Integral Equations, Calculus of Variations and their Applications
Professor Dr. D. N. Pandey
Department of Mathematics
Indian Institute of Technology Roorkee
Lecture 52
Isoperimetric Problem - 2

Hello friends welcome to today’s lecture we will continue our discussion over the
Isoperimetric Problem. So as we have discussed in Isoperimetric Problem we are finding the
extremal of a some functional provided some some conditions on the extremal curve is given

in terms of in other functional.
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The Isoperimetric problem

Find the curve y = y(x) for which the functional

b )
ap)= [ty o
a
has an extremum, where the admissible curves satisfy the boundary conditions
y@=A y(b)=8

while keeping another integral

b
ly] = /a 9(x,y,y')dx = L(constant) (10)
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So let us come to this so what we have shown here that we want to find out the curve for
which the functional is having an extremum and this extremal curve satisfy the boundary
condition y of a equal to A and y of b equal to capital B and this extremal curve y equal to y
of x keep this another integral as a constant value. So in previous lecture we have seen the

working of this.
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let J[y] have an extremum for y = y(x). Then, if y = y(x) is not an extremal of
Ily], there exists a constant A such that y = y(x) is an extremal of the functional

b
/ (f+Ag)ady,
Ja
i.e. y = y(x) satisfies the differential equation
d d
fy-afy'+/\<gy—agy1> :0. (12)

or, in other words we can say that If F := f + Ag, then F satisfies the Euler's
equation.
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Here to find out the condition on this extremal curve is to show that the extremal will be an
extremal of the another functional that is a to b f plus lambda g dx provided this extremal
curve that is y equal to y of x is not an extremal of the other functional that is I of y. So here
we have seen that if y equal to y x is an extremal curve for J of y and if y equal to y of x is
not an extremal of another functional that is I of y then they exist a constant lambda such that

y equal to y of x is an extremal of the functional a to b f plus lambda g d of x.

So here if I denote this integrand f plus lambda g as another integrand that is capital F here
then you can say that F satisfy the Eulers Equation and in next in previous class we have
proved the theorem using variational derivative and here in this lecture now let us try to

generalized the concept which we have discussed in previous lecture.
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All'this can be generalized to the case of functionals depending on several
functions y;, ..., y» and subject to several subsidiary conditions of the form (11). In
fact, suppose we are looking for an extremum of the functional
b
o yn]=/ FX Y Yo Vs Vi) (17)
Ja
subject to the conditions
yil@)=A, yb)=8,i=12,...,n (18)
and
b
[ alos ot o= L= 1.2, k (19)
Ja
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So what we try to do here we want to find out say extremal of the functional J of y 1 to y n

which is givenas ato b fof x, y I to yny 1 dash to y n dash d of x. Subject to the boundary
condition y 1 a equal to capital A1, y i b equal to capital B of 1, for each i equal to 1 to n. And
the condition given that thisatob gjx,y I to yn, y 1 dash to y n dash d of x is equal to L of

j, where j is equal to 1 to k.

So here we want to find out say extremal curves for this functional keeping that these k

integrals are at a constant value that is L j.
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In this case a necessary condition for an extremum is that

k k
0 dfo .
=l foh) = —d =— g)y=0,i=12.....n

(:)yi(+;k,g) dx{(:)y;(le;/\,g/)} Gi=lg w1

The 2n arbitrary constants appearing in the solution of the system (20), and the

values of the k parameters Ay, Ay, ..., Ax sometimes called Lagrange multipliers,
are determined from the boundary conditions (18) and the subsidiary conditions
(19).
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So the proof is not given here in fact to show the extremal here what we try to do here we
consider another functional another integrand that is f plus summation j equal to 1 to k,
lambda j g of j and we try to show that this f plus summation j equal to 1 to k lambda j g j
satisfy the Eulers Equation it means that deba by deba y 1 f plus summation j equal to 1 to k
lambda j g j minus d by dx deba by deba y 1 dash f plus summation j equal to 1 to k lambda j

g j is equal to O for each i equal to 1 to n.

(Refer Slide Time: 4:18)

Let me write the thing here say here we have say a functional which is depending on these
functions y 1 to y n given as a to b and here we have fof x, y 1 to say y n and y 1 dash to say
y n dash d of x and the condition on y iis aty of i a equal to capital Aiand y of i b is equal to
capital B 1, 1 is equal to 1 to n here and we not only extremizing this function but it also

satisfy the conditionatob gj x,y 1 to say y n d of x equal to L j for each j equal to 1 to k.

So here we have unknowns are y 1 to y n curves are unknown which extremizing this
functional provided that these integrals k integrals are also kept as constant value. So for that
as we have done in a previous case we consider a new function capital F as f plus lambda
summation lambda j g of j, j is equal to 1 to k and we try to show we can show in a similar
manner that if y 1 to y n in extremal curves for this functional such that this value is kept at
constant such that this y 1 to y n are not the extremal of this not extremal of these functional

this.



Then this F will satisfy the Eulers Equation in terms of this, so F satisfy the Eulers Equation
for so it means that deba F by deba y i minus d by dx, deba F by deba y i dash is equal to 0

for each i equal to 1 to n.
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In this case a necessary condition for an extremum is that
‘ k . :
i(HZA‘gv)fi ('_)(HZ/\'Q‘) =0,i=1,2,...,n (20)
i 9y | ay! /1 )1 =0,i=12,...,n.

The 2n arbitrary constants appearing in the solution of the system (20), and the

values of the k parameters Ay, Az, ..., A sometimes called Lagrange multipliers,
are determined from the boundary conditions (18) and the subsidiary conditions
(19).
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So this proof is similar to the previous proof so we are leaving it and we are simply writing
the condition that deba by deba y i f plus summation j equal to 1 to k, lambda j g j minus d by
dx of deba by deba y i dash f plus summation j equal to 1 to k lambda j g j is equal to O for

each i equal to 1 to n.

So here if you solve this differential equation then we have 2n arbitrary constant appearing in
the solution and this constant lambda j these parameters lambda j, lambda 1 to lambda k
sometimes called Lagrange multipliers and these we can obtain these 2n arbitrary constant

and these parameter we can obtain.
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All'this can be generalized to the case of functionals depending on several
functions y;, ..., y, and subject to several subsidiary conditions of the form (11). In
fact, suppose we are looking for an extremum of the functional
b
I ol = [0S0 I il (17)
Ja
subject to the conditions
y@)=A, yb)=8,i=12...,n (18)
and
b
[ 0 gt =L =12 (19
Ja
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By these boundary condition and the condition which is given here. So 2n arbitrary constant

can be obtained by this and k arbitrary parameters lambda 1 to lambda k can be obtained by
this condition that a to b g j this thing dx equal to lambda j and L j.

(Refer Slide Time: 7:48)
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Example 1: Find the plane curve of fixed perimeter and maximum area.
Let L be the fixed perimeter of a plane curve between two points with abscissae x;
and Xo

i /XZ (1 +y2)ox. 1)

a4

and the area between the curve and the x-axis is
X2
A= / ydx. (22)
Xy

We have to maximize (22) subject to the constraint (21). Let f = y and

g:m,thusf::f+)\g:y+)\\/m :

sk NPTEL ONLINE
@ T ROORKEE T GERTIFICATION COURSE

So let us now consider the example based on the theory which we have presented here. So
first example is again a triple example which we have already discussed but just for the sake
of completeness we are discussing it again. So here we have the problem is find the plane
curve of fixed parameter and maximum area so it means that we have a curve call it y and
define say bounded between say point x 1 to x 2 and which has fixed parameter that is L

equal to x 1 to x 2 under root 1 plus y dash square dx, it is a constant value that constant



value we are keeping it as L and the area between the curve and the x axis which is given by

Aitisx 1 tox 2y of dx.

So problem is to find out a curve y for which this functional is kept as constant value and it is
maximizing this functional A. So for this what we try to do here? So we let us take f is equal
to y here and g is this under root 1 plus y dash square. So with the help of theory discussed
earlier let us define capital F which is f plus lambda g, so f is small fis y and small g is under
root 1 plus y dash square. So here capital F is equal to y plus lambda under root 1 plus y dash
square. Now the condition which we have obtained is that this capital F satisfy the Eulers

Equation.

(Refer Slide Time: 9:30)

|
Now, If y is an extremal curve then F must satisfy the Euler's equation

OF _d(0F\_,
dy a\oy)

o d ( Ay ) 0
FA\V(1+y?)
On integration with respect to x, we obtain
Ay

79

! X-¢

Xi= =C

On integration,

VI[N -(x-c)]+d

=
(x=cff+(y-dff =\

3¢ NRTEL ONLINE
@ IIT ROORKEE " GERTIFICATION COURSE

So if'y is an extremal curve then F must satisfy the Eulers Equation which is nothing but deba

F by deba y minus d by dx of deba F by deba y dash is equal to 0.
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Example 1: Find the plane curve of fixed perimeter and maximum area.
Let L be the fixed perimeter of a plane curve between two points with abscissae x;
and Xo

"Xp #
i / 1+ y2)dx. 1)
J X
and the area between the curve and the x-axis is

f / . 22)

We have to maximize (22) subject to the constraint (21). Let f = y and

g=V{T+y2)thus F=f+g=y+ /(1 +y?)
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Which is here F is is given already as this so fy is only 1 and f'y dash you can find out by
differentiating this.
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Now, If y is an extremal curve then F must satisfy the Euler's equation
OF d (OF\ 0
ay ox\ay)

1,£<7W )—o
FA\T+y7)

On integration with respect to x, we obtain

X- il =16
V(T +y?)
he X-¢

PE=t=5H

On integration,

y=1/[}-(x-cp]+d
(x=c)P+(y-d)2=)2
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So here we have 1 minus d by dx of lambda y dash upon under root 1 plus y dash square is
equal to 0. So here we can solve it by simply differentiating it and converting into second
order differential equation and solving that but here we may solve it in a in an alternative way
that is you just integrate this with respect to x and when you integrate with respect to x you
have 1 is integration of 1 is x minus lambda y dash divided by 1 plus y dash square is equal to

C.



Now this constant ¢ can be obtained by the boundary condition we have. So now when you

simplify when you simplify what you will get let me write it here.

(Refer Slide Time: 10:42)

\rH \,'L
A \
(’X»(): _Y
\rl-xy\i \{i
(')(vc)z; AZ‘Y%
(1+y) Ay _ ¢+ b
dr = =,
I
> Y(F- o)< b LT
7 (\24\%1
A F , < Sebie
ik« e :
iR \r POy ey

So here we have seen that since F satisfy the Eulers Equation then we have x minus lambda y
dash divided by under root 1 plus y dash square is equal to ¢ and we can simplify by saying
that x minus c is equal to lambda y dash upon under root 1 plus y dash square we can square
it out and we have x minus c square equal to lambda square y dash square divided by 1 plus y
dash square and you can simplify and you can get y dash square that is lambda square minus

x minus ¢ whole square equal to x minus ¢ whole square.

So we can say that v dash square is equal to x minus ¢ whole square divided by lambda
square minus x minus ¢ whole square. So we can take the square root here and you can say
that y dash is equal to x minus ¢ divided by this is plus minus under root lambda square
minus x minus ¢ whole square and y dash this is y dash not y 1 these are all y dash, so here y

dash square this is y dash, okay so here we have.

So now we have y dash equal to x minus ¢ upon under root lambda square minus x minus ¢
whole square and this is quite easy to solve in terms of y dash so it is what dy upon d of x is
plus minus x minus ¢ divided by under root lambda square minus x minus ¢ whole square. So
if you assume this denominator term this lambda square minus x minus ¢ whole square as t
square then you can simplify and you can get this as y equal to you simply integrate with

respect to let us say assume that lambda square minus x minus ¢ whole square equal to t



square and you can get minus 2 of x minus ¢ here you can get 2 x minus ¢ d of x equal to 2t

dt so these two will cancel out and you can get and you can integrate, is it okay.
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Now, If y is an extremal curve then F must satisfy the Euler's equation
dlg ol 0
ay d\ay)

“dii(%%):(’

On integration with respect to x, we obtain

X = )\y/ =
V(T +y?)

e

SN e

On integration,

V- (x-cP+d

V=
(x=c)+(y-d)2=)2
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So here your integration is coming out to be y equal to under root lambda square minus x
minus t whole square plus d. So when you simplify you can square it and you can get x minus
¢ whole square plus y minus d whole square equal to lambda square. Here the constant ¢ and

d which we can obtain by the boundary condition.

(Refer Slide Time: 13:20)
e S e AN RGBT

Example 1: Find the plane curve of fixed perimeter and maximum area.
Let L be the fixed perimeter of a plane curve between two points with abscissae x;
and X

¥
i / 1+ y2)dx. 1)
J X
and the area between the curve and the x-axis is
X2
A= / yax. (22)
|

We have to maximize (22) subject to the constraint (21). Let f = y and

g=+v(1+y?) thus F=f+Ag=y+ry/(1+y?)
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Thaty of x 1 isequal toy 1 let us call ity 1 and y of x 2 is suppose another value that is y 2.
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Now, If y is an extremal curve then F must satisfy the Euler's equation
Gip | Gl o
ay  ax\dy')

1%(%’%)):0

On integration with respect to x, we obtain

!
e
(1+y?)
LD
[ - (x-c]

On integration,
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So given the boundary condition you can find out the value of ¢ and d.

(Refer Slide Time: 13:34)
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Example 1: Find the plane curve of fixed perimeter and maximum area.
Let L be the fixed perimeter of a plane curve between two points with abscissae x;
and Xo

L= /Xz (14 y2)d. 1)

L]

and the area between the curve and the x-axis is
X
A= / ydx. (22)
X1

We have to maximize (22) subject to the constraint (21). Let f = y and

9= T 19D thus F =14 dg=y + W 1 49)
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And which says that the extremal of this problem which is the the problem that a curve

having fixed parameter which maximize the area is nothing but a circle which is given by this

your ¢ and d can be obtained by the by the boundary condition.
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Example 2: Show that the sphere is the solid figure of revolution which, for a given
surface area, has maximum volume.

Consider the arc of the curve which rotates about the x-axis. Then the surface
area

rX=a
5= / 2ryds

X=U)

a
:/ 2myy/(1+ y2)dx
0

and volume of the solid so formed V = [ 7y2dx.
Here we have to maximize V subject to fixed S. Taking f = 7y and

g=2ry\/(1+y?), we have

F=f+)g=mp+2mhy/(1 +y?).
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So now moving on to second example here we want to show that the sphere is the solid figure

of revolution which for a given surface area has maximum value. So it means that we have a
problem where the we need to find out a extremal curve which keep this functional as a
constant value that is the surface area x equal to 0 to between x equal to 0 to x equal to a, 2 pi
y ds as a constant value but maximizing the volume so formed that is V equal to 0 to a pi of y

square d of x.

(Refer Slide Time: 14:40)
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Let me do it here, okay. So here what is surface area surface area is your 0 to a 2 pi here you
can find out the surface area by you you just take the surface element here let us say this is a

dof Ssoitis 2 piydof S between this point call it say a to b, so here we haveatob 2 piy ds



and which we can write it 0 to a 2 pi and y and ds you can write it (under) 1 plus y dash

square d of x.

So here we want to find out a curve y equal to y of x such that this S fixed value that is
capital S and the area then the volume of the say formed by this revolution is is maximum. So
what is that 0 to a here you can find out say volume of that shape as pi of y square and
integrating between a to b, so here you can say that it is a to b pi of y square and d of x here.

So here we want to maximize the volume here keeping the surface area integral as constant.

(Refer Slide Time: 16:26)
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Example 2: Show that the sphere is the solid figure of revolution which, for a given
surface area, has maximum volume.

Consider the arc of the curve which rotates about the x-axis. Then the surface
area

X=a
S:/ 2ryds
.X:O
:/ 2myy/(1+ y2)dx
Jo

and volume of the solid so formed V = [ 7y2dx.
Here we have to maximize V subject to fixed S. Taking f = 7y and

g= 2ny,/g +y”2), we have

F=f+Xg=mp+2nhyy/(1+y?).
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So here here your f is pi y square so taking f equal to pi y square and g is equal to 2 piy
under root 1 plus y dash square we want to maximizing this V keeping this integral as
constant. So for that you define capital F which is given as small f plus lambda g and small f
is defined as pi of y square and small g is given by 2 pi lambda y under root 1 plus y dash

square. Now this capital F satisfy the Eulers Equation if y extremizing the functional be here.
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Now F has to satisfy Euler's equation and it is in dependent of x i.e.

F y(,)y,-C(constant)
!
2 + 2y 4 y?) - yory—=— = ¢
y t2myy (1 4y%) -y N
2m\y
T2 + =C (23)
AN T

Since the curve passes through (0,0) and (a, 0), for which y = 0. Hence the
above equation implies C = 0 and

i

Vt+y?)

W _ V¥ -y

ax y

S NPTEL ONLINE
@uwooRKEE " CERTIFICATION COURSE

So now F has to satisfy the Eulers Equation and it is independent of x.

(Refer Slide Time: 17:04)
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Example 2: Show that the sphere is the solid figure of revolution which, for a given
surface area, has maximum volume.

Consider the arc of the curve which rotates about the x-axis. Then the surface
area

X=a
S:/ 2ryds
=)
a
:/ 2my\/(1+ y2)dx
0

and volume of the solid so formed V = ['ry2dx.
Here we have to maximize V subject to fixed S. Taking f = 7y and

g=2ry\/(1+y?), we have

F=f+Xg=mp+2nhy/(1 +y?).
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So since here this integral is independent of x.
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Now F has to satisfy Euler's equation and it is in dependent of x i.e.
E-y oy C(constant)
/!
n? + 20y /(1 +y2) - Yoy ———— = C
y ot 2myy (1 4y%) -y N
2m\y
2
Ty + =0 (23)
N
Since the curve passes through (0,0) and (a, 0), for which y = 0. Hence the
above equation implies C = 0 and

2\
+i
V(1+y2)
o o T

ax y
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So here we can say that Eulers Equation reduced to this F minus y dash deba F by deba y
dash equal to constant. This is the subcase 5 which we have considered at the end of Eulers
Equation. So F is given as pi y square plus 2 pi lambda y under root 1 plus y dash square.
Now when you calculate y dash deba F by deba y dash you will get this equation and when
you simplify you will get pi of y square plus 2 pi lambda y under root 1 plus y dash square
equal to C.

Now to find out this constant C we have to look at the boundary condition, what is the
boundary condition here? The boundary condition is that this curve passes through origin and

and passes through this point a, comma O.

(Refer Slide Time: 17:52)
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Example 2: Show that the sphere is the solid figure of revolution which, for a given
surface area, has maximum volume.

Consider the arc of the curve which rotates about the x-axis. Then the surface
area

X=a
S:/ 2ryds
X=U)
a ]
:/ 2my\/ (14 y2)dx
0

and volume of the solid so formed V = [/ 7y2dx.
Here we have to maximize V subject to fixed S. Taking f = 7y? and

g=2ry\/(1+y2), we have

F=f+)g=my+2nhyy/(1 +y2).
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So here the condition is given as that y passes through the origin here.
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Now F has to satisfy Euler's equation and it is in dependent of x i.e.
OF
F- y/d_y’ = C(constant)

/!
ny + 20y /(1 4 y2) - yomyy——— = C
Y2y (14 y%) - yerly 79
21 )y
2

Ty + =0 (23)

e
Since the curve passes through (0,0) and (a, 0), for which y = 0. Hence the
above equation implies C = 0 and

2\
+i
V(1 +y7)
c_dy_V(4R-pY

ax y
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So if we impose this condition that the curve passing through origin and pass through this
point a, 0 for which we have y equal to 0 for at x equal to 0, y equal to 0, at x equal to a, y
equal to 0. So we can say that that the only value of C which satisfy this condition is that C is
equal to 0 and if we take C equal to O then this equation reduce to y plus 2 lambda upon

under root 1 plus y dash square equal to 0, here we simply taken out this pi of y.

So we have y equal to y plus 2 lambda upon under root 1 plus y dash square equal to 0 which
is a simple not simple but it is a differential equation in terms of y dash. So you can find out y
dash by squaring it out and solving for y dash so y dash is coming out to be dy by dx equal to

under root 4 lambda square minus y square divided by vy, so this you can solve.



(Refer Slide Time: 19:08)
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On separating the variables and integration, we obtain

/ dx = / L +c
: IR -yR)
X=C— /(4N -?)
Atorigin, x = y = 0, we get ¢ = 2). Hence we get (x — 2\)2 + y° = (2\)? which is

a circle with centre (2),0) and radius 2\. Hence the figure formed by the
revolution of a given arc is a sphere.
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And you can write integration of dx is equal to integration of y dy under root 4 lambda square
minus y square plus c. When you integrate you can assume 4 lambda square minus y square
as some t square and you can simply solve and in this way you can get x equal to ¢ minus
under root 4 lambda square minus y square. Now we have boundary condition given that
curve passes through origin that is x equal to 0, y equal to 0, we can get our condition ¢ equal
to 2 lambda and hence we can say that our extremal curve will be what x minus 2 lambda
whole square plus y square equal to 2 lambda whole square which is nothing but a circle with
centre 2 lambda equal to 0 and radius is 2 lambda and hence the figure formed by the
revolution of a given arc is a sphere. So that is what we have given here. So here this is in

general the problem is.
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Now you can say problem is given that at this point 0, 0 and a, 0 your curve is passing
through so it means that it is something like curve like this and when you revolve you will get
a shape of revolution. And then we are saying that all those curves for which your parameter
is fixed but volume is maximum that is coming out to be a sphere which is obtained by
revolving the circle passing through this point 0, 0 and a, 0, right. So here we have shown that
that sphere is a solid figure of revolution which for a given surface area has maximum

volume.

Now let us try to generalize the Isoperimetric Problem where the condition that the constant

is not given in terms of function but it is given in terms of simple condition.
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Finite subsidiary conditions

Find the functions y;(x) for which the functional (17) has an extremum, where the
admissible functions satisfy the boundary conditions

(@) =4 y(b)=8,i=12....n
and k finite subsidiary conditions (k < n)
g*Wse o) =0 =1, .k (24)

In other words, the functional (17) is not considered for all curves satisfying the
boundary conditions (18), but only for those satisfy the system (24). For simplicity,
taken=2and k = 1.
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So here we want to find the functions y i x for which the functional 17 which is functional J
of'y,J of y is equal to a to b f of X, y, y dash d of x. This is this has an extremum value and
where the admissible function satisfy the boundary condition y i1 a equal to capital Aofi,yib
equal to capital B of 1, 1 equal to 1 to n and k finite subsidiary condition is given in terms of y

1 to ynthatis gjx, yl toynequal to O for J equal to 1 to k here.

(Refer Slide Time: 21:56)

So here we are considering the generalize problem. So it means that problem is this not this,
so functional is Jof y 1 tosay ynisequaltoatob fofx,y l tosayynandy 1 dashtoyn
dash d of x. So we have seen Isoperimetric Problem generalization of Isoperimetric Problem
where these curves y 1 to y n satisfy the condition that another integralatobgjx,y1toyn

d of x is equal to some L j for J equal to 1 to k.



But when this condition is replaced by finite equation not in terms of integral it means that
now your condition is reduced to this so in place of this now the condition is given as that g
of j your x y 1 to say y n is equal to 0 your j is equal to 1 to k. So these conditions are known
as finite equation so it means your constant is given in terms of finite equation rather than

given in a functional form.

So now we want to find out say extremal curve which extremizing these functional here
provided it satisfy the finite subsidiary equation like this. So one such example is to find out
say geodesics on a given surface. So it means that we can say that we have a surface and
there we want to find out say minimum distance between two point. So you can consider that

geodesics as a particular case of the case we which we are considering here.

So now for simplicity we are just taking n equal to 2, so here we are assuming that only y 1

and y 2 are given and k equal to 1 means only 1 subsidiary equation is given here, right.

(Refer Slide Time: 24:04)

Consider the functional

b
Jly, 2] = / f(x.y,z,y', 2')dx (25)

let the admissible curves lie on the surface

h(x,y,z) =0 (26)
and satisfy the boundary conditions

y(@)=A y(b)=8 (27)
Z(a) = Ag, Z(b) = Bg (28)
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So let us consider the theorem. So here we want to extremize the functional J of y of z y
comma z, a to b f of x, comma y, comma z y dash, comma z dash dx and here the admissible
curve lie in this surface h of X, comma y, comma z equal to 0. So here it means we need to
find out say curve y of x and z of x which extremizing this provided this y x and z of x will
lie on this surface here and the boundary conditions are given here that y of a equal to capital
A1 and y of b is equal to capital of B 1. Similarly z satisfy the same boundary condition we
want to extremizing we want to find out the condition such that y and z extremizing the

function given at (5) 25.
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and moreover, let J[y] have an extremum for the curve
y=y(x), 2=2(x) 29

Then, if hy and h, do not vanish simultaneously at any point of the surface (26),
there exists a function A(x) such that (29) is an extremal of the functional

I ; [f+ A(x)hjdx i.e. satisfies the differential equations

d

f+ My = —fy =0, (30)
d

bt M- —fy =0, (31)
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So here we simply say that let J y have an extremum for the curve y equal to y of x and z

equal to z of x and also we assume that h y and h z do not vanish simultaneously or you can

say simultaneously at any point of the surface 26.

(Refer Slide Time: 25:08)

Consider the functional

b
dy2)= [ finy.zy.2)e 5
a
let the admissible curves lie on the surface

h(x.y,z) =0 (26)

y(@)=A y(b)=8 (27)
2(a)= Ay 2(b) =B, (28)
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So here this surface h x, y, z has non zero partial derivative with respect to y and z here.
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and moreover, let J[y] have an extremum for the curve
y=ylx), z=2(x) (29)

Then, if hy and h, do not vanish simultaneously at any point of the surface (26),
there exists a function A(x) such that (29) is an extremal of the functional
f:[f + \(x)h]dx i.e. satisfies the differential equations

d

f Ay = by =0, (30)
d

fz ar }\hz e ale = 0 (31)
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Then they exist a function lambda of x such that this curves y equal to y of x and z equal to z

of x i1s an extremal of the functional a to b f plus lambda x h d of x. So it means that provided
that h has non zero partial derivative with respect to y and z then your then they exist a
lambda x such that this f plus lambda x h satisfy the Eulers Equation it means that f y plus
lambda h y minus d because y dx f'y dash equal to 0 and f z plus lambda h z minus d by dx of
f z dash equal to 0. So here you just look at here we can say that this a to b f plus lambda x h
x dx satisfy the differential equation f y plus lambda h y minus d by dx f y dash equal to 0
and similarly for z f z plus lambda h z minus d by dx f z dash equal to 0.

(Refer Slide Time: 26:18)
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Let J[y, z] have an extremum for the curve (29), subject to the conditions (26) and
(27)-(28), and let x; be an arbitrary point of the interval [a, b]. Then we give y(x)
an increment dy(x) and z(x) an increment 6z(x) , where both dy(x) and dz(x) are
nonzero only in a neighborhood of x;. Using variational derivatives, we can write
the corresponding increment AJ of the functional J[y, z] in the form

0J oJ
A= {W L +(1}A7}1 & {E

+ (Q}AUQ (32)
Xt

X=

[
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So to prove this we will follow the proof given on earlier and let us see how it is, so let J y, z

have an extremum for the curve 29.

(Refer Slide Time: 26:32)
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and moreover, let J[y] have an extremum for the curve

y=ylx), z=2(x)s (29)

Then, if h, and h, do not vanish simultaneously at any point of the surface (26),
there exists a function A(x) such that (29) is an extremal of the functional

1) : [f+ A(x)hjdx i.e. satisfies the differential equations

d

f Ay = h =0, (30)
d

fot My = —f =0, (31)
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29 is this y equal to y of x and z equal to z of x.
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Let J]y, z] have an extremum for the curve (29), subject to the conditions (26) and
(27)-(28), and let x; be an arbitrary point of the interval [a, b]. Then we give y(x)
an increment dy(x) and z(x) an increment dz(x) , where both dy(x) and dz(x) are
nonzero only in a neighborhood of x4. Using variational derivatives, we can write
the corresponding increment AJ of the functional Jy, 2] in the form

dJ oJ
W= {5, ofon

i rg}Ang (32)
Xy

X=
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Subject to the condition 26 that it satisfy the condition.
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Consider the functional

b
Jly, 2] = / f(x,y,z,y', 2')dx (25)

o

let the admissible curves lie on the surface
h(x,y,z) =0 (26)
and satisfy the boundary conditions

y(@)=A, y(b)=8 (27)
z2(a)= A, 2(b) =B, (28)
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And 27, 28 is this boundary condition that is satisfy the boundary condition.

(Refer Slide Time: 26:48)
S

Let J[y, z] have an extremum for the curve (29), subject to the conditions (26) and
(27)-(28), and let x; be an arbitrary point of the interval [a, b]. Then we give y(x)
an increment dy(x) and z(x) an increment 6z(x) , where both dy(x) and dz(x) are
nonzero only in a neighborhood of x;. Using variational derivatives, we can write
the corresponding increment AJ of the functional Jy, z] in the form

0J oJ
AJ_{W l +(1}A7]1 +{E

+ (2}A‘I]2 (32)
X

X= X=.
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And let x 1 be an arbitrary point of the interval a to b then we give y of x an increment of
delta y x and similarly z x is given as an increment delta z x, where both delta y x and delta z

x are non-zero only in a neighbourhood of x1 rest it is all 0.

So now using variational derivative we can write down the corresponding increment delta J
as this, so delta J is delta J upon delta y evaluated at x equal to x 1 plus epsilon 1 delta eta 1

plus similarly you can write down for z also plus delta z by delta J by delta z at x equal to x 1



plus epsilon 2 delta eta 2. So here as delta eta 1 and delta eta 2 tending to 0 your epsilon 1

and epsilon 2 is tending to 0.

(Refer Slide Time: 27:40)
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where

b b
Ay :/ dy(x)ax, AI]QZ/ dz(x)dx,
Ja Ja

and ey, e — 0 @s Ay, Aipp = 0.
Now we require that the new curve

y=y'(x)=y(x) +dy(x), z=2z'(x)=2(x)+dz(x)
satisfy the condition h(x, y*,z*) = 0. Using (26), we have

b b
i / (h(x.y", 2') = h(x.y. 2)|dx = / (B 8y + hadz)o
Ja Ja
= {hylx=x, + € 1001 + {hzlx=x, + &5} A12 (33)
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Where delta eta 1 is given by the area a to b delta y x dx and delta eta 2 is equal to a to b delta
z X dx and this is what we have done the only thing is now it is given for both y and z so
everything we are doing in a same manner. So similarly we can define your y y star x that is y
of x plus delta y of x similarly z star x is defined as z x plus delta z of x and now here the
only difference is that they are functional has constant value here this function h of x, y star, z
star has same value that is 0. So it means that a to b h of x, y star, z star minus h x, y, z dx will

be equal to 0.

So this we can write it using the Taylors expansion Taylors theorem we can write this as a to
b h y delta y plus h z delta z d of x. So this we can write it in this form in terms of a
derivative here that h y evaluated at x equal to x 1 plus epsilon 1 dash delta eta 1 plus h z
evaluated at x equal to x 1 plus epsilon 2 eta dash delta eta 2. So this is also similar to your
previous theorem so here we try since this quantity is equal to 0, so you can calculate delta
eta 2 in terms of delta eta 1 that you can do by assuming that h z is non-zero since this is
already known because we already know that a partial derivative of h and h with respect to y

and z are non-zeros, so this is non-zero so you can write it delta eta 2.
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where ¢, ¢, — 0.as Ay, Aip — 0 and the overbar indicates that the
corresponding derivatives are evaluated along certain intermediate curves. By
hypothesis, either hy |x=y, OF h;|x=x, is nonzero. If h;|,=y, # 0, we can write the
condition (33) in the form

A = _{M + e"}Arn. (34)

i hz|x:x\

where ¢ — 0 as Ay — 0. Substituting (34) into the formula (32) for AJ, we obtain

0J hy 0J
AJ = {@\, X - (FZE" X‘}Am + ey,

where ¢ — 0 as Ay — 0.
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In terms of delta eta 1 that is this. So using the value of delta eta 2 you write down this
expression for delta J which is given as delta J is equal to delta J by delta y evaluated at x
equal to x 1 minus h y upon h z delta J by delta z at evaluated at x equal to x 1 into delta eta 1
plus epsilon delta eta 1. So here epsilon is tending to 0 as delta eta 1 is tending to 0. So it is

also in a similar manner.

(Refer Slide Time: 29:54)
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The first term in the right-hand side is the principal linear part of AJ, i.e., the
variation of the functional J at the point x; is

: 6J hy o4
0= {wh:xl = (h—ZEh:xl }A"h-
Since a necessary condition for an extremum is that 6J = 0, and since A is
nonzefo while x; is arbitrary, we have

& hydd d, Iy d
st L i bt SR 49 SR Py 20 EE 1
W T i T hz<z dxz>
or
f,- &, = Tty )
hy h,

Along the curve y = y(x), z = z(x), the common value of the ratios (35) is some
function of x. If we denote this function by —A(x), then (35) reduces to precisely
the system (30)-(31).
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So we can say that here a necessary condition for an extremum is that delta J is tending to 0.

Now since delta eta 1 is non-zero while x 1 is arbitrary we can say that this quantity is going
to be 0. So this quantity is going to be 0 means your delta J by delta y minus h y upon h z
delta J by delta z equal to this quantity is what delta J by delta y? This is f y minus the by dx



of fy dash minus h y upon h z this is delta J by delta z is given by f z minus d by dx of h z
dash.

When you simplify this you can write it in this form that ratio of f y minus d by dx of f y dash
divided by h y and f z minus d by dx of f z dash by h of z has to be equal. Now you can say
that this is a function of x, this is also a function of x. So you can say that this is equal to
some function which is we are denoting here as minus of lambda x and if we assume this as

minus of lambda x then our theorem statement.
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and moreover, let J[y] have an extremum for the curve
y=ylx), z=2(x) (29)

Then, if hy and h, do not vanish simultaneously at any point of the surface (26),
there exists a function A(x) such that (29) is an extremal of the functional
f:[f + A(x)hdx i.e. satisfies the differential equations

d
f+dhy - 2l =0, (30)

d
fz+}\hz_ale :0. (31)
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That is this that f of y plus lambda h y minus d by dx of f y dash is equal to 0 and f z plus
lambda h z minus d by dx of f z dash is equal to 0 is true. So now let us take a particular
example based on this then we can understand the only thing is we have to understand here
that delta J by delta y minus h y upon h z delta J by delta z is equal to 0 we remember this
thing.
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The distance between two given points in space measured along the smooth arc
x=x(1), y = y(t), z= z(t) is given by the integral

b
/=/ B %
il y (36)

where t; and & are the values of t. If the arc is required to lie in the surface

h(x,y,2) =0, (37)

then we may state this problem as the general geodesic problem: Determine the
functions which extremize the integral (36) with respect to continuously
differentiable functions x, y, z which satisfy (37) and prescribed at t = t; and t = &,.
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So let us take an example, here example is that the distance between two given points in
space measured along the smooth arc x equal to x t, y equal to y t, z equal to z t is given by
this integral, right this is the distance between two points evaluated at t equal to t 1 and t
equal to t 2 so that represent the distance between these two points. And arc is lying on the

surface h of x, y, z equal to 0.

So here we want to consider we want to minimize this functional here. Now this is the same
problem which we can consider as geodesics problem. So determine the function which
extremizing the integral 36 with respect to continuously differentiable function x, y, z which
satisfy the condition 37 means we have to find out the curve on this surface having a

minimum distance between the point t 1 and t 2.
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Consider the function

»F =[x+ y2+ 22 + \(t)h(x, y,2). (38)

Euler-Lagrange equations are given by

oh d(x
o d (i _

AW T <7> =0 (40)
oh dfz

he Et(?) =0, (41)
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So so here your capital F is given as under root x dash square plus y dash square plus z dash
square plus lambda t h of x, comma y, comma z. So by previous theorem your Eulers
Equation which is also known as Euler-Lagrange equations are given by this. So simply you
find out deba f by deba y minus d by dx of deba f by deba y dash. So we are simply
generalizing this concept. So lambda deba h by deba x minus d by dt here because
independent variable is t so minus d by dt x dash by f. Now what is x dash here? So you find

out say since this this is not involving any derivative here derivatives are only here.

So here we simply say lambda deba h by deba x minus d by dt of now when you differentiate
this with respect to x dash what you will get 1 upon 2 under root x dash square plus y dash
square plus z dash square and then in numerator you will have two x dash so you can write it
this is nothing but x dash by f equal to 0 and since it is symmetric with respect to x, y and z
so you can have 39, 40 and 41 as a relation. Now when you simplify this you can find out say

value of lambda in each equation 39, 40, 41.
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where
e (S
f=ye4j242== 42
RV ez a (42)
On eliminating A(t), we obtain

g(&) 1(1) g(z)
dt\ f at\ f dt\ f
= = (43)

oh T o~
ox ay az
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And you can write it d by dt of x dash by f equal to divided by deba h by deba x equal to this.

(Refer Slide Time: 34:12)
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Consider the function

F=\/x+y2+ 22+ \t)h(x.y.2). (38)

Euler-Lagrange equations are given by

oh d[x

== E(?) =0, (39)
oh d(y\_

AWﬁ@_o. w (40)
oh d(z

= &<?> =0, (41)
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So all these are equal which is nothing but the value of lambda which you have evaluated

from these three equation.
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where

f:\/x2+};2+22:§. (42)

On eliminating A(t), we obtain

g(x) 1(1) g(z)
dt\ f at\ f @i\l 1
o o (43)

ox ay az
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So here small f is given by under root x dash square plus y dash square plus z dash square

which is commonly known as ds by dt, right.
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Consider the surface h(x, y, 2) is given by

"Rrpi2-d=0. (44)
Then, we have
oh oh oh
— = —=2y —=22
X d Jdy 4 0z i

Therefore equations (43) can be written as

fi-xt fy-yf fe-zf
2 2y 272
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So here we take a particular example let us take the example that the surface is given by
sphere of radius a whose centre is given at origin. So here if we take h x, y, z as this sphere x

square plus y square plus z square equal to a square. Then you can find outh x, hy, h z.
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where

ST S
f=y[2tj242== 42
RV a (42)
On eliminating A(t), we obtain

TR @

oh T o~ o
X ay a0z
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And if you keep the value of h x, h y, h z in this equation number 43 here so by putting this

value you will have I am solving this d by dt of of x dash upon f.
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Consider the surface h(x, y, 2) is given by

+yP+2-£=0. (44)
Then, we have
oh oh oh
— =2, —=2y, —=22.
X X % ! 0z i

Therefore equations (43) can be written as

fi-xf, fy-yf fe-zf

= = 5 4
2xf2 2y 222 )
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You will see that it will be reduced to this equation equation number 45. So here we have f of
x double dash minus x dash f dash divided by 2xf square equal to fy double dash minus y
dash f dash divided by 2yf square in fact it is symmetric with respect to X, y, z. So once we
have for x dash you can similarly evaluate for y dash y and z component. So from here this is

you can simplify further simplify and you can write down this.
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On solving, we obtain

yi-xj I _zj-y
W=y 0 -

or

Lyx-xy) Sz -y2)

=l A

On integration, we obtain

log(yx — xy) = log(zy - yz) + log C;
(yx =xy) = Ci(zy - y2)

S NPTEL ONLINE
@IIVROORKEE " CERTIFICATION COURSE

Consider the surface h(x, y, z) is given by
Pty +-2=0. (44)

Then, we have
(,)—h:ZXA (:)—h:2 & (:)—h:QZ
X Ay 0z
Therefore equations (43) can be written as
fx-xf _fy-yf fz-zf
mE A R
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In terms of this, so what you try to do take these two equation find out the ratio of f dash
upon f. Similarly take these two find out the ratio of f dash upon f. Similarly the first and
third you will get value of f dash upon f.
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On solving, we obtain

vi-xj _f_zj-y
yx-xy f zy-yz

or

Sy -xjy)  S(zy-y2)
yx-xy  zy-yz '’

On integration, we obtain

log(yx - xy) = log(zy - yz) + log C
(yx = xy) = Ci(zy - y2)
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So here we have this y of yx double dash minus xy double dash divided by yx dash minus xy
dash equal to f dash upon f. So this you can get so here you forget this f dash upon f and then
we have this these two equation yx double dash minus xy double dash divided by yx dash
minus xy dash is equal to zy double dash minus yz double dash divided by zy dash minus yz

dash, if you look at the numerator is nothing but derivative of the denominator.

So taking these thing in mind we can write this as d by dt of derivative of the denominator
here. So if you do it then we can integrate and we can get this log of y of x dash minus x of y
dash equal to log of zy dash minus yz dash plus some integration constant that is log of C 1.

So we will get this condition yx dash minus xy dash equal to C 1 zy dash minus yz dash.

(Refer Slide Time: 36:58)
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Again on integration, we obtain

log(x + Cy2) = logy + log Co
x-=Cy+Cz=0

which represents the equation of a plane through the center of the sphere whose
intersection with the sphere (44) is the great circle.
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Now this again we can simplify and we can write it x dash plus C 1 z dash upon x plus C 1 z
equal to y dash upon y. Now again we can get that this numerator is derivative of the
denominator. So you can further integrate both the side and you can get log of x plus C 1 z
equal to log of y plus another integration constant that is log of C 2 here. When you simplify
this you will get that x minus C 2 y plus C 1 z is equal to 0.

So this is the equation of the curve which gives you say which which extremizing the given
functional and which represent the equation of a plane through the centre of the sphere whose
intersection with the sphere is the great circle. So this we have already shown that geodesics
on a sphere is coming out to be a great circle. So this we have already proved but we are
proving it showing it again with the help of theory which we have developed in this lecture.
So here we end our discussion and in next class we will discuss some more problem based on

calculus of variation. So thank you for listening us thank you.



