed about the error in interpolation and the
error term is rewritten as R, ,(x)=f(x)-P,(x) f 4 (f)
whereR , (x) = (x-x)(x-x,) . . .(x-xn)ﬁ, TS

/()

= R, (x)=w(x) (n +l)’

Thus the error term in differentiation 1s

/"¢
(n+1)!

, XSE<x,

SR, (x)=w(x)

6 IIT ROORKEE

So then we will just go for this error approximation in the interpolating polynomial case. So

for that we have to consider like Newton’s forward difference formula, backward difference

formula or like divided difference formula to value at this error at a different points there.
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So already we have discussed that these errors that is written in the form likern+ 1 xasrn+
1 x this error term is defined as x —x 0, x —x 1 up to x — x n f'to the power n + 1 zetaby n + 1

factorial. Usually this is the error term for general approximation of this interpolating



polynomial so we have defined where this zeta value should lie between x 0 to x n here. And
if we just go for this differentiation of this error term here then we can just differentiate this x
let us see here separately and we can just take the differentiation of this zeta since zeta is a

function of x here, we can just treating these 2 variables product form here.

This means that if you just consider this side as Omega x here and this side as up to the power
n + 1 zeta by n + 1 factorial here then this differentiation with respect to x for this error term
it can be written as Omega dash x f to the power n + 1 zeta by n + 1 factorial + Omega of x f
to the power n + 2 zeta by n + 1 factorial into zeta dash x here. So based on this we can just
say that this error it will just occur at a different polynomial basis, this means that if you just
consider exactly x = x a then obviously this Omega x will just give you a 0 value here. Then
we can just write this polynomial as r n +1 dash x j exactly this = Omega dash of x j f to the
power n + 1 zeta by n + 1 factorial here. Where this zeta should be lies between like x 0, x 1,
to x n for maximise value within any of these intervals there and minimum value within this

interval.
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Differentiation Error on Interpolating polynomial base

[n general, 1f we take the error as,
Ry (V)=WX)f [xxp, x), .., x|, (error of divided difference formula)
Then
Ry () =W(x)f [x.x), %, ..., x,,]+w(x)f Toxp 2 .0 %]
=W [0, X, oy X AW XXX X, ]

Since, . T+ 1] £y
.f[xn»xu]=}P11ﬂ13].f[-"uﬁxn+h]=},ﬂj[ . j il 0]=j(”0)

Slxo +hxg )= 1%, %]

JTx0s %% 1= lim £y, xg,x, + h] = lim
h—=0 h=0
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Why we are just considering this maximum and minimum value is that sometimes maybe it is
just occurring this variable x the form of fractional form there so we have to consider this
minimise value for minimise values of x to determine this maximum value of that function so
that is why we have to consider either it is in minimise form or in the maximise form to
obtain this maximum value for this error term there. So if you just consider this one in a
divided difference form here so this divided difference form of this polynomial can be written

as if you will just see this Newtons’s divided difference error derivation from our earlier



lectures, you can just find that r n 0 1 x term can be written as Omega x into fof x, x 0, x 1,

up to x n there.
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So obviously r n + 1 dash x can be written as Omega dash x into this first product term +
Omega x into the derivative of the second product. And we can just write this one as Omega
dash x into f of x, x 0 to x n + Omega X, since we are just considering the derivative of x, x 0,
x 1 to X n arguments so one more X can be involved inside these arguments. Why it is just
coming if you just see here, f of x 0, x 0, usually it is just written in the form like limit x tends
to 0 fof x 0 + h — f of x 0 divided by h here. And obviously this can be written in the form of
like f dash of x 0 divided by 1 factorial here. Similarly we can just write f of x 0, x 0, x 0, 3

arguments if it is just placed.
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We can just write this one as limit x tends to 0 f of x 0 + h x 0 — f of x 0 by h there. So if you

just write in that form then we can just apply this L hospital rule twice then we can just obtain
the second differentiation of f at the point x 0 there. This means that if you will just see here
that h square is just occurring if you just take f of x 0 + h —f of x 0 by h, so 1 by h product it
will be there so that is why 0 by 0 form it is just occurring so that is why we have to take this
L hospital’s rule to obtain this limit at that position and this gives you like f double dash x 0
by 2 factorial. So if suppose r times the same argument is placed then we can just write that

one as f'to the power r of x 0 by r factorial.

Similarly we can write if suppose 2 arguments are equal and all arguments are defer so then
we can just transfer that one as fof x r, x 1, X 0 to x n limit h r tends to 0 if h r can be placed at
that point then that will just represent the same expression as we have just seen from the
previous one. And if we just write in a limiting form there, that can be transformed directly to

the derivative form as dy by dx of fof x , x r, x 0 to x n there at x =x 1.
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Thus , in general, we can write

: d .,
f[X,X,XO,Xh...,X"] = a{./[xlx[]!xlv'")xn]}

rldy’
Therefore using the above relation we can get
rn+l ) (g
: o STE (&
R;H.l ('\‘) =W (xj ¢+ w(x —('l)
(n+1)! (n+2)!
where min{x,, x, ..., x,} < &8, <max{x,, x;, ..., x,}.

(r+l) .
and | X200 X, Xy, XXy | = —— {1220, 350X, 1}
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And which can be written as derivative form with r arguments as 1 by r factorial d to the

power r by dx to the power r f of x, x 0 to x n there. And if you just use this expression in the
complete derivative term of this remainder term then we can just get r n + dash x as Omega
dash of x j up to the power n + 1 zeta by n + 1 factorial + the arguments involved for this
derivative of up to the power n + 1 zeta by n + 1 terms there, so that can be represented as
Omega x up to the power n + 2 zeta 1 by n + 2 factorial. So next lecture we will just continue
that how we can just obtain this differentiation for (())(31:51) differential approximation,

thank you for listening the lecture.



