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Welcome to lecture series on nonlinear programming in the previous lectures we have seen that
what convex functions are what are their properties. Now we will see some convex programming
problems, what they are, and how are they important that we will see in this lecture. So first what
are convex programming problem. Now consider this general problem, general mathematical
programming problem that is minimizing the function effects subject to GIX less than or equal to

0 if 1 to m. That means we are having m number of constraints.
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So this problem is called convex programming problem if the function F which is the objective
function and GI for all 1 from 1 to m are convex functions. So our problem which is of
minimizing type and all constraints less than equal to is called convex programming problem if
the objective function F and all the constraints Gl are convex, so it is called such problems are
convex programming problems. Now if Gl for each | from m to be convex function then this set

is always a convex set.
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Now let us see that what this set is, the set S is nothing but all X belongs to RN such that GIX is
less than equals to O, | from 1 to M where Gl all Gls are convex functions, all Gls are convex
functions for all I, then if all Gls are convex function then this set consisting of all X belongs to
RN such that GIX less than equals to 0 for all I, then this set is a convex set, proof is very easy

we can simply, we can prove it.

So in order to prove that is a convex set let two points, two arbitrary points of an X2 less than S
and what we have to show we have to prove that the convex linear combination of these two
arbitrary point is also in S. Then we can say that this set is the convex set, so these two in S this

means GI(X1) will be less than equals to 0 for all I, and GI(X2) is also less than equals to 0 for



all 1. Now take convex linear combination of these two points, so this is the convex linear

combination A between 0 and 1 okay.

Now to show that this set S is a convex set we have to prove that this X is in S, so how we can
show this you take GI(X) what it is, it is nothing but GI(Ax1+1-Ax2) and since Dis are convex
functions for every I so this means that this is less than equals to A(GIx1+1-A(GIx2) since GIs are
convex for all I okay, are convex functions. Now GI(x1) is less than or equal to O for all I and
GI(x2) is also less than equal for all I.

So this is less than equals to A(0)+1-A(0) which is equals to 0. So this implies that GI(x) is less
than equals to O for all I and this implies X belongs to this. So hence S is a convex set okay. So
what | want to say that if you take all the constraint less than equal to type and all constraints are
convex function, then the collection of all those X which satisfy all the constraint of GIX less
than equal to O types is always a convex set okay. Now let us discuss few examples of convex

programming problems.
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First example is minimizing x1+x2 subject to that the first constraint is x1%+x2? less than equal
to 1 and the second constraint is x12 less than equal to x2. Now this constraint can be rewritten as
G1x=x1%+x22-1 less than equal to 0 and it is can be written as the second constraint G2x=x1%-x>
which is less than equal to 0 okay. And of course the objective function is the objective is

minimizing F=x1+x2 okay.

Now we already know that all linear functions are convex, so this function x1+x2 is obviously
convex okay, it is a linear function and linear function are always convex as well as concave. So
this function is convex. Now if you talk about the first constraint to show that whether it is
convex or not you take hessian matrix of G1, what is the hessian matrix of G1 it will be nothing
but 8°G1/6x1% §°G1/6x18x2 8°G1/6x28x1 8°G1/8x2%) and this is nothing but if you take second
derivative of G1 respect to x1 it is 2 there is no term involving x1, X2 in this constraint.

So this is 0, this is 0, this is 2 again 2. So this is the hessian matrix respect to G1, now to see
whether it is convex function or not we take the leading principal minus okay, we use deck test,
so what is D1, D1 is 2 which is greater than 0, of course D1 is 2 greater than 0, and D2 is nothing
but it is determinant of 2 0 0 2 which is nothing but 4 again greater than 0. Since D1 and D2 both
are greater than 0 this means hessian matrix is, this means hessian matrix positive definite and

this means function is convex okay.

So this means, this implies D1 is convex function, or you can use eigenvalue test, you see
eigenvalues of this matrix are nothing but 2 and 2, both eigenvalues are syndicate and 0 so this
means function is strictly convex adherence convex okay. Now similarly you take second
constraint hessian matrix second constraint is nothing but it is 2 0 0 0 even in the same structure
we can find the initial matrix of G2 and now the eigenvalues are, eigenvalues of this is nothing

but eigenvalue is nothing but 2 and 0 we can simply see because the diagonal matrix.

And eigenvalues are greater than equal to 0 so this means this matrix is positive semi-definite
enhance the function G2 is convex function okay. So this means this is positive semi-definite and
this implies G2 is convex function. So hence we have seen that for this problem for particular

example E1 the function F which is objective function is convex constraint G1 is convex,



constraint G2 is convex, hence it is a convex programming problem, because the involved
objective function all the constraints are convex hence this is a convex programming problem. In

the second example objective functions are maximizing type.
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But it is linear you see what will be this objective function maximizing 4x1+3x2 subject to what
are the constraint it is x1+x2 less than equals to 4, it is x1 x2 less than equals to 1, x2 greater
than equal to 0, and x2 greater than equal to 0. Now this objective function can be recast as
minimum of some f” which is nothing but -4x1 -3x2 okay, this is same as you can maximizing

you can write as minimizing of negative of this function okay.

And subject to whatever conditions, condition will be this will be nothing but G1 which is
nothing but x1+x2-4 less than or equal to 0, the second constraint will be G2=x1 x2-1 less than
equals to 0, third constraint will be nothing but —x1 which is less than equal to 0, and G4 will be
nothing but —x2 which is less than equal to 0. Because for convex programming problem the
format of the problem should be of minimizing type and all constraint must be less than equal to

0 okay.



Now this is minimizing function and this is linear hence convex because all linear functions are
convex, the first constraint is linear it is convex, obviously the third constraint is linear convex,
fourth constraint is linear and hence convex. Now we have to check only for G2 constraint
whether it is convex or not, if it is convex that will be a convex programming problem otherwise

it will not be a convex programming problem.

Now to check whether g2 is convex or not find out hessian matrix of g2 what will be hessian
matrix of g2 the hessian matrix of g2 will be it is 6°g2(6x1?) 6°g2(0 x1, Ox,) it involves only two
variable hence only two cross two matrix would be there, so this is the hessian matrix this is
nothing but it is 0, 1 it is 1 and it is 0, so this will be hessian matrix respective to g2 now if you

find Eigen value of these matrix.

So how to find Eigen values of this matrix suppose it is suppose it H, so |H — Al| determinant
should be 0 and this implies | -1 1, 1 -A | should be 0 this implies A2 -1 — 0 A=1+-1, so for some A
are positive and some A are negative one A is positive one A is negative, that means the function
is not convex because for convexity all A must be < 0 that means function is convex, hence this

constrained is not convex therefore this problem is not convex programming problem.

Because if it is a convex programming problem then objective function as well as all constrained
must be convex okay you can see it graphically also see what is a first constrained it is x1 + x2 <
4, this 4 this 4, this is a first constrained x1 + x2 = 4, and < 4 means shade to it is origin because
if you take 0, 0 so 0 + 0 < 4 a true it wholes, S0 we shade towards origin, okay now if you take
the second constrained x1, x2< 1 it is rectangular hyperbola okay x1, x2 < 1 that means this type

of hyperbola we should hiving we might be having.

And now it takes 0, 0 is 0 which is < 1 that is true that shades towards origin again and x1, x2
both are no negative that is an that means the first quadrant that we are talking only the first
position of the rectangular hyperbola because we need only that position which is a first quadrant
okay, so that means this is the region which is below this line and below this hyperbola, so this is
the region and we can easily see that this region is not convex set, and from the previous theorem

it must be a convex set.
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If all gi’s are convex function then this set must be a convex set, however this is not a convex set,
so we can easily say that since the region is not a convex set so it is sort of convex programming
problem okay.



(Refer Slide Time: 14:37)

Now we have different formats of convex programming problem let us see the first format we
have already discussed that is a minimizing type functions subject to all constrain < this will be a
convex programming problem, if function f and all gi’s are convex the second type if the
objective function is a maximizing type and all constrains are < type then it will be a fugues

programming problem if function is concave and all constrains are convex.
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The third form is function is of minimizing type objective function and all constrains are > to
type then it will be a convex programming problem if function is convex and all constrains are
concave, okay and if we have maximizing type objective function in all constrains are > type
then it will be a convex programming problem if and all g;’s are concave. So these are the 4
different formats of a convex programming problem, so by which we can see whether the
problem is convex are not these are the conditions.
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Now to study the optimality conditions of a optimization problem we first start with
unconstrained optimization problem, now what is a unconstrained optimization problem let us
discuss.
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Minimizing of f(x) and subject to z € R" on R okay we are first taking function from R to R if we
are optimizing means maximizing or minimize function without any constrained, then we see
such problems as uncontained optimization problems. Now to study the optimality condition for
such type of problems they start with a function from R to R, okay we already know that if we

have to minimize a function from R to R how we can minimize this function.
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We first find we first have a necessary condition is if X € R is a local minimum or local
maximum point of f over R then always f of X will be 0, we are assuming function is
differentiable twice differentiable we assuming a function is twice differentiable, so if X is a
point of local maximum or local minimum then at that point first derivative is always 0, okay
what is a sufficient condition to see weather that point is a point of local maximum, local
minimum we find second derivative at that point, at X if second derivative at that point is positive

then that point is a point of local minimum.

And if secondary derivative at that point is < 0 we call that point has local maximum point, this
we already know okay now we come to function from R to R suppose we are taking function
from. Function f from R to R.
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And functions Rx € R? so how to optimize how to find maximum, minimum values of such

functions we first find we first have necessary condition what is that.
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IfX, y bar € to R is a point of local minimum or local maximum of f over R? then af/ dx at x bar
y bar and of / Oy at x bar y bar is always 0. The first condition is the necessary condition what is

a necessary condition for two variables function.
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Okay that is simply that 0f / 0x at x bar y bar = 0f / 0y at x/ y bar must be 0, so there is a first
condition and necessary condition now if this condition hold weather that point is a point local
minimum or local maximum or straddle point who can we see, so we find Hessen matrix of f at x

bar y bar, these are sufficient conditions you see if x bar, y bar belongs R? satisfy this condition.
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That is partial derivative of f respect to 2x and partial derivative of x respect to y both are 0 at x
bar, y bar and hessian matrix of f at x bar, y bar is positive definite the x bar, y bar is point of
local minimum and if it is negative definite then it will be point of local maximum of f/ R? okay
you see if it is positive definite what does it mean it means function is strictly convex function is
convex that means we have a parabolic shape like this okay so certainly we have a point of
minima and if we have a if it is negative definite that means function is strictly concave.

A function is concave that means we have this type of parabola and that means that point we are
point of local maxima that we can easily visualize okay.
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Now the same conditions we can generalize for a function from R" to R okay, if we have
function R" to R see.
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So how can we see it how can you find the necessary and sufficient condition for a point to be
local maxima local minima for that we first find the necessary condition will be gradient of f at X
must be 0 gradient of X means this implies 0f/ 0x j or i at X must be 0 for all j we are having n

number of variables okay, and what is your sufficient condition.
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If X € Rn with gradient of f(X) =0 if f is strictly convex function in the neighborhood of X then X
is point of local minima and if it is a local minima of f over X a strictly convex means hessian
matrix is positive define okay and if hessian matrix is negative definite then X will be a point
local maxima the same result which we did for a two variable problem the same result we can
generalize for n variable problem also okay, now suppose this problem you are having you want
to find out a local maxima, local minima for this problem this simple two variable problem we

are having, so what is f
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f area is nothing but 2+2x,+3x, —s,°-s,° okay, where enter should find out its point of local
maxima, local minima for this problem. So first we find o0f/0x; put it equal to 0 and of/dx, and
put it equal to O, this will give us stationery point this condition will give us stationery point,
okay. So what is 0f/0x; it is two 2+2-2x1=0 and here where it is 3-2x,=0 so this implies x;=1 and
this implies x,=3/2 so what is the point, point is (1, 3/2). So (1, 3/2) is the only stationery point

for this particular problem.

Now we have to see that whether this point is a point of local maxima or local minima or neither
or a settle point that we have to see, so for that we find initial matrix of f at this point, okay here
what is initial matrix of f, initial matrix I fill be nothing but it is -2 it is 0,0 and again -2, you find
determinants of the leading principle -, D is -2 which is negative you get is this see determinant
of 1x1 it is negative, and what is D».

D, is determinant of 2x2 which is -2,0,0,-2 which is again 4 which is greater than 0, so first is
first one is negative, second one is positive that means it is alternating in sign that means this is
negative definite, this initial matrix negative definite, initial matrix and negative definite means

function is strictly concave and that means strictly concave means we have a upper hyperbola



like this and that means that point will be a point of local maxima, so that means the point (1,3/2)

will be a point of local maxima.

So that is how we can easily check whether a point is the point of, whether a point which is the
obtained by this stationery condition is the point of local maxima, local minima or neither, okay.
Now let us discuss constrained optimization problem first with equality constrains and then we

will see with inequality constrains, okay.
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Now what do you mean by constrained optimization problem, constrained optimization problem
means optimizing that is maximizing or minimizes function subject to some conditions, some
constraints okay. So minimizing or maximizing of f(x) subject to gi(x) =0 because we are taking
only equality constrains here | from 1 to m this is the problem which we are discussing now and
how to find out optimal solutions of such problems, optimal solution means the problem we
satisfy all the constraints as well as minimize or maximize the objective function, so let us see so

how to find it let us discuss it.
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So we have the problem suppose they have problem minimizing of f(x) subject to gi(x)=0 i from
1 to m, so this is the constrained optimization problem with equality constrains. Now how to find
out the optimal solution for such problems we first define a function | which we are call as
Lagrange function or Lagrangen, so this Lagrangen will involve all x, all nx I mean n component

of X with As and these As are called Lagrange multipliers.

But we first define this function which we call as Lagrange function, so what is this function is
this is nothing but objective function plus A101+X202 and so on Angm(x)=x or it is f(x)+>_ 1 from 1

to m A;g; so this is the Lagrange function, okay.
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Now what are the necessary condition, what are necessary condition for this problem let xy € R"
be a point of local minimum or local maximum for the problem P2, P2 is this problem, where
m<n okay, let it be possible to choose set of m variables X; for which Jacobian matrix (0gi/0x; )X
which is what are mxm has an inverse, it must be mxm has an inverse, okay. So this condition is
required for in order to prove this | am not discussing the proof here, | am just discussing the

conditions, okay.

Then there exists a unique set of Lagrange multiples X3, X; and so on up to Xy such that these
condition, such that this condition hold. So what in necessary condition, necessary condition is

Vi(X)+) 1 from 1 to m.
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AiVgi(X) and this X must be 0 so this is the necessary condition. Now what just condition means
what is gradient f(X) this is 0f/0x1, 0f/0x, and so on 0f/0x, at X + > i from 1 to m % this is 0gi/0x1
00i/0x2 0gi/0xm this equal to 0, now all component must be 0, okay.

If you take this so that means of/ox;1+A; 691/0X1+A, 0galOX20X1 and so on Amdgm/OX1 should be 0,
the first condition because it takes the first component and you vary i from 1 to m is the first
component so you will get this condition equal to 0. Similarly 6f/ox, + A10; it is all bar okay, and
it is all at X must be 0, similarly you will get the same condition for x, same condition for X, so
what would it means, this means of/ox; + Y’ i from 0x; Y i from 1 to m Ai0gi/0x; should be 0 and j

varying from 1 to m, okay.

Because the same way whole for i,j=1 that is the first condition the same will hold when you put
j=2 that the second condition from here, okay and similarly this is a same will hold for j=n, okay
or the same conditions can be obtained from the Lagrange function itself you simply take
ol/odxi=0 for all i, i from 1 to m and o1/dAj=0 for all j.
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So from these two also we get back to this that condition 1, okay. So these are necessary
condition if the point is a point of local minima, okay then this condition 2 must hold, okay. Now

what is the sufficient condition, let X, X which belongs to R"XR™ exists.
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Such that the condition 2 above holds this condition hold. Suppose Z(x*) consists of all ZeR"
such that Z" gradient of g&k=0 and Z" of initial matrix of L with Z>0 for all ZEZ(x*) where Z not
equal to 0 then x* is the point of local, x has the point of local minima of the problem P2, P2 is
this problem, okay. So let us discuss this condition with an example, okay this example will clear

all this things so let us discuss this fine example.
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Suppose we have the first problem minimizing f=x*/3-3y?/2+2x subject to x-y=0, so one way out
IS very easy you subsequent x=y in this problem it will become a one variable unconstrained
optimization problem and you can find out first derivative respect to x put it equal to 0 and then
you second derivative to see whether rare point to the point of local maxima or local minima,
okay. You simply see you substitute x=y, x=y here and x=y here so it will be a one variable

unconstrained optimization problem, okay.

You find first derivative put it equal to 0 that will be the stationery point and to check where that
point to the point of local maxima or local minima find second derivative at that point if it is
greater than 0 means local minima if it is lesser 0 means local maxima. Mow if you have solve
the same problem using Lagrange functioning how we can do that, so this is simply an
illustration so we consider a Langrage function L which is f+Ag because only one constraint is

involved so it is Ag.

g is this comes front this is g=x-y=0, so this is nothing but (x*/3-3y*/2-+2x)+A(x-y), now we find
ol/ox put it equal to 0 and ol/dy put it equal to 0 and Ol/OL put it equal to 0, by the necessary
conditions. What are necessary conditions, we already discussed the necessary condition is ol/dx;



should be O for all j and ol/dA; should be O for all i which are the same condition which is in 2,
okay. So what is ol/ox first we solve this problem this condition it is 3x?/3+2+A=0 what is this
condition, this condition is -6y/2-A should be equal to 0, what is this condition, this condition is
x-y=0 okay. So what we obtain from here 3,3 cancel out here 2 and 3 times cancel out so this is
nothing but A will be equals to -2-x* from here, from here A must be equals to -3y and from here

X=y, okay.

Though you substitute x=y and A=\ so what we obtain, we obtain -2-x*=-3x because the x=y and
A=)\ okay so what we obtain it is x>-3x+2=0 that means x are 1 and 2. If x is 1 and 2 and x=y that
means y is also 1 and 2 so points are (1,1) and (2,2) and when x is 1 or y is 1 A is -3 SO
corresponding to this A is -3 and corresponding to this A is -6 because you substitute y=2 so A=-3,

so these are the stationery points, okay.
Now to see whether which point is a point of local minima and which point is a point of local
maxima we will apply sufficient condition, so what is sufficient condition let us see. First we

find the Z, so what Z indicates.
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First we find for suppose (2,2) or (1,1) okay (1,1) first we see for this point this is x* for this
problem so we will find Z at x* this is x*, we will find all those ZER? here because n is 2 such
that Z', Z" means z1,2, and gradient of g1 what is g here x-y=0, constraint is x-y=0 what will be
its gradient, gradient will be respect to x 1 respect to y -1=0, so this implies z;=z, okay all ZeR?

so what will be Z(x*) it is of this type Z;, Z;.

It is z1,2, and Z;=Z, that means z1,z; types all the elements will be in Z okay. Now if the first
condition hold this condition hold we say that x* will be point of local minima, if this condition
hold we say that this point is a point of local maxima, so let us see we first find initial matrix of
L, okay and what is L for this problem we again have to write the L for this problem L will be
x*/3-3y%/2 okay +2x and +A(x-Y).

So what is gradient square of L, that will be nothing but we first differential respect to x twice
but that is 2x okay, now respect to Xy which is 0 and with respect to y, it is -6 it is first derivative
respect to y is -6y/2-A and when to differentiate this twice respect to y it is nothing but -3, okay
so it is -3 it is second partial derivative respect to y, okay. Now this at (1,1) is nothing but 2,0,0,

-3 okay.

Now you take Z;" of this Z;" initial matrix of L be Z so it is nothing but let us try to find this
value Z" gradient 6°(L)Z. Now for this x* (1,1) Z* is z1, z, okay z1, z; types and initial matrix is
2,0,0,-3 again it is zy, z; S0 it is nothing but 2z,%-3z,% which is —z,> which is less than 0 for all z,

and z; not equal to 0, okay.

So this quantity less than 0, this means this points are point of local maxima so that means (1,1)
is a point of local maxima, so that is how we can check whether a point by a Lagrange function
whether a point is a point of local maxima or local minima. Similarly we will check for (2,2) also

when you take (2,2) what will be Z.
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For (2,2) Z will be nothing but this is (2,2) so this would be same, this will remain same and
when you find ZT initial matrix of L with Z so this is nothing but z1,z,. Now initial matrix of L at
(2,2) will be it is 4,0,0,-3 and z1,z; because both are same, so it is 4z1%-3z;> which is z;> which is
positive for all z; and z1 not equal to 0. So this is positive this means the first condition hold that

means this is a point of local minima.

So the point (1,1) is a point of local maxima and (2,2) is the point of local minima, so in this way
using Lagrange function we can easily check whether point, the point which we are find out is a
point of local maxima or local minima. Now similarly we can solve the second problem also

using the Lagrange multiplier method, okay so thank you.
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