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Lecture 14
Power Method

Hello everyone, uhh so welcome to the 4™ lecture of this module and today we are going to
discuss one more method for finding eigenvalues and eigenvectors of a matrix. So in the last
lecture we have discussed Jacobi method for finding eigenvalues for a symmetric matrix and
there we have uhh we have use the similarity transformation in such a way the a similar
matrix has uhh we a similar matrix found corresponding to the given matrix and that similar
matrix is just like uhh just a diagonal matrix where the eigenvalues are the diagonal elements,
like Jacobi method was restrict up to symmetric matrix only, today we are going to discuss a
method which is applicable to any square matrix; however again we are having some
conditions to apply power method, which is we are going to discuss today and we will

discuss about those conditions.
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Power method for finding dominant eigenvalues

Let Abe an n x nmatrix. The eigenvalues are calculated on solving the
characteristic equation of A given by

At G A 4 GppX ™2 4+ 6= 0

Dominant eigenvalue and dominant eigenvector

Let Ay, Mg, -+, Ay be the eigenvalues of an n x nmatrix A. )\ is said to be the
dominant eigenvalue of A if

Ml > [ i=2.3,

Eigenvector corresponding to \; are called dominant eigenvector of A.
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So first of all, let A be a square matrix of order n. the eigenvalues are calculated just by
solving the characteristic equation, which is given as lambda raze to power n plus some
constant Cn minus 1 lambda race to power n minus 1 and so on. So it is a n degree
polynomial in lambda and roots zeros of this polynomial will give you the eigenvalues. Let us

say eigenvalues are lambdal, lambda2, lambda n, where some of them may be equal or



repeated we will say that lambdal is a dominant eigenvalue of A, if this condition is satisfy
means, the absolute value of lambdal is greater than rest of the absolute values of rest of the
eigenvalues that is mod of lambdal greater than mod of lambda i for i equals to 2, 3, up to n
and if this condition old lambdal is the dominant eigenvalue and the corresponding

eigenvector is called dominant eigenvector of A.
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Power method for finding dominant eigenvalues

Consider the matrix
e
W1 -5

The characteristic polynomial of Ais A2+ 3 +2 = (A+ 1)(A+2). Thus \y = -1
and \p = -2 are the eigenvalues. Also | - 2| > | - 1/, so -2 is the dominant
eigenvalue. Eigenvector of A corresponding to A, = —2 will be given by equation

Ax = \ax. On solving this equation, we get x = t ( ? ) NiE=10)
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So for example, if I take this 2 by 2 matrix so the characteristic polynomial of this matrix is
lambda square plus 3 lambda plus 2, which is having zeros as lambdal equals to minus 1 and
lambda2 equals to minus 2. So the eigenvalues are -1 and -2 for this matrix. Now if we see
that absolute value of -2 is greater than absolute value of minus 1. Hence, -2 is the dominant

eigenvalue of this matrix and corresponding eigenvector is (3, 1).
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Power method for finding dominant eigenvalues

The power method can be used when
@ Eigenvalues can be arranged in the following way

Ml > 1] 2 [A] 2 -+ 2 [l

so that |A;| is the dominant eigenvalue.
Q Anxn has nlinearly independent eigenvectors.
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Now what are the conditions to apply power method? First of all, eigenvalues can be
arranged in the following way that is, the dominant eigenvalue should be there for the matrix
and there should not be any repetition of dominant eigenvalue, for example, if we are having
a 3 by 3 matrix, there should be 1 dominant eigenvalue which is not equals to others, for
example if A is 3 by 3 and we are having eigenvalues minus 5, 3 and 2. Then here minus 5 is
clearly dominant eigenvalue, but if we are having eigenvalues like -5, 5 and 4. Here, we
cannot apply power method as such and we will not be able to find out the eigenvalue,
because here the dominant eigenvalue is -5 as well as 5 and it is repeated. So here lambdal is
not clear strictly greater than the rest of the eigenvalue in terms of absolute value. The second
condition is which is again very important that the matrix A should have a linearly
independent eigenvectors. It means A should be similar to A diagonal matrix if we talk in

terms of similarity transformation.
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Power method for finding dominant eigenvalues

Let the matrix A contains n linearly independent eigenvectors {v1, Vs, ..., V,}.
Where, vy is the eigenvector corresponding to the dominant eigenvalue A;. If v is
any vector, it can be written as

V=0CVi+CVot -+ ChVp. (1

where, ¢i,0,, ..., Cy are scalars.
Premultiplying equation (1) by A and using Avy = Ajvq, Avs = \oVs, -+, We get

AV = ¢ MV + CoMaVo + -+ CpAnVy

= An
=AM|[CiV1 + & >\1 VW T 002 3 >\1 '
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So with these two conditions let us derive the power method.
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So let A is n by n matrix and it is having eigenvalues lambdal which is strictly greater than in

W*— [ oG in

terms of absolute value to rest of the eigenvalues, moreover we are having eigenvector as V1
corresponding to lambdal, V2 corresponding to lambda2 and Vn corresponding to lambda n
and here, we are assuming that V1, V2, Vn are linearly independent. So if these vectors are
linearly independent, then any vector V from the vector space Rn can be written as the linear
combination of these eigenvectors. So if V belongs to Rn or if matrix is from the complex
number and from the Cn so if we form Rn then we can write V equals to C1V1 plus C2V2

plus Cn Vn. Here, C1, C2, Cn are scalars.



Now if I multiply by matrix A, in this equation I will get in the left hand side A into V and
then C1A into V1 plus C2A into V2 plus Cn A into Vn, as we know that V1 is an eigenvector
corresponding eigenvalue lambdal for the matrix A. So I can write C1 lambdal V1. Similarly,
this term I can write lambda2 V2 plus Cn lambda n Vn or if I take lambdal common from the
right hand side, I can write C1V1 plus C2 into lambda2 upon lambdal into V2. So this is
equals to AV.

If I multiply one more time by the matrix A, in this equation I will get A square V in the left
hand side and this will become, so C1V1 plus C2 and the square of lambda2 upon lambdal
into V2 plus Cn square of this ratio term into Vn or if I continue by multiplying A again A
again, let us say I multiply k time it will become A race to power k V equals to lambdal race
to power k into C1V1 plus C2 lambda2 upon lambdal race to power k and finally the last

term will become

Now look at this equation, here we are having in the this term lambda2 upon lambdal.
Similarly, in the next term we will be having lambda3 upon lambdal and so on. Here our
assumption is that lambdal is the dominant eigenvalue. It means that this particular term
lambda2 upon lambdal will be less than 1. Similarly lambda3 upon lambdal will be less than

1 and up to lambda n upon lambdal which is again place then 1.
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So when k is tending to infinity my Ak V will become lambdal race to power k into C1V1 it
means I can find out lambdal as limit k tending to infinity by this ratio and here R is the

component of the vector this particular vectors having the highest value in magnitude. So this



will give me dominant eigenvalue and since, we are using various powers of A that is why we
are saying it the power method and from this equation, it is clear that if lambdal is the
eigenvalue that is the dominant eigenvalue then the corresponding eigenvector will be V1. So

with this I can talk about the conversions of this power method.

So if lambda2 upon lambdall and absolute of this ratio term is less than 1, the rate of
conversion is fast, moreover whatever will be the means if it is quite small then 1 the method
we converse faster if it is close to 1, this ratio term, the method will converge slowly, as we
know that power method is an iterative method, because each time we are making we are
starting with the initial solution V0, then we are finding V1 as A of V1, then I V2 will be A of

V2, V3 will be A of V2 and so on until unless it will not converge.
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Power method for finding dominant eigenvalues

Convergence

o If |§f\ < 1, the rate of convergence is fast.

@ As the power method is an iterative method, the stopping condition can be
given as |\ 1 — Ak| < required error or we can say
maxi|Vk, 1 — Vi| < required error

o To control the round-off error, the vector is normalized before premultiplying
by A so that the largest element remains unity.
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So there should be some stopping criteria and the stopping condition is if in the two
successive iterations lambda is less than a given threshold, okay, in terms of 10 race to power
-3 or -5 whatever accuracy you want in your method or the maximum component in 2
successive vector Vk plus 1 and Vk and difference of this, which is having the maximum
value is less than a given threshold. Moreover to control the round off error the vector is
normalize before pre-multiplying by A so that the largest element remains unity, for example,
if you start with 1,1,1,1 and after multiplying with A you are getting let us say some vector 2,
3,4. So what I will do I will normalize it, in such a way that the biggest component of this V2

vector that is 4 should become 1 so that vector will become 2 by 4, 3 by 4 and 1.
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Power method for finding dominant eigenvalues

Convergence
Let vy be the arbitrary non-zero initial vector which is not orthogonal to vector v;.
Vi1 = Avg ()
Vit = Yipt /Myt (6)

where my.4 is the largest element in yx. magnitude. In this case,

Yki1), )

M _/imk_,oo(ﬂ(#, = 12000 01
7

Finally, vy+ is the required eigenvector.
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If we talk about eigenvector, so we start with VO as the initial vector and the condition is that
this VO should not be orthogonal to vector V1. So and it should be a non-zero vector
obviously, because we are finally converge in this particular vector is conversing to the
eigenvector. So yk plus 1 equals to A of Vk then I will find out Vk plus 1 as yk plus 1 upon
mk plus 1 and as I told you where mk plus 1 is the largest element in yk plus 1 in magnitude.
So in this case, lambdal will be limit k tending to infinity, yk plus 1 r upon Vk r. finally, Vk

plus 1 will be the required eigenvector corresponding to lambdal.
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Power method for finding dominant eigenvalues

Consider the matrix

o
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Let us take an example of this method, just consider this 3 by 3 matrix and let the initial

column vector be 1, 1, 1.
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Power method for finding dominant eigenvalues

First iteration is given as
g =1 O 2
vi=Ayp=|-2 4 -3 i =] =i
L1 0

0 -1 1

1
Y1 = 2| -05
0 -

with \; = 2, the largest magnitude component of v4

So first of all I will find out V1, uhh V1 will be A into VO, A is this 3 by 3 matrix, VO is 1, 1,1
this column vector after multiplying I am getting another column vector, which is V1, 2,-1
and 0. Now what I will do first of all, I will find out from V1 to y1 and y1 will be, I will see
which is the biggest component in this vector in terms of a float value and here it is 1. So [
will divide this V1 by 2. So y1 will become 1 by 2, 1, 0.5, 0. So here I can say that, in tis

iteration my eigenvalue is 2 and the eigenvector is 1, -0.5, 0.
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Power method for finding dominant eigenvalues

Second iteration:

5 20 1 35
e | g e
R 0 05

with \p = —4
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Power method for finding dominant eigenvalues

After 3 iterations, there is a very little sign of convergence of \,. However, after 14
iterations |A14 — A3| < 0.0001. Hence, the power method converges to

M4 = 5.4773 which is the dominant eigenvalue of A.

The corresponding eigenvector is

-0.4037
1
-0.2233
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Then I will calculate V2. V2 will be A into yl and A into y1 when I will calculate it will
become 3.5 minus 4.5, again I will divide this vector by 4 so that this term will become 1,
-0.875, 1 and -0.125. So here in this iteration eigenvalue the approximation of eigenvalue is
minus 4. So just look in first iteration it was 2, in the second iteration, it is coming -4 and
similarly, we are getting a deviation is eigenvector. In the third iteration, eigenvalue becomes

6.125 that is approximation and y3 becomes -0.918, 1 and -0.1837.

So we are not getting any sign of convergence so far in 3 iterations however if we go up to 14
iterations what we found that the approximate of eigenvalue which I am getting in 14"
iteration minus which I am getting in 13" iteration that absolute difference between these two
is less than 10 race to power -4 and hence, the power method converge to eigenvalue 5.4773,
which is the dominant eigenvalue of the given matrix and the corresponding eigenvector

becomes -0.4037, 1 and -0.2233.
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Power method for finding dominant eigenvalues

Disadvantages of power method

@ If the initial column vector vy is an eigenvector of A other than that
corresponding to the dominant eigenvalue then the method will fail since the
iteration will converge to the wrong eigenvalue.

© The speed of convergence of the power method depends on the ratio

magnitude of dominant eigenvalue \
magnitude of next largest eigenvalue

If this ratio is small, the method will converge slowly.
@ The power method only gives one dominant eigenvalue.
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There are some disadvantages or limitations of this method. The first one is if the initial

column vector VO is an eigenvector of A other than the dominant eigenvector, then the

method will fail since the iteration will converge to wrong eigenvalue, moreover the speed of

convergence depends on the ratio magnitude of dominant eigenvalue lambdal upon

magnitude of the next largest eigenvalue. If the ratio is small, the method will converge

slowly. The power method only gives one dominant eigenvalue at a time; okay I will tell you

how can we find out other eigenvalues using this method.
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So as I told you, there are some limitations when I told you the assumption for applying this

method, I told you that there should be a dominant eigenvalue, if this is not the case what will



happen, whether the method will converge or not. Let us see it with an example. So if | take a
2 by 2 matrix, let us say 1, 1, 0,-1. Let us find out the eigenvalue of this method eigenvalue of
this matrix using power method. So let me start with a initial vector VO which is 1,1. So V1

will become 1, 1, 0.-1 that is my matrix A into VO 1, 1 so 1 plus 1, 2 and -1.

Now I will calculate 2, V2 will become Aof V1. Soitis 1, 1, 0, -1 into 2 minus 1. So 2 minus
1 will become 1 and it became 1, 1, again then if I will calculate V3, V3 will come 2 minus 1,
V4 will come 1, 1 and so on. So my method will stuck here in these two vectors in either I
will get for the odd iterations of V, I will get 2, -1 for the even iterations like 2, 4,6 1 will get
1,1 and I will it will never converge. Why it is happening. This is clear from here, if you see
the eigenvalue of this matrix, it is an upper triangular matrix and here eigenvalues are 1 and
-1 and the region of this oscillation is very simple that the matrix is not having the dominant
eigenvalue that is why the condition that the matrix should have dominant eigenvalue is quite
important for applying the power method up to now we have seen that using the power
method, we can calculate up only dominant eigenvalues and corresponding eigenvector,

suppose I want to calculate other eigenvalues also.
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Power method

Finding nondominant eigenvalues

@ Once the dominant eigenpair (A;,v4) of matrix A is computed, we may wish
to compute \p.

o Here, we know that M| > [Ao| = [Ag] = - = [ Ag]-

o If Ais symmetric, then it can be proved that if us = v4/|vi, then
A =A- M\ u{mhas eigenvalues 0, \p, A, ..., An and the eigenvectors of A;
will be same as of A.

This application of the power method on A; to find non-dominant eigenvalues is
called the method of deflation.
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So we can modify this power method in such a way that we shift the dominant eigenvalue to
0 in a new matrix such that the second 2 dominant eigenvalue become the dominant, for
example, if you are having eigenvalues lambdal, lambda2, lambda3, if lambdal is dominant
what we will do we will shift tis lambdal to zero in some other matrix such that the lambda2
becomes the dominant and then in this new matrix we will apply the power method. So this

method is called method of deflation and it is based on deflation theorem. So how it works?



So once you calculate the dominant Eigen pair that is lambdal V1 of a matrix as A you will
calculate the or you want to calculate lambda2. Here, so I will take an example of symmetric
matrix, but it can be generalized for any other matrix also. So if A is a symmetric matrix then
it can be prove that if Ul is VI upon mod of V1 then Al is A minus lambdal Ul Ul
transpose has eigenvalues 0, lambda2, lambda3, lambda n and the eigenvector of Al will be

the same as of A. so this is one of the result of deflation theorem.
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So here we are saying that if A is n cross n matrix having eigenvalue lambdal lambda2,
lambda n and corresponding eigenvectors are V1, V2, Vn. Now and also we are assuming
that lambdal is the dominant eigenvalue and the corresponding eigenvector to this V1 that is
a dominant eigenvector is V1. Now I am saying, if A is a symmetric matrix, I can calculate a
new matrix Al or let us say it B, which is A minus lambda into U into U transpose, where U
is the unit vector in the direction of V1 then, this matrix B will be having the eigenvalues 0,
lambda2, lambda3 up to lambda n and the eigenvectors will remain same like V2, V3, Vn for
this new matrix B. so what we can do, suppose using the power method on this matrix A, we
calculate the dominant eigenvalue and corresponding eigenvector that is lambdal and V1 and

here, this is my lambdal is the dominant eigenvalue in this result.

So I calculate these two what I will do I will apply this transformation, I will get a new matrix
B and again I will apply the power method on B so that I can calculate the next eigenvalue to
the dominant that is lambda2 and corresponding eigenvector that is the dominant eigenvalue
of B will be the next two dominant eigenvalue of A and how we are getting this result?

Suppose A is a symmetric matrix, so I want a new matrix B, which is something A minus



lambda V into X transpose. So I am taking a vector X, if I multiply this vector X in this
second term of the right hand side of this equation, I get a new matrix B, which is having the

one of the eigenvalue as 0 if lambda is the eigenvalue of A.

Now how? If V1 is the eigenvector corresponding lambda of A, so I will be having B of V1
equals to A of V1 minus lambda V1 X transpose V1 and as I told you lambdal and V1 are the
dominant pair of matrix A. So AVI1 can be written as lambdal V1 and then it will become
lambdal V1 minus lambdal V1 X transpose V1. So it will become 1 minus X transpose V1.
Now how to choose this vector X such that one of the eigenvalue of B should be 0 and the
corresponding eigenvectors would be V1 so here if this term become 0, then what I can have?
If this term is 0 and I choose X in such a way then BV1 will become lambdal V1 into 0 that
is BV1 equals to 0 means one of eigenvalue corresponding for which this is the eigenvector
should be 0. So for a symmetric matrix I can take this X as this one so that my this becomes

U and lambdal UU transpose transpose this becomes the deflation transformation.
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Method of Deflation

Consider a symmetric matrix
5 -2
(% 7)

Find all the eigenvalues of this matrix using power method together with method of
deflation.
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Let us check this with one of the example again I am taking a 2 by 2 matrix and now I
question is find all the eigenvalues of this matrix using power method together with method
of deflation. So it is a 2 by 2 matrix, so there will be only 2 eigenvalues, uhh one of the
eigenvalue that is the dominant eigenvalue we can calculate using the power method and the

other one, we will use the method of deflation in power method.
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Continuing this we get

n Ve M
3 [ (-0.2091, 1.0000)7 | 7.8572
4 | (-0.3618,1.0000)7 | 8.4182
5 | (-0.4362, 1.0000) | 8.7216
6 | (-0.4712,1.0000)7 | 8.8724
7 | (-0.4871,1.0000)" | 8.9424
8 | (-0.4943,1,0000) | 8.9742
9 | (-0.4975,1,0000) | 8.9886
10 | (-0.4989, 1.0000)" | 8.9950

which is converging to eigenvalue as 9 and corresponding eigenvector as
1
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Method of Deflation

Example
Consider a symmetric matrix

G =0
i

Find all the eigenvalues of this matrix using power method together with method of
deflation.

swnmmxo:(}); X1=AX0=<2)HY1=1/6(1<2> B

e e e
Ay1,< : )»—>Y271/7( 1 ) sl ( 7.8572 )
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So let us start with 1, 1. So using the power method and after going up to 10" iteration what I
am getting that eigenvalues eigenvalue that is the dominant eigenvalue is converging to 9and
the corresponding eigenvector is converging to minus half 1. So hence one of the eigen value
of this matric, the bigger one in terms of absolute value is 9 and the corresponding

eigenvector is minus 0.5, 1.
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Here,
Ap=A- xquu”

5 -2 -1 4 2
:(2 : )_9/5( ) )(_1 2):4/5(2 1)
Now if we start with X = < } ),wegetXQ:A1X1 :1/4.8< 1}2>

Which converge to eigenvalue A, = 4 and corresponding eigenvector as ( 1}2 )
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Now I apply this transformation deflation, so A will become A minus uhh B will become or
A1, I have written Al will become A minus lambdal UU transpose. So after applying this my
A1l is coming 4 upon 5 into (4, 2, 2, 1). Now again I will apply and from the method deflation
theorem, one of the eigenvalue of this matrix will be 0 and the corresponding eigenvector will
be V1 that is minus 0.5 and 1, which is corresponding to 9 or A. So by applying the power
method again on this new matrix Al starting with 1,1 we get X2 as this 1,1 upon 4.8 into 1
upon 1 by 2 and after going this way, we will see that the method is converging to 4 as the

eigenvalue dominant eigenvalue of Al and corresponding eigenvector as 1 and 0.5.

So hence this lambda2 equals to 4 is the dominant eigenvalue of Al, but it is the other
eigenvalue that is the second eigenvalue of A and the corresponding eigenvector is 1 with and
0.5 as the two components. So hence using method of deflation with power method, we can
calculate all the eigenvalues of a given matrix. So in this lecture we learn how to use power
method for finding the dominant eigenvalue and corresponding eigenvector of a given matrix
later on we have seen method of deflation if we apply together with power method, we can
calculate other eigenvalues also, those are not dominant of the given matrix, thank you very

much.



