Numerical Methods
Doctor Ameeya Kumar Nayak
Department of Mathematics
Indian Institute of Technology Roorkee
Lecture 21
Interpolation Part VI (Central Difference Formula)

Welcome to lecture series on numerical methods. And in numerical methods we are
discussing interpolation. So in interpolation section we have discussed like different
operators. So today we will discuss about this central difference formulas. First we will
discuss about this Gauss’s backwards difference interpolation formula, then Gauss’s forward
difference formula, then we will just go for Stirling's central difference approximation and

Bessel’s central difference approximation with examples.
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So in the last class also we have given little hints about Gauss’s backward difference formula.
Here usually we are just using even differences of y 0 and odd differences of y of minus half
where the formula for this Gauss backward difference formula is expressed in the form like y
p or y of X p can be written as a 0, y 0, a 1, delta, y of minus half, a2, delta square, y 0, a 3,

delta cube, y of minus half, so likewise.

If you will just express this left hand side of y of x p as y of x 0 plus p h here then it can be
expressed in the form E to the power p of y 0 which can be written as 1 plus delta whole to

the power p of y 0 here. And if we will write the right hand side expression here in the



coefficient form like a 1 delta y of minus half it can be expressed as a 1 delta E of minus half
y 0 here. Similarly if we express here a 3 delta cube y of minus half it can also be expressed

as a3 delta cube E to the power minus half'y 0 here.
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So if you will just express in the coefficients as y 0 here then both the sides can be expressed
as operator here. So operator means we can just express this left hand side in the form of 1
plus delta whole to the power p, this can be expressed as right hand side as a 0 plus a 1 delta
E power minus half plus a 2 delta square plus a 3 E to the power minus half plus as in this

form here.
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So now we can just express delta E to the power minus half in the form of delta function here
and delta cube E to the power minus half also in the form of like delta here then if we will

just equate both the sides coefficients then we can obtain the values fora 0,a 1, a2 and a 3.
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And where we can just find the exact formula for Newton’s sorry this is Gauss backward
formula. So if you will just expand here 1 plus delta whole to the power p here as lhs side
here, so in lhs we can just write 1 plus delta whole power p as your first will be 1, then p delta
plus p del square by factorial 2, so likewise we can just express. So this will be like p into p
minus 1 here. So like p into p minus 1 by factorial 2 del square here. So likewise we can just

express.
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And if you will just express this right hand side terms here delta E to the power minus half in
terms of like delta here we can just express that one in the form E to the power half minus E
to the power minus half since already we have known that the central difference operator
delta can be expressed as E power of half minus E power of minus half. And if we want to
write this term delta E power of minus half here we can just write E power of half minus E to

the power minus half here into E to the power minus half.
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And if we want to express this one in the form of capital delta here so we can just write this
term as E to the power half minus E to the power minus half into E to the power half into E to

the power minus 1 here. So this mean that if we will just take the product here we can just



obtain E minus 1 here and they say this one we can just write E to the power minus 1 which
can be expressed in the form of like delta into 1 plus delta full inverse and which can be

expressed as delta by 1 plus delta here.

Similarly we can just express rest of the terms like delta cube E to the power minus half in

this form of capital delta then all other terms also it can be expressed.
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So if you will just express all these terms this can be represented in the form of like delta
square can be expressed as delta square by 1 plus delta, delta cube can be expressed as delta
cube by 1 plus delta whole square and delta to the power 4 can be expressed as delta to the
power 4 by 1 plus delta whole square and delta to the power 5 E to the power minus half; it

can be expressed as delta to the power 5 by 1 plus delta whole cube.
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Central Difference Formula

1epas 2D 42, P(p-1)(p-2) 45, P(p-D(p-2)(p-3) y4,
2! 3! 41

=g, ta,0E +a, 6%+a;0°E 1+ a, 5%+ Fe )
Note the following relations:

OE2=(EV2-E-'2) EM2E'=(E-1) E'= A(1+ A)y'= A/(1+ A)

8= (EV2-E-112) 2=(E- 2 Y(E-1 = E-' A= A2/(1+ A)

SOE-12= 32 SE-12= (A2 /(14 A)} {AI(1+ A)}= A3I(1+ A2
S=AY/(1+ AP and E12=A%/(1+A) etc.
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So if you will just put all these coefficients in both the sides then we can just obtain a 0 value
as | there and to obtain the values of remaining coefficients like a 1 if we will just multiply 1

plus delta in both the sides then we can just obtain these coefficients as in the form of 1 plus p



plus 1 into delta plus p into p plus 1 by factorial 2 delta square. So this will be the left hand
side and in the right hand side we can just put that one as since a 0 equals to 1 there so this

can be expressed as 1 into 1 plus delta plus a 1 delta square plus a 2 delta cube plus likewise.
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Gauss Backward Central Difference Formula
Substituting in the right hand side of (3) we get,

Lipps POD 42 pO-D(@-2) 45, p(-D(p-2)(p-3) 44,
P 2! 31 4!

2
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On comparing the constant term, a,=1.

Now Multiplying both sides of equation (4) by (1+A) and expanding left side,

+1 +1)p(p-1
1+(p+1)A+p(p2' 448 )3p,(p Lade.. =1(148)a,07 a0 .
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So if you will just see here the complete expression for this Newton's backward difference
formula can be written in the form like 1 plus p plus 1 delta plus p in to p plus 1 by factorial 2
delta square. This equals to 1 into 1 plus delta plus a 1 delta square plus a 2 delta cube,

likewise we can just write.

And if you will just multiply by this factor like 1 plus delta here so we can just write this
coefficient that as 1 plus p plus 1 delta and this can be written as like both the sides if we just
take common here like 1 plus p plus 1 delta here and if we just equate the coefficients of delta

and delta square we can just obtain a 1 value as p here.
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Since if you can just see here like 1 into 1 plus delta and this right hand side and left hand
side it can just cancel it out and we can just obtain these values a 1 as p and a 2 equals to like
permutation of p plus 1 2 there. And again multiplying like 1 plus delta whole square then
some of these coefficients again we can just get it up as a 3 and a 4 there where this a 3 can
be expressed as p plus 1 3 and a 4 can be expressed as p plus 2 4. Proceeding in this manner

we can just obtain these coefficients for 2 m minus 1 power and 2 m there.

And a 2 m minus 1 can be expressed as since we are just taking this differences here, p plus
m 2 m minus 1 minus p plus m minus 1 2 m minus 2, this can be given as p plus m minus 1 2
m minus 1 there. And a 2 m can be represented as p plus m and 2 m there for m equals to 1, 2,

3, likewise we can just consider these values.
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Gauss Backward Central Difference Formula

Comparing the coefficient of Aand A%, we get

g
a,=p and a,= 2

Again multiplying both side by (1+A)* and comparing the coefficient we get

ptl pt2
a,= and a,=
: 3 4
Proceeding in this manner and comparing the coefficient of A and A™ | we get
ptm ptm-1 ptm-I ptm
Agm.1= - = and a,, = JE I T o
2m -1 2m -2 2m -1 2m
Substituting the values of a’s in equation (1), the Gauss’s Backward formula

becomes . ptl i) DiZA
yp=yo+pby.m+[ ! jﬁzw[ . ]b“y.llz*[ DS
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Finally if you just put all these coefficients a 1, a 2, a 3, then we can just obtain this formula
as in the form of y p equals to y 0 plus p delta y of minus half plus p plus 1 2 delta square of y

0. So this will be the formula for Gauss’s backward difference formula.
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And if we are just going for this Gauss’s forward central difference formula then we can just
choose these coefficients as these forward marching steps. Like if you will just write this
coefficients that we can just write y pas a 0y 0 a 1 delta y of half a 2 delta square y 0 a 3

delta cube y of half, so likewise we can just write.
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Where these coefficients a 0, a 1, a 2, a 3 are to be determined. And if you will just use this
same relationship here like this coefficient we can just replace here delta E to the power half
of'y 0 and this coefficient it can be taken as delta cube E to the power half of y 0, so then we
can just express both the sides in the form of like forward difference operator as the

coefficients operated on y O there.
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So if you will just write it in operator form we can just write this left hand side that as 1 plus
p delta plus p into p minus 1 by factorial 2 delta square plus p into p minus 1 into p minus 2

by 3 factorial delta cube. This equals to a 0 plus a 1 delta plus a 2 delta square by 1 plus delta



a 3 delta cube by 1 plus delta a 4 delta to the power 4 by 1 plus delta whole square plus up to
like finite number of terms. If you will just compare these coefficients on both the sides like

delta to the power 0 and delta to the power 1 here then we can just obtaina 0 as 1 and a 1 as

p.
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Gauss Forward Central Difference Formula

According to the table, the Gauss’s Forward formula is written as

Yoo ayptadyystay O yptablypta, Syt (5)
where a;, a;, 8, a5, a4, etc. are constants to be determined.
Using the relation 8E'?= (E"2-E"?) E'?= A, following the equality

p(p-1) 2, p(p-D(®-2) 5, p(p-1)(p-2)(p-3) yu,
21 31 41

+ +
+4 " (1+d) a4@+Af

comparing coefficient of A" and A" we get

l+pA+

=a,taAta, F

3=l and a=p
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And if you will just multiply both the sides by 1 plus capital delta then we can just obtain the
values of a 2 as the permutation of p 2 and a 3 as permutation of p plus 1 3 there. So likewise
if you will just multiply one by one we can obtain rest of the coefficients like a 2 m, a 2 m
plus 1 and we can just write this Gauss’s forward formula as y p equals to y 0 plus p delta 'y
of half plus p plus 1 sorry p 2 here delta square of y 0 plus p plus 1 3 delta cube of y of half,

so this one.
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So if you will take the average of these two scales then we can just obtain this Stirling’s
central difference formula. This means that this formula uses y 0 and its even differences plus
average of the odd difference of y of minus half and y of half. Hence the formula can be
expressed in the form like y p equals a 0 y O plus a 1 mu delta y 0. Since we are just taking
the average of this odd terms here so that is why this mu operator is assigned in the odd terms

here and even terms are remained in that scale only.
(Refer Slide Time: 12:44)

Stirling’s Central Difference Formula

This formula uses y, and its even differences and average of the odd
differences of y , , and y, ,. It can be expressed as,

Y.~ aygta oy ta, & yotaudlypta, O yet. (6)

where a, a;, a,, 3y, a,, etc. are constants to be determined and  is
average operator, i.e. u=(E"+E"2)/2 . Obviously Stirling’s formula
is the average of Gauss’s Forward and Gauss’s Backward formula.

There for the coefficient in equation (1) are as given below

So where these coefficients like a 0, a 1, a 2, a 3 are the constants to be determined and mu is
the average operator here where mu can be expressed as if E to the power half plus E to the

power minus half by 2.
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If we will just express this one in constant coefficients form then we can just obtain these
values of a 0 as 1 here and rest of the coefficients will be expressed in the form of like a 2 m
minus 1 as permutation of p plus m minus 1 by 2 m minus 1 and a 2 m as half of like average
terms we are just considering for this odd terms here, so that is why we can just consider p

plus m 2 m plus p plus m plus 1 2 m where m will vary from 1 to like finite number of terms.

So if you will just expand these terms here then we can just obtained this coefficients as a 2 m
equals to p square into p square minus 1 square into p square minus 2 square up to p square

minus m minus 1 whole square by 2 m factorial here.

So putting all these values we can obtain this Stirling’s central difference formula as y p
equals to y 0 plus p mu delta of y 0 plus p square by 2 factorial delta square of y 0 plus p plus
1 3 mu delta cube of y 0 plus p square into p square minus 1 square by 4 factorial delta to the
power 4 y 0 here plus up to the finite number of terms. Whatever these terms where we want

to truncate this series, so up to that term we can just consider in the series expansion.

(Refer Slide Time: 14:25)



Stirling’s Central Difference Formula

Therefore,

dom =
Putting the values of 4, , ay,, | and ay,, , m=1,2, ..

D)
2 il
yp:yo+puﬁyu+%6’w( 3 jﬂﬁ’w
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So next we will just go for Bessel’s central difference formula where we will just use the
opposite of this Stirling’s formula. This means that we can just consider the average of odd
differences is used in Stirling's formula but here we will just use this average of the even

differences.

This means that in the a 0 term, a 2 term, a 4 term we can just use this average operators
there. Hence this formula can be represented in the form of y 0 equals to a 0 mu y of half plus

a 1 delta y of half plus a 2 mu delta square y of half, so likewise we can just express.

(Refer Slide Time: 15:16)
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And where these coefficients like a 0, a 1, a 2, a 3, a 4, etc are constants and we can just

determine by expanding both the (se) series expansions like if you will just consider like y of



x p equals to as 1 plus delta whole to the power p and we can just equate both the sides

coefficients then we can obtain the values for thisa 0,a 1,a 2, a 3, a 4, etc.

(Refer Slide Time: 15:44)

Bessel’s Central Difference Formula

The Bessel’s formula is converse of the Stirling’s in the sense that in the
Stirling’s formula average of the odd difterence was used while in the
Bessel’s average of the even differences is used.

Thus the Bessel’s formula is written as
Y, Y5, 0Y) TR0 a8y sty pt
where a,, a;, a,, a5, a,, etc. are constants to be determined.
Note the relation uEY2= (EV4+E-12) E2/2 =1+(A12)
b‘El/z: (EI/Z_E-I/l) E1/2: A
&=AY(1+A) and §*=A*(1+ A) etc.
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So if we want to expand this one so we have to keep in mind that this average operators like
mu E of half it can be written in the form. Since this term here we can just write mu E of half
of y 0 and this term also it can be written as mu delta square of E of half here. So if we want
to expand this term here we can just write since we are just operating mu operator on E to the
power half here, so we can just write this one as E to the power half plus E to the power

minus half by 2 into E to the power half here.

Here also the same thing we can just use since we are just using this operator on delta square
E to the power half here. So first we can just write this one as E to the power half plus E to
the power minus half by 2 into your central difference operator delta square sorry this central
difference operator delta square then E to the power half here. So if you will just multiply

these terms here, first we will just get E then plus 1 by 2 here.

(Refer Slide Time: 16:55)
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And rest of the terms we can just (equa) equate with both the sides and we can just obtain
these coefficients that in the form of like delta E to the power half, it can be written as delta
there capital delta and delta square can be written as delta square by 1 plus delta. Already we
have discussed these things in the earlier slides and delta to the power 4 can be expressed as

delta to the power 4 by 1 plus delta whole square there.
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Bessel’s Central Difference Formula

The Bessel’s formula is converse of the Stirling’s in the sense that in the
Stirling’s formula average of the odd difterence was used while in the
Bessel’s average of the even differences is used.

Thus the Bessel’s formula is written as
Y,y 12, 0Y )t a0ty p+as0y paudty pt
where a,, a;, a,, a5, 4, etc. are constants to be determined.
Note the relation uEY2= (EY24+E-12) E2/2 =1+(A12)
b‘El/l: (EI/Z_E-I/Z) E1/2: A
&= A%(1+ A) and §*=A%/(1+ AY etc.
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And if you will just put all these terms in terms of capital delta here and equate both the sides
then we can just obtain this coefficients a 0 as 1, a 0 by 2 plus al as p then we can just get
since a 0 is 1 there so a 1 can be computed as p minus half here. And if you will just multiply
both the sides 1 plus capital delta throughout the equation and comparing the coefficients for
delta square and delta cube we can just obtain p plus a 2 as p into p plus 1 by 2 factorial and

a2 as the permutation of p plus 1 2 minus p 1, this equals to permutation of p 2.

(Refer Slide Time: 18:00)

Bessel’s Central Difference Formula
Thus substitute in the above equation we get

(1+ Ap=a (1+A2)+a, A+a(1+A12). AY(1+A) +a, A AY(1+A)
+a,(1+A2). AY(1+ AP+ ..

=a,H(a,tay2) A+ a, AM(1+ Ay+(ay + a,/2) A¥(1+ Ayta, AY(1+ AY...

comparing the constant term and coefficient of A, we get
a I
ap=1,—+a,;=p or a;=p-—
0mhT TR PROR S0 )

Multiplying ( 1+ A) throughout the equation and comparing the coefficient

of AZand A} |
e S azz[w ]_(p]:(p]
2! iR
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Similarly we can just obtain these coefficients for a 3 and a 4. In general term if we want to

write a 2 m that can be written as p plus m plus 1 2 m there. And a 2 m plus 1 this can be



written as permutation of p plus m minus 1 2 m into p minus half by 2 m plus 1. And if we
will just put all these coefficients and rewrite this formula, the formula can be written in the
form of y p equals to mu y of half plus p minus half delta y of half plus p 2 mu delta square y

of half, so likewise we can just write.

(Refer Slide Time: 18:54)
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So with this formulas we can just try to solve some of these problems like for defined
example it is just given that suppose the values of E to the power x are tabulated at different
points starting from 1 point 00 to 2 point 0 with the incremental size point 20 and it is asked
to evaluate this value at 1 point 44 here. So if we want to evaluate this value at 1 point 44, we
have to consider this value along the centre of the table here since the tabular values are

expressed as if you will just see.

So if we want to discuss about this central difference approximations so we have to consider
this value along the centre of the table only. So that is why the value it is asked here it is 1
point 44 which is lying between 1 point 40 and 1 point 60 in the tabular values. So if this is
the value then first we can just find this divided difference from here like forward differences
form. If we will just take the differences so we can just find first difference, second

difference, third difference, fourth difference and fifth difference here.
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Example on Central difference formula
Given below are the values of e* tabulated for x=1.00(.20)2.00 . Evaluate e!** ande!?
x 100 1.20 1.40 1.60 1.80 2.00
er 27183 3:3200° 4.0552  4.9530° 6,0496  7.3891

Difference table
X y=eX IDiff  2¢Diff 3¢Diff 4% Diff 5% Diff

1.00 2.7183 0.6018  0.1333 0.0294 0.0067  0.0013
1.20 3.3201 0.7351 0.1627 0.0361 0.0080

1.40 4.0552 0.8978 0.1988 0.0441

RG0S5 ) 1.0966 0.2429

180 6.0496 1.3395

2,00 7.3891
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Since the points are in the middle of the table we will use this central difference formula like
Stirling's formula or Bessel’s formula here. And if we will just consider x equals to 1 point 44
by choosing x 0 equals to 1 point 40 we can just obtain these values of p that is form of like 1
point 44 minus 1 point 40 by 2 point 0 where this formula for p can be used as x equals to x
not plus p h where x can be chosen as like 1 point 44 here. And from that formula itself we

are just getting p as 0 point 2.

(Refer Slide Time: 20:38)

Example on Central difference formula

Since the points are in the middle of the table, we will use central
difference formula. For Stirling’s formula -0.25<p<0.25 and
Bessel’s formula 0.25<p<0.75.

When x=1.44, taking x;=1.40 so that p=(1.44-1.40)2.0=0.2
Stirling’s formula:

Y(p*-1)

2
X o fEhee
y,,=yo+p/téyo+%ézyo+( 3 ]ué3yo+p 7 8y
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And if you will just use this formula we can just obtain this value as 4 point 22068 and

especially if you will see here we are just using this values that is delta y of half plus delta y



of minus half since we are just using the central difference approximations. And in the central
difference approximation if you will just see that this average operator is operating on delta
operator here. Delta of y of half means it can just take the values of y 1 minus y 0. Y of minus

half means it can just take y 0 minus y of minus 1.

(Refer Slide Time: 21:12)

Example on Central difference formula

Oyit0y -1
2
p(p’ -1) 53)’1/2 o ‘53J"1/2 . pi(pi-1)
6 2 24
0.7351;0.8978+(0.2) e

(1.2)(0.2)(-0.8) 0.0294 +0.0361 flokalle (0_21 . ])

6 2 24
=4.0552+0.16329+0.003254-0.001048 - 0.000011

=4.220680 4.2207
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2
=yt p +p2—§2y0+

54Y0

=4 0552+ 0.2

0.0067

Since the tabular values are associated like y of minus 3, y of minus 2, y of minus 1, y of
minus 0 theny 1,y 2, y 3, so as I have discussed in the earlier classes the similar fashion we
can just choose this data values and if we will just put in a proper form then we can just use
this forward difference table to get the central difference values here easily and in a

comfortable form.

Till now we have ended of all these formulations that formed by the central difference
approximations and we have solved the examples based on this central difference
approximation also. In the next lecture we will just go for some other interpolation formulas
to compute these functional values and the polynomial approximations. Thank you for listen

this lecture.



