Integral Equations, Calculus of Variations and their Applications
Professor Dr. D. N. Pandey
Department of Mathematics
Indian Institute of Technology Roorkee
Lecture 54
Variational Problem Involving a Conditional Extremum-2

Hello friends welcome to today’s lecture and in today’s lecture we will continue our

discussion.
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In previous lecture we have considered the variational problem with constraint this. Now in
todays class we extend our discussion when this constraint is not only this finite equation but
set of equations here. So we have y 1 dash to say y n dash is equal to 0 here, i is from 1 to say
m, here m is less than n and try to see that how to find out the extremal functions of this

variational problem provided this constraints are given.
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Constraints of the form ¢(x, y1, ¥a, ..., Yo, Yis Yo, -+ V)

In the preceding section we examined the problem of investigating the functional
for an extremum: 2
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So let us consider here. So as I pointed out in the preceding section we examined the problem

of investigating the functional for an extremum v equal to x nottox 1 fofx,y ltoyn,y 1
dash to y n dash d of x satisfying the boundary condition given at the end x not and given at
theend x 1 asyjxnotequal tojjnotandyjx 1isequal toyj1 foreachjisequaltolton
and here in we have discussed that we have constraint given in this formyix,y 1 toy n

equal to 0, 1 1s from 1 to m.

But now let us consider the constraint in place of finite constraint let us consider the set of
differential equations. So here constraints are set of differential equation phiix,y 1 toyn,y

1 dash to y n dash equal to 0 for i equal to 1 to m, here m is strictly less than n.
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This type of constraints are called are called nonholonomic. In this case, we will
o LJ N N .

prove a conditional extremum of a functional v is achieved on the same curves on

which is achieved an unconditional extremum of the functional

5 m s
= / [F+Z/\(x)d),]dx: / Fox,
Ix i1 Ix

where

m
F=F+) Ax)¢i
i=1
suppose that one of the functional determinants of order m is different from zero,
say,
D((,f)1 S(0ar r,e')m)
Dy - ym)
This guarantees independence of the constraints.
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Constraints of the form ¢(x, y1, ¥a,..., Yo, Y3: Yo, - V)

In the preceding section we examined the problem of investigating the functional
for an extremum:

X1
V=/ FX Y1 Y2 Y Yr Yo YR Yi(X0) = Yoo i(¥) =y f=1,2,....m
X

given the finite constraints

o Ol Y1 Y2y, i) =0, i=1,2,....,m.

Now, if the constraint equations are the differential equations

B I In Yooy Y =0, =120,
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So this type of constraint are called nonholonomic and the constraint defined here are called
holonomic. So this we call as holonomic constraint and this we call as nonholonomic
constraint. So in this case we will prove a conditional extremum of a functional v is achieved
on the same curve on which it is achieved an unconditional extremum of the functional here.
So as we discussed in previous case we also show that the extremal conditional extremum of

v achieved on conditional extremum of this v bar.

So here we defined a new function F bar as F plus i equal to 1 to m lambda x phi of i and here
we assume that these phi 1 are are independent to each other it means that we are assuming
that Jacobian of phi 1 to phi m with respect to y 1 dash to y m dash is not equal to 0. So here
we are relabeling our variable in the sense that this Jacobian of phi 1 to phi m with respect to

y 1 dash to y m dash are nonzero and this also guarantees the independence of the constraint.
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Let y1, ya,. .., ¥ be an arbitrary permissible system of functions that satisfies the
constraint equations ¢; = 0 (i = 1,2,...,m). Vary the constraint equations

n n

do; . 09; . , :

Hisy+ Y gy =0, i=1,2,...,m
;(‘)y,'y’ ;(‘)y/‘yl

Multiply term by term each of the equations obtained by the (as yet) undetermined
factor A;(x) and integrate from xo to x;; this yields

X'A-(x)i“ﬂs dr+ / 2SS Wi <o
e Hz)y,{y’ el M(‘)y;yl -
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So here we try to proceed in a similar way as we proceeded in previous section here. So here

let us take y 1 to y n be an arbitrary permissible system of function that satisfy the constraint
equation phi i equal to O for each i equal to 1 to m. Now here we vary the constraint equation
and we have this j equal to 1 to n deba phi i1 by deba y j delta y j plus summation j equal to 1
deba phi i by deba y j dash delta y j dash equal to 0 for each i equal to 1 to m.

If you remember in previous case this term is not coming so so this term was not there in
previous discussion. So as we discussed there what we try to do here we multiply by say each
term by lambda i1 and integrate from x not to x 1 and we have this x not to x 1 lambda 1 x
summation j equal to 1 to n deba phi i by deba y j delta y j dx plus x not to x 1 lambda 1 x
summation j equal to 1 to n deba phi i by deba y j dash delta y j dash dx equal to 0. So again
we have then addition of this term. So here we simplify the second term by transferring the

derivative on this term.
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integrating each term of the secend integral by parts and taking into consideration
that o‘y; = (0y;)' and (0y)x=x, = (6;)x=x, = 0, we will have

Bl 0d; d 00

N(xX)—=0by; - —(A- ')}) ax =0, (1)
I ;[ 0500 g (M
From the basic necessary condition for an extremum, dv = 0, we have
/ Z(Fy, )Ay,dx 0, (2)
Xo j= 1
Since

X A
dv:/ Z(Fy/()y,+F Ayl )dx = / Z(Fy, )Ay,dx
X I 0

j=1
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Adding termwise all the equations (1) and equation (2) and introducing the notation

we have
/ Z(Fy, >Ay,dx 0 3)
X /1

Since the variations dy;, j = 1,2,..., nare not arbitrary, we cannot yet use the
fundamental lemma. Choose m factors A;(x), Aa(X), ..., Am(x) s0 that they satisfy
the equations

= e :
FylfaFyl,:O. ]:1.2 .... m

Q@ G oo y
So for this we integrate each term of the second integral by parts and taking into considering
that delta y j dash equal to delta y j whole dash and variation at the point x not and x 1 is
simply 0. So by doing this we have this condition x not to x 1 j equal to 1 to n lambda 1 x
deba phi i by deba y j delta y 1 and delta y j minus d by dx of lambda i1 x deba phi i by deba y j
dash into delta y j dx equal to 0.

Now we will proceed further so now let us consider the functional here from the basic
necessary condition for an extremum delta v has to be 0 which reduces to this condition x not
tox 1jequalto1tonF ofyjminus dby dx F of yj dash delta y j dx is equal to 0. This we
obtain from this that delta y is equal to this x not to x 1 j equal to 1 to n F of y j delta y j plus



F of y j dash delta y j dash d of x. So by transferring this derivative on this we are getting this

equation number 2. So adding term vice all the equations 1 and equation 2.

So here we have this equation 1 which we obtain from the constraints and this which we
obtain by necessary condition for extremum that is delta v equal to 0 so here we add term by
term and we get this notation F bar equal to F plus summation 1 equal to 1 to m lambda 1 x phi
1. Then this equation 1 and 2 can be written in a concise form as 3. So here 3 is what x not to
x 1jequalto 1 ton F bar y j minus d by dx of F bar y j dash delta y j dx equal to 0, where F
bar is defined as F plus summation i equal to 1 lambda i x phi of i. Now again this variation
deltay j, j is from 1 to n are not arbitrary, we cannot use the fundamental lemma. So here as
we done in a previous case we choose m factor lambda 1 to lambda m so that they satisfy the

equation F bar y j minus d by dx of F bar y j dash equal to 0 for each j equal to 1 to m.

So this we did in previous case also the only difference between this case and the previous

case is that in previous case this is resulting into system of a linear equation.
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Adding termwise all the equations (1) and equation (2) and introducing the notation

m
F=F+) N(x)
i=1
we have
o

S
5 (Fy, - aFy/>oy,dx =0 3)

iy

Since the variations dy;, j = 1,2,..., nare not arbitrary, we cannot yet use the
fundamental lemma. Choose m factors As(x), Aa(x), ..., Am(x) S0 that they satisfy
the equations

Fyl = a ; =
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After writing in expanded form, these equations form a system of linear differential
equations in
ohy L
Ai(x) and d_xl i=12,...,m
which has the solution Ay(x), Aa(x), ..., Am(X), which depends on m arbitrary
constants. With this choice of A;(x), \a(x),..., Am(x), (3) is reduced in the form

"Xy n i d i .
/ % (Fy, - aFyl,>oy,dx:o
7% =yt

where the variations dy; j = m+1,..., n are now arbitrary, and hence, assuming
all variations dy; = 0, except some one 4y;, and applying the fundamental lemma,
we obtain
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But in this particular case this will reduce to system of an linear differential equation in

lambda 1 x and d lambda i by d of x. So this is the only difference between the previous case
and this case and since it is a linear differential equation and the involved functions F are phi
all are continuous. So we have existence guaranteed so and we can say that which has the
solution lambda 1 to lambda m which depend on m arbitrary constants. Now with this choice

of lambda 1 to lambda m.

Now this previous equation number 3 is reduced to from m plus 1 to n and we can say that it
is X not to X 1 summation m plus 1 to n F bar y j minus d by dx F bar y j dash delta y j dx
equal to 0. And here the variation delta y j, j from m plus 1 to n are now arbitrary and hence

by assuming all variation except one as 0 we can apply the fundamental lemma.

(Refer Slide Time: 8:48)
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Fy —ﬁFy/ =0, j=m+1i,m+2....n
Thus, the functions yi(x),. .., ya(x) that render the functional v a conditional
extremum, and the factors A;(x), A2(X),. .., Am(x) must satisfy the system of
n+ mequations
i .
Fyl—aFy/:O. Si12 8N

and

i. €. they must satisfy the Euler equations of the auxiliary functional v, which is
regarded as a functional dependent on the n+ m functions
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Adding termwise all the equations (1) and equation (2) and introducing the notation

m
F=F+ Z/\,‘(X)(,‘),'
i=1
we have

o N d -
) Z (Fy, - aFy/>a‘y,dx =0 (3)
J=1
Since the variations dy;, j = 1,2...., n are not arbitrary, we cannot yet use the
fundamental lemma. Choose m factors A¢(x), Aa(x), ..., Am(x) s0 that they satisfy
the equations

d.

FyliaFy/zo. 1212 .... m
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And we can get the from the Euler equation that F bar we can get equation F bar y j minus d

by dx F bar y j dash equal to 0 for j equal to m plus 1 to n. And so if we combine equation
like this which we have obtained by choosing factors lambda 1 to lambda m with this
condition here F bar y j minus d by dx F bar y j dash equal to 0 which we obtain by applying
the fundamental lemma. So now this will reduce to this this will extend to this F bar y j minus
d by dx of F bar y j dash equal to 0 for j equal to 1 to n along with the condition phi i equal to
0 for i equal to 1 to m. Now these are n plus m equation which is sufficient to provide as the

solution y 1 to y n and lambda 1 to lambda m.

So it means that the function y 1 to y n x that render the functional v a conditional extremum
and the factor lambda 1 to lambda m x must satisfy the system of n plus m equation which is

given by this and this.

It means that they must satisfy the Eulers Equation of the auxiliary functional v bar, which is
regarded as functional dependent on the n plus m functions. So if we consider v bar as a
function of this y 1 to y n and lambda 1 to lambda m then these n plus m equation can be
obtained through the Eulers Equation applied on this v bar. So let us go to new problem and if
you look at these this analysis is similar to the analysis which we have discussed in previous
case the only change from previous study and this study is only these points let me remind

you.
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Let y1,)o,...,yn be an arbitrary permissible system of functions that satisfies the
constraint equations ¢; = 0 (i = /,2, ..., m). Vary the constraint equations

n

n
doj . 09; . , :
Hisy+ Y gy =0, i=1,2,...,m
;0},/_(}’/ ;(‘)y/ Y

Multiply term by term each of the equations obtained by the (as yet) undetermined
factor A;(x) and integrate from xo to x;; this yields

X'x(x)i"ﬂs dr+ / x(x)i"’ﬁ(s o =0
/x’ ay T [, M L=

0 j=1 %o j=1
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Adding termwise all the equations (1) and equation (2) and introducing the notation

we have

x o/ d -
x Z(Fyl—ar’-‘y/)mf,-dx:o (3)
0 /:1
Since the variations dy;, j = 1,2,..., nare not arbitrary, we cannot yet use the
fundamental lemma. Choose m factors A;(x), Aa(x), ..., Am(x) 0 that they satisfy
the equations

= d

Fylfapyl,:o. j:1.2 .... m

Q@ ¢ oo 7
One addition is here, right another addition is here in the in terms of equation so here we are
getting a differential equation rather than simple finite a linear system of linear equation and

rest are almost same.
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soperimetric Problem

To obtain the necessary condition in an isoperimetric problem involving finding an
extremum of a functional v = _]'XZ‘ Fdx, given the constraints JQ Fidx =1,
i=1,2,...,m,itis necessary to form the auxiliary functional

Xy m
V= / (F + ZA,-F,) dx
X0 i=1

where ); are constants and write the Euler equations for it. The arbitrary constants
Cy, Gy, ..., Gy in the general solution of a system of Euler's equations and the
constants Ay, Ao, ..., A are determined from the boundary conditions

yix)=yo, yx)=ys, j=12...,n

6 NPTEL ONUINE
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So now let us move to new problem that is isoperimetric problem and this we have already

studied.

(Refer Slide Time: 11:24)
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The only difference between these previously discussed problem here that in first we have
considered that finite equation conditions are given in terms of finite equation and now we
have already discussed the case when constraints are nothing but system of system of
differential equation. Now in case of isoperimetric problem your conditions are given in
terms of integral equation. So here we have x not to x 1 we have Gisay x,y I toynd of x
equal to 0 for each i equal to 1 to m, m is less than n. So this also can be reduced to previous

case by just assuming not 0 some values say 1 i.



So this can be reduced to this so problem of extremum of this along with this condition are
known as isoperimetric problem which we have already discussed but here we can observe
that this problem can be reduced to the problem which we have just discussed by assuming a
new variable that is z 1 as x not to x, say G 1 X, y 1 to say y n d of x. So by here we can say

that z i x not is simply 0 and z1i your x 1 is x 1 is given as 1 of i.

So what is the advantage of considering this z i? That if we differentiate with respect to x
here then we have z i1 dash x is equal to G of 1 X, y 1 to y n. This I can write it as z i dash
minus j of i X, y 1 to say y n is equal to 0. So if we denote this as say phi i then this
isoperimetric problem is reduced to the problem of finding the extremum of this functional
along with this condition extremum, okay. So this we can solve. So taking this as phi i we can
apply our discussion which we have just done just over and we can find out say the solution

of the isoperimetric problem.

(Refer Slide Time: 14:02)

Isoperimetric Problem

To obtain the necessary condition in an isoperimetric proﬁblem involving finding an
extremum of a functional v = .]'XXO‘ Fdx, given the constraints .]:;' Fidx =1,
i=1,2,...,m,itis necessary to form the auxiliary functional

X m
e / (F + Z)\/F,‘) dx
7% i=1

where ); are constants and write the Euler equations for it. The arbitrary constants
Cy, Gy, ..., Gy in the general solution of a system of Euler's equations and the
constants Ay, A, ..., A are determined from the boundary conditions

Yx)=Yo, Yyx) =y, j=12...n
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and from the isoperimetric conditions

/ Fdo=h i=12..m
.

vAQ

The system of Euler's equations for the functional v** does not vary if v** is
multiplied by some constant factor /1o and, hence, is given in the form

m

"
;lgv“:/ Z;z,ﬁdx

%oj=0

where Fo = Fand ;= Ajpio, j = 1,2,..,m.
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So we can see that to obtain the necessary condition in an isoperimetric problem involving
finding an extremum of a functional v which is given as x not to x 1 F dx, given the
constraints x not to x 1 F 1 dx equal to 11, 1 equal to 1 to m, it is necessary to form the
auxiliary functional v double star that is x not to x 1 F plus summation i equal to 1 to m
lambda i F i d of x. Where lambda i are constants and we can write the Euler Equation for this

functional v double star this we can obtain from the previous discussion.

The arbitrary constants C 1 to C 2n in the general solution of system of Eulers Equation and
the constants lambda 1 to lambda m we can obtain these by boundary condition and boundary
condition defined at both the end. And from the isoperimetric condition that is x nottox 1 F i
dx equal to 11, from i equal to 1 to m. And the system of Eulers Equation for the functional v

double star does not vary if v double star is multiplied by some constant factor.

So it means that if we already find out say extremal functional for v star with the v double
star then extremal curve will not change if we multiply by some nonzero constant that is Mu
not and we can say that Mu not v double star equal to x not to x 1 summation i equal to O to

m Mu i F i dx. So what we try to do here let us consider here.
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So what we are doing here we are having a problem this we are considering this problem
along with this condition. So for this we consider v double star as x not to x 1 we call this as
F plus here we have lambda i summation lambda i you can write it G 1, 1 is from 1 to m d of
X. So here we consider this as F bar and we simply find out the Eulers Equation for this. Now
if we multiply both side by any constraint say Mu not then also there is no change in solution

of Eulers Equation.

So what we can do here? We rewrite this as integral x not to x 1 and we can write this as i
equal to 0 to m rather than from starting from 1 to m and we can write this as say Mu 1 and
we can write it your F 1 and d of x. So here your F 0 is your F and your F i is your G 1 and
your Mu i is equal to lambda i Mu not. So here we can simply write that Mu not Mu not v
double star is given as x not to x 1 summation i equal to 0 to m Mu i F i d of x the purpose
behind behind doing this that now this is symmetric in all F i and we can say that and we can

say that.
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and from the isoperimetric conditions
”
/ B 81 0
JXy

The system of Euler's equations for the functional v** does not vary if v** is
multiplied by some constant factor jiq and, hence, is given in the form

X1 m
uov**:/ 3 wiFiok

% =0

where Fo = Fand i = Ao, j=1,2,...,m.
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So here F not is F and Mu j is lambda j Mu not for j equal to 1 to m.

(Refer Slide Time: 17:45)
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Now all the functions F; enter symmetrically, and therefore the extremals in the
original variational proilem and in the problem involving finding an extremum of
the functional ‘I:U‘ Fsdx given the isoperimetric conditions

coincide with any choice of s, s = 0, 1,..., n. This property is called the reciprocity
principle.
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The purpose is that now all the functions F i enter in a symmetric manner and therefore the
extremal in the original variational problem and in the problem involving finding an
extremum of the functional x not to x 1 F of s d of x given the isoperimetric condition x not

to x 1 Fidx equal to I 1, where 1 is from 0 to s minus 1, comma s plus 1 to m coincide.
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It means that coming back to this the purpose behind doing this is that if you look at we want
to extremize this functional along with this condition and for that we have seen that the
extremal functional basically satisfy the Eulers Equation corresponding to this variational

problem this functional.

(Refer Slide Time: 18:34)
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So here we can say that that code of these m plus 1 functionals we can say that let us
extremize say let us say extremize x not to x 1 we can take out of these F i from 0 to m here,
you can take any say function let us say that you take F of sx,y 1 tosayynandy 1 dashtoy
n dash d of x we want to say let us extremize this let us call this as V of s here keeping others

as condition. So we can say that now conditions are reduced as (x not to x 1) x not to x n F of



i1x,y 1tosay ynandy 1dashtoyn dash d of x equal to | 1, where here i is running from 1 to

say s minus 1 leaving this s out, s plus 1 to say m.

So it means that here you can take you can take you can extremize any of the integral keeping
all other integral as constant then also your extremal functional will not change and it will in
all these cases your you have to form this kind of function and your extremal functional
functions will has to satisfy the Eulers Equation corresponding to this functional Mu not v

double star. So this property is known as reciprocity principle.
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Example 1

Show that an isosceles triangle has the smgllest perimeter for a given area and a
given base.
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So here we discuss the first example which says that show that an isosceles triangle has the

smallest parameter for a given area and a given base. So here we try to use the reciprocity
principle to solve this particular problem. So we try to solve this problem by saying that a
triangle isosceles triangle having the given perimeter and a given base has say maximum

arca.
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So if you look at here let us take the base, base is already given let us say that this base is
given as A and B and perimeter is fixed here. So let us say that perimeter is some kind of I so
and we want to find out say triangle having the maximum area and we try to show that that
triangle is an isosceles triangle. So what we try to do here? Let us consider an ellipse whose
focus are situated here and keeping this A, B as major axis and let us consider this as y axis
here and let us consider this as the perimeter, this plus this is the perimeter here and vary this

and we can have a an ellipse kind of figure here.

So here you can say that by the property of an ellipse if we take any triangle keeping the base
point as A, B then the area for perimeter is going same. So we can consider this as P, we can
say that Q and we can consider this R. So we can say that the perimeter of PAB, QAB and
RAB will be the same that is that can be shown in a with the property of an ellipse. But the
area of this AQB is going to be the highest the reason being that this is the having the highest
say height. So this AQB will the highest AQB will be the will be a triangle having the

maximum area because of it is having the highest height.

So we can say that this AQB is the triangle having the same perimeter but having the
maximum area. So this can be considered with the help of reciprocity principle that given a
given that isosceles triangle has the smallest perimeter for a given area and a given base. So
with the help of reciprocity principle we can say that isosceles triangle has the smallest

perimeter for a given area and a given base.
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Example 2

Find the shape of an absolutely flexible, inextensible homogeneous and heavy
rope of given length / suspended at the points A and B.

The rope in equilibrium takes a shape such that its center of gravity occupies the
lowest position. Thus we have to find the minimum of the y-coordinate of the
center of gravity of the string given by

= S “
Iy V1 + yRax
subject to the constraint
X
AI1+WM:I )
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This implies that we have to minimize the numerator of the right hand side of (4)
subject to (5). Therefore, we form the functional

"Xy
I*:/ (v + A/ 1+ y2dx,

where ) is a constant.
The first integral of the Euler equation for this functional is y + X = Cy/1 + %,
where C; is a constant. Introducing

y' =sinht
we get

y+ A =Cycosht

Q@ G oo 1
Now moving on to second example here we want to find out the shape of an absolute
absolutely flexible, inextensible homogeneous and heavy rope of a given length 1 suspended
at the points A and B. And the rope in equilibrium takes a shape such that its center of gravity
occupies the lowest position. So we try to find out the shape of such a rope. So here we use a
condition that in equilibrium position the shape it will any rope will take a shape such that its

center of gravity occupies the lowest position.

So we need to find out the minimum of the y coordinate of the center of gravity of the string
given by this. So I of y of x 1s given by (x 1 to x not) x 1 to x 2 y of under root 1 plus y dash
square d of x divided by x 1 to x 2 under root 1 plus y dash square d of x keeping the

constraint x 1 to x 2 under root 1 plus y dash square d of x equal to 1. So this constraint tells



you that the length is constant and it is given as 1. So we want to find extremize the functional

this keeping this constraint in mind.

So here we want to this implies that we have to minimize the numerator of the right hand side
of 4 subject to 5. So we want to minimize the this numerator keeping this thing as constant
that is 1. So here we form the functional I star that is x 1 to x 2 y plus lambda under root 1

plus y dash square d of x and here lambda is a constant.
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So if you look at if you form the Euler Equation for this then F is given as y plus lambda
under root 1 plus y dash square y dash square. Now here F is independent of independent
variable x. So here your Eulers Equation reduce to F minus y dash F of y dash equal to
constant, constant let us say C 1. The F is y plus lambda under root 1 plus y dash square
minus y dash. Now F of y dash will be what y plus lambda and here we will get 2 into 1 plus
y dash square 2 of y dash is equal to C 1, so 2, 2 will be cancelled out.

And here we can say that y plus lambda then multiply here so we have 1 plus y dash square
minus y dash y dash square y plus lambda equal to C 1 under root 1 plus y dash square. So
here we can take this y plus lambda out, so y plus lambda out and inside you can say that it is
1 equal to C 1 under root 1 plus y 1 dash square y dash square. So here we can say that y plus
lambda is equal to C 1 under root 1 plus y 1 y dash square. So it is y dash square. So we want
to simplify this for simplifying this we can introduce a new parameter t so by saying that y
dash equal to sin hyperbolic t then y plus lambda can be written as C 1 under root 1 plus sin

hyperbolic square t can be written as y plus lambda equal to C 1 cos hyperbolic t.



(Refer Slide Time: 27:04)

Giving
de-Y oot
y
Thus
X= C1f + Cg.
So

¥+ A= Cycosh((x - C)/Cy]

is the desired curve which is a Catenary. The three constants ), Cy and C;, are
determined from (5) and the boundary conditions that the rope passes through A
and B.
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Example 2

Find the shape of an absolutely flexible, inextensible homogeneous and heavy
rope of given length / suspended at the points A and B.

The rope in equilibrium takes a shape such that its center of gravity occupies the
lowest position. Thus we have to find the minimum of the y-coordinate of the
center of gravity of the string given by

2 yV 1+ ydx

y(x)] = —— 4
[”H.ﬁﬁTﬁm (4)
subject to the constraint
X
/ 4 y2dy = | (5)
Xy L]
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So now we can find out say parameter representation of x that is d of x equal to dy upon y
dash that is C 1 dt and we can say that x is equal to C 1 t plus C 2, so taking t from this
equation we can say that t can be written as x minus C 2 of divided by C 1. So y plus lambda
can be written as C 1 cos hyperbolic x minus C 2 upon C 1. So the shape of the hanging rope
can be will be satisfying this equation which is the curve which is known as catenary
equation. And the constant lambda C 1 and C 2 can be obtained from the condition this and
the boundary condition satisfy by the problem, okay.
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Theory of Optimal Control

Find the control function u(t) = (us, Up, ..., um)", which extremizes the functional,
called the performance index

'TO
= / fo(x, . )t )
J0

where x(t)(= (X, X, ..., x,)T) is called the state vector, t is the time parameter,
To is the terminal time and f; is a given function of x, u, and t. The relations
between x(t) and u(t) are given by
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So now let us also discuss a new problem which is known as finding the control which
optimize a certain functional. So here the problem is as follows. Find the control function u t
which is u 1 to u m transpose which extremizes the functional which is known as
performance index I which is defined as 0 to t not f not x, comma u, comma t dt. Here x is a
state vector given as x 1 to x n transpose and t is the time parameter and t not is the terminal

time and f not is a given function of x, comma u and t.

And the relation between the control vector and the state vector is given by this equation
which is given as differential equation and it is defined as dx i by dt equal to fix 1 toxn, u 1
to u m. So your control variable and state variables are given by this and we want to find out
the control which extremizes the functional. So this is a very common problem in theory of

optimal control and we want to extremize the the corresponding functional this.
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As in an isoperimetric problem, we introduce Lagrange multipliers A;(t) and from,
augmented functional I from (6) and (7) as follows:

To n )
r [fo+;Ai(ff i) ®

where the dot over the vector x denotes the derivative with respect to time.
Introducing the Hamiltonian functional H as

H=fo+) A 9
121
we find from (8),

T n ‘
I = /0 (Hf;A,'x,-)dt» (10)
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Theory of Optimal Control

Find the control function u(t) = (us, Up, ..., )", which extremizes the functional,
called the performance index

.TO
e / (x, . )t )
J0

where x(t)(= (X, X, ..., x,) ) is called the state vector, t is the time parameter,
To is the terminal time and f; is a given function of x, u, and t. The relations
between x(t) and u(t) are given by
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So as in a isoperimetric problem we introduce a Lagrange multiplier lambda i t and from

augmented functional I star that is given as 0 to t not f not plus summation i equal to 1 to n
lambda 1 f 1 minus x 1 dash. So previous equation number 7 can be written as f 1 minus x i
dash is equal to 0, so this can be considered as constraint given in terms of differential

equation.

So here we form the functional I star which is given by this. Now here x i dash denote the
derivate with respect to time t. Now here we denote this portion f not plus summation i equal
to 1 to n lambda 1 f 1 as H which is known as Hamiltonian functional H. Now in term
software Hamiltonian functional H we can rewrite this I star as 0 to t not H minus summation

iequal to 1 to n lambda i x 1 dot dt.
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The Euler equations are
oH ‘
=), = 9,8 0001 11
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The optimal solutions for x, u and A are obtained by solving (7), (11) and (12). In
fact, these are 2n+ m equations for x/s, ujs and X’s. If the initial conditions
Xi(0)=0,(i=1,2,...,n) and the terminal conditions x;(To).(j=1,2,...,/)./ <n
are known, then the terminal values x;(To) for j=/+1,/4-2,..., nare free. In this
case we use the free end conditions

M) =0, j=I+1,1+42,....n. (13)

The equations (13) are known as the transversality conditions.
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As in an isoperimetric problem, we introduce Lagrange multipliers A;(t) and from
augmented functional I from (6) and (7) as follows:

T n )
P= /0 [f0+;/\,(f,--x,-)]dr, (8)

where the dot over the vector x denotes the derivative with respect to time.
Introducing the Hamiltonian functional H as

n
H=h+) M 9)
121
we find from (8),
To n
= / (H=5" wket. (10)
L i=1

Theory of Optimal Control

Find the control function u(t) = (us, Up, ..., )", which extremizes the functional,
called the performance index

.TO
= / (k. )t )
J0

where x(t)(= (X, Xz, ..., x,) ) is called the state vector, t is the time parameter,
Ty is the terminal time and f; is a given function of x, u, and t. The relations
between x(t) and u(t) are given by
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So as we pointed out we find out say Eulers Equation and Eulers Equation is nothing but
deba H by deba x i equal to minus lambda i dash, for i equal to 1 to n and deba H by deba u j
equal to O that is j equal to 1 to m. So what we did we find out say Eulers Equation for this
and which result in this n plus m equations. So the optimal solution for x, comma u and
lambda are obtained by solving the set of equation that is 7 and the set of equation which we
have obtained through the Eulers Equation and so these are in fact these are 2n plus m

equations for which x, u and lambda i can be obtained.

So if the initial condition x 1 is are given at and and 0 and the terminal condition x j given at t
not are known and if the conditions are less in number we can always define lambda j at

terminal say T as 0 and these kind of conditions are known as transversality conditions.
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Consider for example the problem of finding the optimal control u which makes the
functional

|= /Il(x2 + 1P)at
! (Jln
stationary with x(0) = 1 and % = u. Here the Hamiltonian function is
H=x+0+)u.
Hence (11) and (12) give
=-) 2u+)=0

which along with & = u leads to
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The Euler equations are
oH .,
TXI‘:A,A i=12,...,n, (11)
W s (12)

Tu/_

The optimal solutions for x, u and \ are obtained by solving (7), (11) and (12). In
fact, these are 2n + m equations for x/s, ujs and X’s. If the initial conditions

xi(0) =0,(i=1,2,...,n) and the terminal conditions x;(To).(j=1,2,..../)./ <n
are known, then the terminal values x;(To) for j=/+1,/42,..., nare free. In this
case we use the free end conditions

ANT)=0, j=l+1,1+2....n. (13)

The equations (13) are known as the transversality conditions.
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So let us consider one quick example on this, so here we consider the example of finding the
optimal control u which makes the functional stationary with the condition that x of 0 is equal
to 1 and dx by dt is equal to u. So control and state variable is related with this differential
equation dx by dt equal to u. So here as pointed out we can form the Hamiltonian function as
H equals to x square plus u square plus lambda u and we can apply the Eulers Equation which
is given in deba H by deba x i equal to minus lambda i dash and deba H by deba u j equal to
0.

So if we do this we have this equation 2x equal to minus lambda dash which we get from
equation number 11 and deba H by deba u j equal to 0 we will get this 2u plus lambda equal
to 0. So here u is given as dx by dt, so if you use this and you can take out lambda here and
put it here and we can say that equation that state vector satisfy is this second order

differential equation.
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Its solution satisfying x(0) = 11is
x(t) = Cysinh t + cosh t.

Since x is not specified at the terminal point Ty = 1, we take A = 0 at t = 1. This
at once gives u(1) = 0 from 2u + A = 0. Since u = X, we immediately get

Cy = — St Thus the optimal control is

sinh(1 - 1)
cosh1

u(t) =

The corresponding state vector is given by

_ sinh(1 - f)
Al cosh 1
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Consider for example the problem of finding the optimal control u which makes the
functional

4
|= / (x® + P)dt
Jo

stationary with x(0) = 1 and % = u. Here the Hamiltonian function is
H=x+0+)u.
Hence (11) and (12) give
=-)\ 2u+i=0

which along with & = u leads to 5
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And whose solution is given x t of C 1 sin hyperbolic t plus C 2 cos hyperbolic t. Now C 2

we can obtain by the condition which is given at x of 0 is equal to 1. So we can obtain C 2 as
1 so your x t is given as C 1 sin hyperbolic t plus cos hyperbolic t. Now we do not have any
way to find out the C 1 because x is not specified at the terminal point T not. So for that let us
take lambda equal to O at t equal to 1 so this at once gives u 1 equal to 0. Because we have
this equation 2u plus lambda equal to 0, so at t equal to 1 if lambda 1 is equal to O sou at 1 is

equal to 0. So u at 1 equal to 0 means dx by dt is equal to 0 at x equal to 1.

So we can say that u equal to x dot and we immediately get C 1 equal to minus sin hyperbolic
1 divided by cos hyperbolic 1. So using this value of C 1 you can write down the value of x t
and hence we can find out the optimal control like this. So u t is defined as minus sin
hyperbolic 1 minus t upon cos hyperbolic 1 and the corresponding state vector is given by x

of t equal to sin hyperbolic 1 minus t upon cos hyperbolic 1.
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So here in todays lecture we have seen few things first thing we consider the variational
problem with so variational problem is we have say y 1 to say y n which is given as say x not
tox 1 fof x, commay 1 tosayynandy | dash to say y n dash d of x and we have
considered the case when conditions are constant given in terms of finite equation that is x,
commay | toynisequal to 0, 11is from 1 to say m that we have discussed in previous

lecture.

And in todays lecture we have discussed the constraint of the form given in terms of
differential equation like this 1 equal to 1 to say m and also we have discussed the principle
known as reciprocity principle and with the help of reciprocity principle we have discussed
certain problem and then as an example of this case we have discussed a case of optimal

control.

And here it is to be pointed out that this optimal control is not lying on the boundary of the
set of admissible control, if it is then we have a separate theory not this theory will not work
for the control which lie on the boundary of the set of admissible control. So here I stop and
we will discuss in next lecture, so thank you very much for listening us meet in next lecture,

thank you.



