Numerical Methods
Professor Ameeya Kumar Nayak
Department of Mathematics
Indian Institute of Technology, Roorkee
Lecture 26
Numerical differentiation part-II (Differentiation based on Lagrange’s interpolation)

Welcome to the lecture series on numerical methods, so we now discussed Interpolation then
based on Interpolation in the last lecture we have discussed about this numerical
differentiation based on Newton’s forward difference and Newton’s backward difference
operations. So today we will just discuss this numerical differentiation based on Lagrange
interpolation, divided different interpolation and then from that differentiation how we can
determine this maxima and minima of a function based on this polynomial approximation so

that we will discuss.
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So basically we are just discussing here that whenever you will have tabular values like x 1, f
iatn + 1 distinct points starting from 0, 1 up to n. Then usually this Lagrange polynomial P n

X is written in the form like P n x this = submissioni=0tonLix fofxi.

Or sometimes we also for our convenience we are just writing k = 0 to n L k x f of x k also,
where L k x is called the Lagrange coefficient and if it is interpolating with a polynomial then
it is called P n x here. This means we are just formulating or constructing a polynomial P n x
based on this n + 1 model point considering these functional values based on this function f

of x k here. So if you just write here this Lagrange coefficient then usually we are just writing



this Lagrange coefficient L k x is Omega x by x — x 1 W dash of x 1, so where usually this W

of x is defined in the form like x —x 0, x —x 1 up to X — x n here.

Since we have these tabular points expressed in the form of like x 0, fof x 0, x 1, fof x 1 up
to x n f of x n, specially we are just evaluating these derivatives at the position that if the
function is not known us explicitly. This means that if the tabular values has been given like x
0,y 0,x 1,y 1 uptoxn,yn where exactly this function is not known to us then we can just
also approximate this polynomial in the form of P n x from where or from that we can just get
this differentiation of this function f of x at different points, maybe at the same tabular point
or sometimes maybe at different points also which is existing within any of the intervals of

this tabular point.

Basically if you will just want to evaluate this derivative for this function P n dash or P n of x
here, the derivative of P n x usually it is written in the form of P n dash x here and this can be
written as submission i = 0 to n L i dash of x f of x 1 here. Since if you will just see here, this
Omega x consists of these variables in the form of x here where we can just differentiate this
function specially if you just see this derivative of P n x is nothing but the derivative so
whatever it is just operating on L i of x here, multiplied with these functional values or the

tabular values which has been given and all of these nodal points are tabular points.
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‘ Differentiation Using Lagrange Interpolating Polynomial

If (x, £),i=0, 1, ..., n are (n+1) distinct tabular points,

the Lagrange interpolating polynomial fitting this data
set is given by

_ G
R0 =2, whete k(W= e

and W(X) = (X- X )(X- X )oo.(X- X)) (X- X.) X f
Therefore the first order differentiation of P (X) with

respect to Xcan be written as L
P PX=Y 1,001,
k=0

NPTEL ONLNE
' e CHITACATION COWSE

If we can just write this one in a complete form we can just write this one as L 0 dash of x
of x 0, L 1 dash of x f of x 1 since how these known values of x 0, x 1 and x 2 up to x n and

where also these functional values are known to us which all are constants here. Specially it



can be written of the function in the final point is here nth point so L n dash x f of x n this
one, so specifically if you just see here the slides so we can just say that x i are the values
which is expressed at all of these nodes points that is in the form of x 0, x 1 to x n and the
functional values that expressed in the form of f of x 0, f of x 1 to f of x n here. So suppose
first we will just consider Lagrange polynomial which is used 3-point suppose, since at a time
if you will consider n points it is difficult to understand, so first we will just consider 3-point

suppose.
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So if we assume that the function goes through suppose 3 points and the points are defined in
the form like x 0 fofx 0, x 1 fofx 1, x 2 f of x 2, either you can just write in the form of f of
x 0, fof x 1, fof x 2 or you can just write that one as x 0y 0, x 1 y 1, x 2 y 2 sorry this one x
2 y 2 here, since we are just expressing here y = f of x. And if we will just consider this
polynomial here so this can just generate a polynomial of degree 2 that is in the form of P 2 x
here which can be written in the form of L0 x, fof x 0L 1 x fofx 1 + L 2 x fof x 2 here.
And if we will just slide independently all the terms here, this means that L 0 x can be written

in the form of like x — x 1, x — x 2 divided by x 0 — x 1, x 0 — x 2 here.

Similarly, L 1 x this can be written in the form of like x —x 0, x — x 1 sorry x — x 2 divided by
x 1 —=x0,x 1 —x 2 here. Similarly L 2 x can also be written in the form of like x —x 0, x —x 1

divided by x 2 —x 0, x 2 —x 1 here.
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Example based on Lagrange Interpolating Polynomial

Assume that a function goes through three points:
(%, (%)), (%, £(%)) and (%, (%))

Thus the Lagrange interpolating polynomial of second degree

takes the form: R’.(X):IO(X) f(&))‘F II(X) f(Xl)Jrlz(X) f(xz)
): (X')@)(X'XQ)‘ Ia(X)= (X'XO)(Xm

(R-20)%-%) =" (h-X)%-X)
Rl CAEAL ), SOy, DAL g

(% - %)% - %) (% - %) - %) (- X)%- %)

So if we will just express these 3 Lagrange polynomial coefficients L0 x, L 1 x and L 2 x in
this form here then we can just write P 2 x as thus P 2 x can be written in the form of like x —
x1,x—x2byx0-x1,x0-x2into fofx 0 +x—-x0,x—x2dividedbyx 1 —x0,x 1 —x
2into fofx 1 +x—x0into x —x 1 divided by x 2 —x 0, x 2 —x 1 into f of x 2 here. So if you
will just write this polynomial in this form then usually we can just evaluate the derivative for
this function P 2 x here or the polynomial P 2 x here. So if you just differentiate this
polynomial P 2 x with respect to x here, differentiating P 2 x with respect to x here, if you just

differentiate this one then we can just write this differentiation as P 2 dash x here.

So P 2 dash x if you just see here, first product if you just take so x square so this means that
we can just write 2 x — if you just say x is a product of here that can just gave you — x 1 here,
if you just put the product of this one also here that will just give you — x 2 here and the last
derivative if you just consider, this is nothing but a constant here + x 1 and x 2 and its
derivatives will be 0 here, then divided by all of these points if you just see all are here
constant so that is why we can just write x 0 — x 1, x 0 — x 2 f of x 0 since all are here

constant only.

So next derivative point if you just consider here, the next derivative term associated with this
P 2 x that can be written in the form like, 2 x —x 0 —x 2 dividedby x 1 —x 0, x 1 —x 2 fof x
1 + the last term if you just differentiate it can be written in the form of 2 x —x 0 — x 1

divided by x 2 —x 0, x 2 —x 1 into f of x 2. So now if you just differentiate once more here P



2 dash x then we can just obtain P 2 double dash x also here so next if you just go for the

second differentiation of this function here.



(Refer Slide Time: 11:48)

w2 A Jin)q 2 Hr P fomy
& (- (%) Ou- 24 )= ™) i s )
- [@rmﬂ}(ﬂu)—! by -m) £04) F
RS e fu-o) fn) 5.
q,'."'h-il\,’nz_=%‘fu\l._~- ) Ma =R 0k
ittt
r U,
Dling = MOzBA=0h-2 fo,) 2o sinicth f (214
e (5= 2R (- - 4) ( Hoth= ) (et %2

3 = Kot - ¢
‘, (9eoh Ao (Wt U= =) Fent )

\

If you will just differentiate once more here, then we can just write P 2 double dash of x this
and be written as, first one is the variable term only this is involved here. So 2 by x 0 —x I, x
0—x2intofofx0+2byx1-x0,x1—-x2into fofx 1 + the last term if you just take one
more differentiation, it can just represent the term here x 2 —x 0, x 2 — x 1 into f of x 2 here.
And combine if you will just write this term this can be written in the form of like 2 is

common for all the terms here, 2 divided by x 0 —x 1, x 1 —x 2, x 2 —x 0 here.

And if you will just write the other part of the term here this can be written in the form of like
x 2 —x 1 into f of x 0 + next term if you just say see here that is not common to this term here
that is in the form of like if you will just see that is nothing but x 0 — x 2 f of x 1 + last term
that is in the form of like if you will just see that is in the form of x 1 —x O here sox 1 —x 0 f
of x 2. So this is the complete representation of this second order differentiation of P 2 x, this
means that if you will just involve only 3 points then we can just represent this polynomial in

this form.

So likewise we can just express the nth differentiation or if you will just consider polynomial
of degree n also here then the first order differentiation, second order differentiation, third
order differentiation we can just get it in the same manner here. So based on this we can just
also say that if all these points suppose equally spaced, sometimes we say that the Lagrange
interpolating polynomial this can be applicable both for equi-spaced points and unequi-
spaced points. In this case we now just consider that all points may be unequally spaced, if

we will just consider that all the points are equally spaced suppose.



Equally spaced means we can just consider x 1 =x 0 +h, x 2=x 0 + 2 h, so likewise we can
say that x n = x 0 + n h here. Obviously in the graphical representation we can say that if x 0
is the starting point here and x n is the endpoint here, if we will just divide this complete
interval into n equal parts we can just say that it is equally spaced or all the points are equi
spaced. So if we will just replace all of these points right this transformation then we can just
obtain the first order differentiation P 2 dash of x O suppose. (())(15:06) we are just
considering this differentiation at this point x 0 here, if you will just consider that one that can

be written in the form of like if you will just see this one is the differentiation here.

So first point it can be written in the form of like 2 x 0 —, suppose this differentiation we want
to determine at the point x 0 here so then x =x 0 here — x 0 — h — x 0 — 2 h divided by this is x
0—-x0—h,thisisx0-x0—-2hintofofx0+tox0—-x0—-x0—-2hdividedbyx0+h-x
0,x0+h—-x0-2hinto fof x 0 + h + the last term if you will just write thatis 2 x 0 —x 0 —
x 0—hdividedbyx0+2h—-x0,x0+2h—-x0—hinto fofx 0+ 2 h here.
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Example based on Lagrange Interpolating Polynomial
If the points are equally spaced, i.e. X;=Xz+hand X;=x;+2h, then
the first order differentiation is
Blx)- 20-(%+h)-(%+2h) (1) 2%-%-(%+2h f(x)
-0+l xg-0g + 20} {06+ 0+ -0 +20)
2&)'){)'(&)+h) f(X))
{0g+20)-xf{ (g +20-0g + )
B(%)= 53 1(%) +41(x)- 1)}

This is the three-point formula for first order derivative.

So if you just cancel all the terms here then we can just say that this x 0 x 0 we cancel it out,
this x 0 we cancel it out, this x 0 be cancel it out here, this is 2 x 0 we cancel it out so this x 0
we cancel it out, this x 0 we cancel it out, this x 0 we cancel it out, this x 0 we cancel it out.
So finally if you just right all the terms here, we can just write P 2 dash of x 0, first you just
see here — h, — 2 h, here also — h, — 2 h so if you will just see here we can just take common 1
by 2 h from all these terms and it can be written in the form of like —3 fofx 0 +4 fofx 1 — f

of x 2 here.



So this means that all of the terms if you just see that first term if you just see here that is in
the form of like — h, — 2 h here so that is why this is — 3 h and lower one if you just see here —
h so — 2 h, this one also — 3 h here then f of x 0 so next one if you just see here so the same
thing we can just say that is 2 x 0 — x 0 — x 0, we will just cancel it out then 2 h is remained in
the upper side here so then lower side if you just see here that is in the form of x 0 — x 0 you
just cancel it out then h remains here then h — 2 h here so that will be — h will remain so — h

into h that will just generate here h square.
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Example based on Lagrange Interpolating Polynomial
The second order differentiation at X=X, is
2
B"(x)= X-%)f -0) F(%)+(%-%)f( X%
%) (’h"‘l)(X]-Xz)(Xz"%)[( 2R 06+ - ) () 4411
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where fi=f(x,), f=f(x,), f=F(X,).
This is the second order forward difference formula.
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So likewise if you just solve these 3 terms, we can just obviously get this 3-point formula

¢

here that is this is called the first 3-point formula for first order derivative here. Next we will

go for this second order differentiation here, so if you will just differentiate this P 2 double



dash at x 0 then we can just obtain here P 2 double dash of x 0 as directly the same
formulation we can just use here also thatis2by x0—x0—-h,x0+h-x0-2h,x0+2h-
x0intox0+2h—-x0—-hintofofx0+x0-x0—-2hinto fofx0+x0+x0+h-x0
into fof x 0 + 2 h. So if you just see here, this x 0 x 0 cancel it out x 0 also cancel it out here,

this is also cancel it out, this is also cancelled out.

If you will just write in a complete form here then it can be written as 2 y — h, this one also
here — h, last one if you just see here this is nothing but 2 h here. And in fact these functions if
you just see, first one just gives h £ 0, x 0 x 0 cancel it out so 2 h — h so that is why it is just
giving you h here so h into f of x 0 that is nothing but h £ 0 here. Second part if you just see
here that is nothing but — 2 h here that we can just write — 2 h f 1 and last point if you just see
here, it will be just giving you h f of x 2 and finally we can just write this as since —— it is
just giving you + here this one, so f 0 since h can be taken out common from all the terms

here so f0—2 f 1+ f2 divided by h square.

Since we are just writing here f 0 is nothing but f of x 0 and f 1 is nothing but fof x 1 and 2
is nothing but f of x 2, this is called second order forward difference formulas, especially if
you just see the same formula you can get it also in Taylor series expansion also, this is called
second order forward difference formula. So based on this differentiation we can just go for
the solution of some problems, first we will discuss these problems based on this Lagrange
Interpolation where it can be exactly applied to the nodal points. We can say that either at x 0
or at x 1 directly if we just put that point whatever we have just discussed here, the same way

we can just differentiate and we can obtain the solution.
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Differentiation using Lagrange’s Interpolation

Example: Find y'(2) from the following table:
x 0 2 3 4 7
y. 4 26 58 112 466
Solution:

The Lagrange interpolating polynomial is

P"(x):ilk(x) f. , where [, (x)= wX)

k=0 (X' Xk)w(xk)
and W(X) = (X-0)(x-2)(x-3)(x-4)(x-7)

So first if you just consider this example that is in the form like x is prescribed at 0, 2, 3, 4, 7
suppose since we have considered as unequal spaced points and if the functional values are
expressed as 4, 26, 58, 112, 466 suppose and the values asked to compute at x = 2. Since if
you just see this tabular value here, x = 2 is a particular tabular value on this problem here

and it has asked you to evaluate these values at y dash of 2 so first if you just discuss here.
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Find y dash of 2 using the following data, suppose the question is asked and the data points
are given in the form like x at 0, 2, 3, 4, 7 suppose and these functional values are expressed
in the form 4, 26, 58, 112 and 466, this is suppose given here. And obviously we can say that

we have to find y dash of x at x = 2 here, obviously 2 is nothing but the tabular point here.



And if we will just use this Lagrange Interpolation then the formula can be written in the
form of P n x = submission K = 0 to 4 since if you just see here, 5 nodal points are here so it
can just generate the polynomial of degree 4 here so that is why we can just write L k x f of x

k here.

And directly we can just write L K x as Omega x divided by x — x K, Omega dash of x K
here. And Omega of x can be expressed in the form of x — 0, x — 2, x — 3, x — 4, x — 7 here
since all the points should be included in the numerator product part here. So if we want to
find this L 0 x here, so L 0 x can be written in the form like x —x 1, - x2,x—-x3,x—-x 4
dividedby x 0 —x 1, x 0 —x 2, x 0 —x 3, x 0 — x 4 here. And directly if you just write these
functional values in the upper part here, this can be written as x — 2, x — 3, x — 4, x — 7 divided

by this all of these terms like 0 —2, 0 —3,0—4, 0 — 7 here.

And similarly if you just write L 1 x, this can be represented in the form of like x — x 0, x — x
2,x—x3,x—x4dividedbyx 1 —x0,x 1 —x2,x 1 —x 3, x 1 —x 4 and this can be written in
the form of like x — 0, x — 3, x -4, x — 7 divided by 2 -0, 2 — 3, 2 — 4, 2 — 7 here. Similarly
wecanjustwrite L2xasx—x0,x—-x1,x—x3,x—x4dividedbyx2-x0,x2isx 1,x2
—x 3, x 2 — x 4 and which can be represented in the data points as x — 0, x -2, x —4,x -7

divided by point is here 3 - 0,3 — 2,3 — 4, 3 — 7 here.

(Refer Slide Time: 28:45)
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Differentiation using Lagrange’s Interpolation

(x-2)(x-3)(x-4)(x-7)
(0-2)(0-3)(0-4)(0-7)

I[,(X)=
_(X-0)(x-3)(x-4)(x-7)
N 2-0)2-3)2-H(12-7)

_ (X-0)(x-2)(x-4)(x-7)
(3-0(3-2)(3-4)3-7)

h(X)

L(X)

~(x-0)(x-2)(x-3)(x-7)

(%) =
T (4-0)4-2)4-3)4-7)

NITEL ONUNE

CEATIICATION COMSE

Similarly we can define L 3 x as x — 0, x 1 is 2, x — 3 into x — 7 divided by 3 — sorry this will
bed4—-0,4-2,4—-3into 4 — 7 here. And L 4 x can be defined in the form like x — 0, x — 2, X
—3,x—4,divided by 7—-0,7 -2, 7 -3 into 7 — 4 so that is the representation for L 4 x here.
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So if you just consider the first order derivative based on Lagrange Interpolation then we can
just express this P n dash x as so we can just express P n dash x as submission K=0to 4 L K
dash of x f of x K here. And if you will just define here L K x dash x as submission or
directly if you just write here d by d x of Omega of x divided by x — x, Omega dash of x K
then Omega x is represented as here if you just see that is the function of x only here that is in
the form of like x — 0, x — 2, x — 3, x — 4 into x — 7 here, and directly we can just evaluate this
derivative with respect to x for this function here and obviously if we want to write suppose

at a point 2 suppose here.
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Differentiation using Lagrange’s Interpolation

Q)= Q-)2-H2-7 10 _ 5
ST (0-2)(0-3)(0-4)(0-7) 168 84
)= (2-3)2-92-7) | (2-02-42-7)

: (2-0)2-3)2-4)(2-7) (2-0)(2-3)(2-4)(2-7)
2-02-32-7) _ (2-02-3)(2-4)
(2-0)2-3)(2-4)2-7) (2-0)2-3)2-4)(2-7)

Il{(z)z__lo+2_0+£+i:_§
-20 -20 -20 -20 5
(2-02-42-7) _20_5

"2I(2)_

_(3—0)(3—2)(3—4)(3—7) 12 3




If you will just see the first function L 0 2 here so directly we can just say that since at a
particular point we are just evaluating, if you just see here L 0 x which is represented in the
form of like x — 2, x — 3, x — 4, x — 7 divided by your 0 — 2, 0 — 3, 0 — 4, 0 — 7 this one. So if
you just take this differentiation with respect to x here that is just giving you at a point
particularly 2 if you will just see here, L 0 dash of 2 this one. So then except first product if
you just consider this one, this will just give you a nonzero value and everywhere else
wherever this x — 2 is present for remaining all of these derivative terms that will just give a 0

term there.

So that is why we can just write this complete product form here that one as 2 - 3,2 -4, 2 —
7, divided by — 2 into — 3 into — 4 into — 7 here. Since if you will just see this differentiation
with respect to x — 3 if you just consider, then x — 2 will be present specially x — 2 that will
just give you 0 here. If you will just differentiate x — 4 with respect to x — 4 the next — 2 is
also present in another term so that will just give you 0 value there. So likewise whatever
these product terms if you just consider except x — 2 then all other terms will be 0 there so
that is why this can be represented here in this form only and barely if you just calculate that

is just giving you — 5 by 84.

Similarly if you just calculate here L 1 dash of 2 suppose, next immediate calculation is L 1 x
suppose if you just here L 1 x can be written in the form of like x — 0, x — 3, x — 4, x — 7
divided by 2 - 0,2 — 3,2 —4, 2 — 7 here. And if you just take the derivative with respect to x
and put these functional values 2 there so all these terms will exist here if you just see, since
in first fall differentiation if you take this one so we can just write this term as x — 3 into x — 4
into x — 7. Second if you just do this one then + x into X — 4 into x — 7 then next term if you
just take the differentiation with respect to x — 4 here then we can just write x — 0, x — 3 into x

-7.

And last if you just differentiate so all the terms at point 2 it will just exist and in that case we
can just like this one as L 1 dash 2 = — 6 by 5 here if you just calculate. Then we will just go
for like L 2 dash of 2, L 2 dash of 2 if you just see again the same scenario it can happen, this
means that if you will just calculate L 2 of x again, this x — 2 term will be there so that is why
except one term all other terms it will just vanish after this differentiation and we can just
write this differentiation as L 0 to dash of 2 there and which can be written as like 20 by 12
here so the value is coming as like L 2 dash of 2 that is just giving you like — 5 by 3 here
sorry this is 5 by 3 only and L1 dash of 2 this is just giving you — 6 by 5.
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Differentiation using Lagrange’s Interpolation ‘

1) 2-02-32-7)  _10 _ 5§
; (4-0)(4-2)4-3)4-T7) -24 12
r@)-— 2003249 4 _ 1
< (7-0)7-2)(7-3)(7-4) 420 105
Thus,

y(2)= Pn'(2)=—ix4—9x26+§x58—ix112+Lx466
84 5 3 12 105

5 156 290 140 466

= e —— —_—

+
Al 5 3 3 105

=23

And if in the same manner if you just compute here L 3 dash of 2 that is the same way we
have to treat here also that will just give you — 5 by 12. And if you just compute L 4 dash 2
that will just give you 1 by 105.
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Once all of these values are known to us than we can just write these functional derivatives,
this means that we can just write y dash of 2 as L 0 dash of 2 into fof x 0 + L 1 dash of 2 f of
x2+ L 1dashofx3 fofx3+L3dashof2fofx3andL 4 dash of 2 into f of x 4 there. So
if you just write all these terms here, the derivative of like this term y dash of 2. It can be
written in the form like P dash of 2 as — 5 by 84 that is the first term into f of x 0 that is

nothing but 4 here + 6 by 5 into sorry this is — 6 by 5 here the value into 26, so next term is



like 5 by 3 into 58 and immediate next term is like — 5 by 12 into 112 + 1 by 105 into 466

here and the computed values that is just giving you here 23.

If you just see here, this means that we are just writing these values that is in the form like L
0 of2or L 0dashof2into fofx 0+ L 1dashof2 fofx1,L2dashof2fofx2+L 3 dash
of 2 fof x 3 + L 4 dash of 2 f of x 4 here. Or completely free just write all these terms then
we can just evaluate this derivative or first order derivative for this function f of x by
constructing a polynomial P n of x here. So obviously based on that we can just evaluate this
derivative for all of these unequi-space points or equi-spaced points that is based on this
Lagrange Interpolation formula. So next lecture we will just consider this unequi-spaced
points or some other examples based on this Lagrange interpolating polynomial, thank you

for listening this lecture.



