Numerical Methods
Doctor Ameeya Kumar Nayak
Department of Mathematics
Indian Institute of Technology Roorkee
Lecture 22
Interpolation Part VII (Lagrange Interpolation Formula with Examples)

Welcome to lecture series on numerical methods and currently we are discussing
interpolation. In the interpolation section we have covered this finite difference
approximations like Newton's forward difference approximations, backward difference
approximations and all of these finite difference operators. Today we will discuss about
Lagrange interpolation method and Newton's divided difference interpolation. So first we will

start about Newton's sorry Lagrange interpolation formula.

In the Lagrange interpolation formula is applicable for both these uniformly and non-
uniformly spaced grid sizes. Especially in interpolation formula we will have this tabular
values likex 0y 0, x 1y 1,x 2y 2, x 3y 3, so likewise. So earlier whatever this formula we
have discussed or derived basically all these lectures they are discussed for this finite

difference operators which are used for equispaced points.

Sometimes if you just see these points which are placed here like if you will have the tabular
points like x 1, y 1 where 1 is varying from 0 to n here then these points will be placed like x 0

y0,x1y1l,x2y2uptoxnyn here.
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So if you will just consider these tabular points like x 0 y 0 will be placed like this point here.
X 1y 1 will be placed here and suppose the next tabular point x 2 y 2 is placed here. Next
tabular point will be placed as x 3 y 3 here. So likewise suppose the points will be placed. But
if you just see the distance between these two points which are unequally. Since this is not
equals to this one or this is not equals to this one here. This means that we can just say that x

1 minus x 0 is not equal to x 2 minus x 1 here or this is not equals to x 3 minus x 2 here.
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So in this case we cannot use like Newton's forward formula or Newton’s backward
difference formula or any of these forward difference approximations. So for that we need a
separate formula which can bill these unequally spaced points here. So basically these
unequally spaced points here we will just consider three different interpolation methods to

approximate this functions with a polynomial.

That is first one is Lagrange interpolation method, second one is a Newton’s divided
difference formula and third one is Hermite’s interpolation method. And in this method if you
will just see this method simply suggest to represent the given data like x 1y 1, [ equals to 0 1

2 up to n which can approximated in the form of'y i equals to p of x 1 here.
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Lagrange’s Interpolation Formula

» The formula’s discussed in the previous lectures are suitable for the
evaluation of data prescribed at equal intervals.

» Lagrange’s formula can be applied when the tabular points are not
necessarily uniformly placed.

» The method simply suggests to represent the given data (x;, y;), i =
0,1,2,...,n by a polynomial function y = P(x% such that y; = P(x;
then the degree of the polynomial should not be higher than ‘n’.

» P(x) = ag + arx + ax? + -+ a,x™, passing through (x;,y,), i =
QL2

» “n” unique equations are required to determine the ‘n’ coefficients
g, Ay, Ag, ..,y
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Here p of x can be written in the form of a 0, a 1 X, a 2 x square up to a n X to the power n
where these coefficients a 0, a 1, a 2 up to a n are to be determined. And to determine these n
plus 1 coefficients here since it is a polynomial of degree n so we need like n plus 1 equations
to evaluate these coefficients there. Since all of these constants here so one value like a 0 can

be taken to the right hand side.

All of these variables associated here a 1 to a n can be evaluated by considering n equations
here. So for that suppose we have to consider a polynomial of degree one for the first case. If
you will just consider the polynomial of degree n equals to 1 here, we can just write here the
points like x 0 and x 1 with a linear polynomial approximation or a polynomial of degree 1
here or polynomial of degree 1 here. That is p of x equals to f of x here which can be written

in the form like a 1 x plus a 0.



(Refer Slide Time: 05:12)

(Mi”(]c\‘ Dhis E0 b
- —*,"%)
‘7’) (FM,%) (%/ﬁz)’ s { -
At gh——— i
) ) H(FMIOL) (q’L)V]L) (’)15)‘75)

- to F -y F Wy, .
D) P S bt dats - - Gl
W,y AEH R had Prgnnciat o ))01@AW” i
b‘.; i d{jdui . A P("A):j[(')\):am.fao

i

And if we will just approximate this function with a polynomial to determine these

P

coefficients a 0 and a 1 from this equation we have to consider three equations that is in the
form of like p of x. Then if you will just put that x equals to x 0 where p of x is exactly equals
to f of x or x equals to x 1 suppose, p of x is exactly equals to f of x here then we can just

eliminate these coefficients a 0 and a 1 in a polynomial form here.

So if you will just do that things we can just write p of x equals to a 1 x plus a 0 where a 0
and a 1 are the arbitrary constants which satisfies the interpolating conditions that as f of x 0
equals topofx 0 as a 1 x 0 plus a 0 here. Similarly we can just write f of x 1 that as p of x 1
this equals to a 1 x 1 plus a 0. And our original form of the equation that is especially written

in the form of p of x equals to a 1 x plus a 0 here.
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So if we want to eliminate a 0 and a 1 from these three equations we can just write these
equations in the form like p of x, x 1, then fof x 0, x 0 1, fof x 1, x 1 1, this equals to 0. If
you will just expand this determinant here we can just obtain that p of x into x 0 minus x 1
minus f of x 0 into, if you will just see that is x minus x 1 plus f of x 1 into x minus x 0 here.

This equals to 0.

If we want to find p of x or the polynomial to be determined here so then it can be written as
p of x equals to x minus x 1 divided by x 0 minus x 1, f of x 0 minus x minus x 0 divided by x
0 minus x 1, f of x 1 which can be written as x minus x 1 by x 0 minus x 1, f of x 0 plus x

minus x 0 by x 1 minus x 0, fof x 1 here.

Since I just minus sign is there so I have just taken common minus from this denominator
side. So that can be written in the form of x minus x 0 by x 1 minus x 0 into f of x 1. Where, [

can just write this one as L 0 of x, fof x 0 plus L 1 of x, f of x 1 here.



(Refer Slide Time: 08:35)

/%(qu)/ P(M 2@t Qo
PW ayutae

' 1) (fo-2) — ,&w (%)
S 7%('1 %)

}?(1)
,//Pq) N -0y f’f’%‘ e
%w\ .
)‘ = A=y )4 A fln)
<3 5
} / = Loty Fra )4 M&ﬂ»!k“

Where, I can just write L 0 x equals to x minus x 1 divided by x 0 minus x 1. And L 1 x, that

can be written as x minus x 0 by x 1 minus x 0 here.
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So if we will just see here that these are called L 0, x and L 1 x are called Lagrange's
fundamental polynomials which satisfies. If you will just add both these terms here like L 0 x
plus L 1 x here which can be written as x minus x 1 by x 0 minus x 1 plus x minus x 0 by x 1

minus x 0 here. So this total value can give you the values as 1 here.



(Refer Slide Time: 09:33)

WA v e MHioip 222
%(W);P(’U);@rbfa"’ o /LJU); :—,\'M M : N~
As= M ‘
o= Pens S EL gy ppg= A 45
Z 4 M-
=yt o =L
Rl \ @) ( — feny (xy)
e i BT b
n) T L7 5
) || )
Sty ML \ =%
* WA, Hoy)

} Woririeg

Since if we can just put here that is L 0 of x 0 that is nothing but 1 here since x 0 can be
replaced here so x 0 minus x 1 by x 0 minus x 1 that we will just give you 1 here. If I will just
replace x by x 1 here this means that L 1 of x 1 that will just give you x 1 minus x 0 by x1
minus x 0 as the value as 1 here. This means that L 1 of x j this equals to 1 whenever 1 equals

to j and this equals to 0 whenever i is not equals to j there.

Then we can just write L 1 of x j this equals to delta that is chronicle delta of 1 j, this equals to

1 if i equals to j and j 0 if i is not equals to j there.
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Lagrange’s Interpolation Formula (Continue..)

This implies
P(x)(xg = x1) = f o) (x = x¢) + f(x;)(x = %) = 0

Or P(x) = Ly (x)f (xp) + 1y (%) f(xy) =)

X=X

Where [y(x) =

_ L) ;
Ry & li(x) = oy, called the Lagrange’s

fundamental polynomials and satisfies
L) +h(x) =1
hx))=1  L(x)=0
Lix)=0,  L(x)=1




So if you just extend this linear polynomial to nth order polynomial here so we can just write
this complete polynomial as p of x equalsto L0 x, fof x O plus L 1 x, fofx 1 plusupto L n
x, f of x n where this coefficient L i x can be written as x minus X i1 sorry x minus x 0, X minus
x 1 to x minus X 1 minus 1, x minus X 1 plus 1 up to x minus x n divided by x 1 minus x 0, x 1

minus X lupto X i minus X i minus 1, X i minus X i plus 1 up to x 1 minus x n here.
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And it can be written in a combined form that as p of x this equals to summation of 1 equals
to 0 ton Lix, fof xihere. And obviously this L i x will satisfy the property that is L 1 of x j
this equals to 1 when i equals to j and 0 when 1 is not equals to j here. If I will just take the
product of the term like x minus X i in the upper side here so I can just write that one as
product of summation i equals to 0 to n X minus X i divided by x minus x 1 here into your
products like x 1 minus x 0, X 1 minus X 1 minus 1, X 1 minus x i plus 1 up to X i minus x n

here.
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And also sometimes people are just using since this is a product form here I can just write this
one as product of 1 equals to 0 to n here that is x minus x i divided by x minus x i into this
term I can just replace as pie dash of i equals to 0 to n, x i minus or I can just write this one
since these terms are written as x 1 minus x 0, x 1 minus x 1. So if I will just take the

derivative of this term with respect to x 1 here then I can just write pie dash of x i here, that

one.
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So we can just denote in our like convenient form that is in a derivative form if you will just
take the expansion here and with respect to x 1 if I will just take the derivatives then except

this x 1 term all other terms will be 0.
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So in that way also I can just write this expansion that is in the form of like x 1 minus x j if [
will just write or I can just write this one as x minus x i also. So it is very convenient to
express this L 1 x term in different senses. Since all of these terms are occurring in the form of

product comes here so that can be expressed.

To go for this polynomial what is just created in the form of like Lagrange interpolation so
we will just discuss about an example that using suppose the data like x equals to 0, 1, 4, 5
and the corresponding data of y equals to 8, 11, 68, 123, how we can determine the value of y
or the function f of x at the point 2? That we will discuss using Lagrange interpolation

polynomial here.
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Lagrange’s Interpolation Formula (Continue..)

Example: Using Lagrange’s formula, find the value of y(2) for the
following data set
r: 0 1. 4 5
W LR IC B IGE 18173

The Lagrange’s Formula is:
. (gx —Esees) o O E e

(5 S T s
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a—0a-0E-5 TG0 16-9

y(2)=18

x 11

x 123
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Since the data points whatever it is just given, it is given in the form of like x as 0, 1, 4, 5
here and corresponding y data that is given as 8, 11, 68, 123. And since we will have this
points like 0, 1, 2, 3 so we can just go up to a polynomial that is of degree like 3 here. So that

is why we can just write this one as or the Lagrange polynomial expression is like L i of x.

I can just write x minus X i. Sorry this is X minus x 0, X minus x 1 up to x minus x n divided
by x 1 minus x 0, X 1 minus X 1 up to x 1 minus x n here. And the complete polynomial p of x

can be writtenas LOxfofx0,L1xfofx1,L2xfofx2, L3 xfofx3.
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So if T will just go for the computation of L 0 x here, so L 0 x can be written as X minus x 1, X

minus x 2, X minus x 3 divided by x 0 minus x 1, x 0 minus x 2, x 0 minus x 3 here. Since we



have here 4 data points like the 4 data points can be signified as x 0 equals to 0 here, x 1
equals to 1 here, x 2 equals to 4 here and x 3 can be written as 5 here. So if you will just put
all these points here that can be written in the form like x minus 1, x minus 4, X minus 5

divided by 0 minus 1, 0 minus 4, 0 minus 5 here.
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So if we want to evaluate L 0 x at the point 2, since the question is asked to evaluate the
functional value at point 2 so directly we can just replace here L 0 at the point 2 and putting
this 2 at the position of x in each of these expression here. So if you will just replace here like
L 0 of 2 so we can just write this one as 2 minus 1, 2 minus 4, 2 minus 5 divided by 0 minus 1
that is minus 1, then minus 4, then minus 5 here. And similarly we can just write L 1 x also

and L 2 x, then L 3 x we can just write.
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And if you just put all these values with the functional values here we can just obtain the total

expression as your y of x or p of X can be expressed as X minus x 1, X minus X 2, X minus x 3



divided by your value that is 0 minus 1, 0 minus 4, 0 minus 5 into first value that is your

functional value.

I can just write that one since it is just given as 8 here plus x minus 0, X minus 4, X minus 5
divided by 1 minus 0, 1 minus 4, 1 minus 5 into 11 plus x minus 0, x minus 1, X minus 5
divided by 4 minus 0, 4 minus 1, 4 minus 5 into 68 plus x minus 0, x minus 1, x minus 4

divided by 5 minus 0, 5 minus 1, 5 minus 4 into 123.
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Since we want to evaluate this y of x or p of x value at exactly x equals to 2 here so we can
just put here y of 2 and this total value that can become as or we can just obtain that value as

18 here.
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So since we are just using this Lagrange interpolation polynomial if you will just see the data
points here, first point is 0, then second point is 1, then third point is 4 here. If you just see

this difference or this difference both are unequal here.
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And again this 4 and 5 this difference is 1 here, this difference is 3 and this is 1 again. So that
is why you cannot use any class of like finite difference operators to find this value at x
equals to 2 here. So Lagrange method this can also be applicable if we will have this data
points is given and if it is asked to evaluate this functional values within (cla) any of these

functional values here.



And for that what we will do is, we have to fit another polynomial suppose q of y such that
the function is defined as x as a function of y there. This means that always we are just
expressing y as a function of x. If it is asked to evaluate this functional value we can just use

it in a reverse form.
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Lagrange’s Interpolation Formula (Continue..)

Lagrange’s method can also be used for inverse interpolation i.e., to
find the value of x for a given value of y. In that case, we have to fit
another polynomial Q(y) such that function is defined as x = Q(y)
1., taking y as independent variable & x as dependent variable.

Example: Following data set for y = x* are prescribed:
r: L 2 3
yee ol 80

Compute the cube root of 21 from the above data using Lagrange
method Also discuss the error in the result.

Solution: Let us interchange the variables for the convenient:
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That means that we can just use that one as x equals to q of y there. Since y as the
independent variable and x as the dependent variable. So for that we can just consider another
example suppose y equals to f of x then usually we can just express in inverse form here x

equals to g of y here to find these values at the tabular points if a function is prescribed to us.

The following data are prescribed here like y equals to x cube is given here, x at the points
like 1, 2, 3 and y values are given as 1, 8 and 27 here. And the question is asked to compute
the root of 21 from the above data using Lagrange’s method and also discuss the error

associated in that formulation.
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Lagrange’s Interpolation Formula (Continue..)

Lagrange’s method can also be used for inverse interpolation i.e., to
find the value of x for a given value of y. In that case, we have to fit
another polynomial Q(y) such that function is defined as x = Q(y)
1.e., taking y as independent variable & x as dependent variable.

Example: Following data set for y = x* are prescribed:
i 1 2 3
yov 18 27

Compute the cube root of 21 from the above data using Lagrange
method Also discuss the error in the result.

Solution: Let us interchange the variables for the convenient:
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So for that what we will do is we can just express this function in an inverse way as like x is
given here as 1, 2, 3 and corresponding y values that are written as here 1, 8, 27 here. And so
if the question is asked to find the value of x where y value is 21 here, we can just write this
formulation in a reverse form that x as a function of y here. Especially if you will just see this

part here, x is expressed as a function of y here.

So that is why we can just write this formulation x as a function of y which can be expressed
as y minus y 1, y minus y 2 divided by we can just write as y 0 minus y 1, y 0 minus y 2. And
corresponding value it will just take these values as x 0 here plus we can just write y minus y
0, y minus y 2 divided by your values like y 1 minus y 0, y 1 minus y 2 into these functional

values which can be in a inverse form it can be written as x 1 here.

And the last part you can just write this one as y minus y 0, y minus y 1 divided by y 2 minus

y 0,y 2 minus y 1 into x 2 here.
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So if you will just represent this Lagrange polynomial in this form here so especially we are
just writing in this form here x 0 as 1, x 1 as 2, x 2 as 3 here and corresponding y values these

are expressed as y 0 equals to 1 here, y 1 as 8 here, y 2 as 27 here.

(Refer Slide Time: 25:18)

And if you will just put these values here then we can just find these functional values as like
x of 21. Since the y value it is asked to compute the x position that where we can just find this
cube root of 21 there. Since especially the function is defined in the form of like y equals x
cube here. So that is why if in a inverse form if you will just write X can be expressed as y to

the power 1 by 3 here.



(Refer Slide Time: 25:50)

‘a(s »{—(‘U/ A= a( a) 0 z];q\%- A=

it i 2 %/—)%51 W=
Lﬁ i % R} )Va":"’

%LU)4(6-317( ”d'@ A
(0-9) 010734 J

er )Yy - ) %2
(DR &I

QL)

So that is why if it is asked to compute this one x of 21 here so then we can just write this one
as 12 sorry this is like 21 minus your y1 that as here as like 8, 21 minus 27 divided by the
corresponding values of y 0 here as 1 minus 8, 1 minus 27 into x 0 value. X 0 value is
especially 1 here plus if you will just write again like 21 minus y 0. So y 0 is 1 here then into

21 minus y 2 here. So y 2 is obviously sorry this is y 2. Y 2 is 27 here.

This divided by like if you will just write here or value y 1. Y 1 means this is 8 minus 1, then
8 minus 27 and the second value if you will just write this is 2 here. Plus the third value if
you will just write here that is in the form of like if you will just see, so last value we can just
right 21 minus y 0, 1 21 minus 8 divided by, if you will just see here so specially y 2 means

this is 27 minus 1, 27 minus 8 into the last value that is given as 3 here.
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If you will just go for this computation so then we can just find this value in a particular form

and we can just obtain this value of x of 21 there itself. So if we will go for this error

computation here we can just find the exact cube root of 21 as 2 point 7589.

And if we want to go for the computation of error terms here in case of Lagrange
interpolation polynomial that is the generalized interpolation polynomial errors, what is
occurring in our finite difference operator, the same we can just find this error term that in a
generalized form we have just obtained that one as r of x equals to x minus x 0, X minus x 1
to X minus x n, f to the power n plus zeta by n plus 1 factorial where zeta should be lies

between x 0 to X n.

So the same approximation we can just use over here also. For n terms usually we are just
writing this error term r of x as X minus x 0, x minus X 1 up to x n, f to the power n plus 1

zeta by n plus 1 factorial where zeta should be lies between x 0, x n here.
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So the same approximation we can just use for the computation of error here also and in this
case if you will just go for this error computation I can just write r of X equals to X minus 1, x

minus 8, x minus 27 into f triple dash of zeta by 3 factorial here.
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Since we will have here like 3 points like n equals to 2 here. So 3 points that is why we are
just considering 1, 8, 27 so it can just generate a polynomial of degree 2 and that is why 3
points mean we will have a polynomial of degree. Suppose if we are just considering a

polynomial of a degree n there then we will have exactly n plus 1 terms.



So that is why here we will have like 3 point 1, 2 and 3. We are just considering that is why
this degree of the polynomial will be 2 here. And if n equals to 2 here obviously we can just
write f to the power n plus 1 that is 2 plus 1 is 3 here. So this represents the third order

derivative here and this is 3 factorial.
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So if you will just go for the computation of this error term here so y can be expressed as in
the form of like x to the power 1 by 3 here. And if you will just go for this triple order
derivative f triple dash of x here, I can just express this one as 10 by 27 x to the power minus

8 by 3. And the maximum value of f triple dash x at x equals to 1, it can just obtain.

And hence your error term that is r of 21 can be written as 21 minus 1 into 21 minus 8 into 21
minus 27. And the maximum value that is occurring at 10 by 27 so that is why 3 factorial I

can just write this one.
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Lagrange’s Interpolation Formula (Continue..)

Exact value of cube root of 21=2.7589
The maximum error is given by:

R(x) = (x - 1)(x - 8)(x - 27)
Herey = x'/%, f"'(x) = ;—gx'm
Taking maximum value of f""' (x) at x=1.

110
RQ1)= (21-D@1-@L-2)r5r ~963

f’;ff)’ <E <0y

Note: The drawback of this method is that even for a moderating large value of x, it may
be a tedious job to represent the polynomial as power series in x due to the multiplication
of n factors, nt1 terms.
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That is as r of 21 as 21 minus 1, 21 minus 8, 21 minus 27 into this one as 10 by 27 into 1 by 6
here. So this total value it is just coming as 96 point 3 here or 96 point 29 something it is just
coming over that. So the drawback of this method that is if we want to add suppose any other

term we have to go for this computation of n plus 1 terms here.

This means that whenever we have an extra point here usually we are just writing p of x as f
of x or we are just writing this one as y of x here. That is represented in the form of L 0 x f of

x 0,L 1 x fofx 1. So likewise we are just writing L n x f of X n here.

(Refer Slide Time: 32:25)
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But suddenly if suppose one extra point we want to add it up here then we have to consider
that this n plus 1 point in each of these products here, since L 0 x is usually expressed in the
form of x minus x 1 to X minus X n by x 0 minus x 1 to x 0 minus x n there. So if another
extra point if it will be added so in upper side also we have to consider like x minus x n plus

1, lower side also we will have to consider x 0 minus X n plus 1 also.

So in each of the terms if it is multiplied so a large multiplier series required to go for this
solution process. In this Lagrangian method usually if we want to add suppose any term we
can just find that all of the terms like L 0 x if it is written, so it can be written in the form of

like x minus x 1 to x minus x n divided by like x 0 minus x 1 to x 0 minus x n here.

So if we want to add extra more term or one more term there then we have to do all of the
computations again. So that is why we can just go for like a Newton's divided difference
interpolation formula for the better computation or it requires like less computation for an

extra addition of these points here. Thank you for listening this lecture.



