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Department of Mathematics
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Lecture 05
Integro-differential equations
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Hello Integro differential equation friends! 1
A linear integro-differential equation is an equation of the form
welcome you to be lecture
on Integro a, ()Y () +a ()Y P ..+ a, (X p(x) differential
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differential where ag(x), ay (x), . . . a,(x), fx), K(x,) m=0,1,...,5)areknown  €quation is an
. functions and y(x) is the unknown function.
equation of the form a 0(x)
into y (n) (x), y n (x) is the

n th derivative of y

with respect toxplusa I(x)y
(n minus1) (x) and so on a n (x) into y (x) plus sigma s is equal to n equal to 0 to s 0 to x k m
(x, t) y (m) (t) dt is equal to f (x) where a 0, a m, a n (x), and f x k m(x, t) a m varying from 0

to x are known functions and y(x) is the unknown function.
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Further let,

PEB) = o, HEO =95 #" D=

be the initial conditions.

Let the coefficients ay(x) =a constant=a,fork=0,1,2, ... , nand
let K, (x,t)=K,(x-¢t),m=0,1,2, .., sie. all the K,, depend
on the difference x - t of arguments.

Further we are given the conditions on y, y(0) equal to y 0 y dash (0) equal to y 0 dash and so

ony (n minus 1) (0) equal to y 0 (n minus 1) these are the initial conditions.
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Integro differential equation

A linear integro-differential equation is an equation of the form

a, () y"™ (x)+ a, (x)y" PV (x)+ ...+ a, (x)p(x)

+2J'Km(x,r)y‘“"(1)dr = 6 ; sl

m=0 g

where a,(x), a,(x), ..., a,(x), f(x), K,(x,t) (imn=0,1,...,s) are known
functions and y(x) is the unknown function.

Let us assume that the coefficients a k x of the integro differential equation these coefficients
a k x are constants let us denote the coefficients a k x y the constant a k for k equal to 1, 2 and
so on upto n. And let us assume that the kernel k m(x,t) kernel k m(x,t) is equal to k m ( x

minus t) for value all values of m that is 0,1,2 and so on upto s.



That is all the k ms depends on the difference (x minus t) of arguments, without any loss of
generality we can assume a 0 equal to 1 because if it is not 1 we can divide the equation by a

0.
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Without any loss of generality, let a,= 1 then equation (1) reduces to

P +ayt V) o tay(x) + Z f K, (x-0Dy™(0dt = f(x), ..(2)

m=0 g

ay, @, ..., a,being constants.

Let the Laplace transform of f(x) and K,,,(x) be F(s) and Km(s) (m=012,..,s).

So when we assume a 0 equal to 1 then the equation 1 reduces to this form. So we have y n(x)
n th derivative of y with respect to x plus a 1 ( n minus 1) th derivative of y with respect to x
and so on a n y(x) and then sigma a m equal to O to s this integral equal to f (x)al,a2,an

are constants.
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Now let us assume that the Laplace transform of f(x) is f s. So by definition of Laplace
transform f s is equal to integral O to infinity e to the power minus f(x) into f (x) dx and

Laplace transform a m x we assume as k m bar (s).

So k m bar (s) is equal to integral 0 to infinity e to the power minus f x into k m (x) where m
is equal to 0, 1, 2 and so on upto x. Further let us assume that the Laplace transform of the
unknown function y(x) be y (s).So we assume y(s) equal to integral O to infinity e to the

power minus s X into y(x) dx.
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Without any loss of generality, let a,= 1 then equation (1) reduces to

P +ayt V) o tay(x) + Z f K, (x=0y™(0)dt = f(x), ..(2)

m=0 g

Ay, Az e, a, being constants.

Let the Laplace transform of f(x) and K,,,(x) be F(s) and Km(.s) (m=012,..,s).

Now what we do is , we take the Laplace transform of both sides of the equation 2 and they

recall the formula for the Laplace transform of the n th derivative of y(x).
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So Laplace transform of n th derivative of y(x) is given by s to the power n Laplace

transform of y(x) minus s n minus ly at (0) minus s n minus 2 y dash at (0) and so on minus y
(n minus 1) at (0).

Now according to our hypothesis assumption this is s to the power n Laplace transform of

y(x) is y(s) so we have y(s) minus s n minus 1 y(0) is y 0 minus s n minus 2 y 0 dash and so
on minus y 0 (n minus 1).
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Further, let the Laplace transform of y(x) be Y(s).
Then, taking the Laplace transform of both sides of (2), we get
n n— n-2_f -
[s Y($)—5" "y =5y == 1}]
+a [5”']}’(5)—5”'2}#0 —s"2yl — _—yf)”'z)]+___+a”Y(s)
L Z]?m(s)(s"’}’(s)— L A s 8 —‘..—yc(,""”) = F(s)
m=0

—.

Y (S){S" +as™ +as o 4a, + if m(s}s"’} = A(s)

e




So let us substitute this value when we take the Laplace transform of y n s we get s to the
power ny (s) minus s n minus 1 y 0 minus s n minus 2 y 0 dash and so on minus y 0 n minus

1 and then a 1 times Laplace transform of (n minus 1) th derivative of y with respect to x.

So we have s to the power n minus 1 y (s), minus s to the power (n minus 2) y (0) and so on 'y
0 (n minus 2) and so on we have a m Laplace transform of y (x) which is a n which is y (s) so

aninto y (s).And then we have sigma n equal to 0 to s Laplace transform of this integral.
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So we have sigma m equal to 0 to s Laplace transform of integral 0 to x we had 0 to x k m(x

minus t) into y (m) (t) dt.

Now let us write the Laplace transform of so Laplace transform of integral 0 to x k m(x,t) x
minus t) into y (m) (t) dt we applied convolution theorem here Laplace transform of k m (x)
into Laplace transform of y m(x). So by applying convolution theorem Laplace transform of
integral 0 to x k m(x minus t) y (m) (t) dt is Laplace transform of k m (x) into Laplace

transform y(x).

Now this is k m bar (s) and this is again we apply the formula so s to the power m y (s) minus
s to the power s (m minus 1) and then we have y (0) which is y 0 s to the power m minus 2 y

0 dash and so on minus s to the power m minus 1.
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Further, let the Laplace transform of y(x) be Y(s).
Then, taking the Laplace transform of both sides of (2), we get

[S"Y(s) 5"y, ="y, —...—y{ﬁ"'”]
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m=0
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=0

So we will get sigma m equal to 0 to s k m bar (s) into [s m (bar) y(s) minus s m y(s) y 0 and
so on y 0 m minus 1] and Laplace transform of the right side is f x, Laplace transform of f (x)

we have assumed as F(s). So we get F(s) here .

Now what we do is we collect the quotient of y(s) so when we collect the quotient of y(s)
what we have s to the power n then a 1 times s to the power n minus 1 and then and so on a 0
is and so on a n we have and then sigma m is equal to 0 to s k m bar (s) into s to the power m.

The remaining thing is a function of s we can write it as a s.
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where A(s) is some known function of s.

We determine ¥(s) from equation (3) and then take the inverse Laplace
transform to obtain the desired function y(x) i.e. the solution of the
equation (1).

Example: Consider the integro-differential equation

#"(0)+ [ § ()t =™, §(0) = #'(0)=0 .




So we get the value of y(s) from here A(s) is a known function of s. So we determine y(s)

from this equation 3 and then take the inverse Laplace transforms.

Inverse Laplace transform of y(s) when we do we obtain the desired function y(s) which is
the solution of the equation 1 for example let us consider the integro differential equation phi
double dash(x) plus integral 0 to x e to the power two times (x minus t) phi dash (t) dt equal
to e to the power 2 x. Phi 0 is equal to phi dash(0) equal to 0. So it is an integro differential

equation.
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We are given the initial conditions phi(0) is equal to 0 phi dash(0) equal to 0 and phi is the
unknown function. So let us take the Laplace transform of this equation. So Laplace
transform of phi double dash(x) plus Laplace transform of integral 0 to x e to the power two

times (x minus t) into phi dash(t) dt equal to Laplace transform of e to the power 2x.

Now Laplace transform of phi double dash (x) is s to the power 2 phi (s ) minus s times phi
(0) minus phi dash(0) plus by convolution theorem Laplace transform of e integral 0 to x e to
the power two times (x minus t) phi dash(t) dt is Laplace transform of e to the power 2x into
Laplace transform of phi dash(x) and Laplace transform of e to the power 2x is 1 over s

minus 2.

So we have s square phi (s) phi(0) is 0 phi dash(0) is 0 and Laplace transform of e to the

power 2x is 1 over s minus 2, Laplace transform of phi dash(x) is s phi (s) minus phi(0) equal



to 1 over s minus 2, phi(0) is 0 so we get s square plus s over (s minus 2) phi(s) equal to 1

over s minus 2, and what we get is we can simplify this.

So s square into (s minus 2) so phi(s) equal to 1 over s square into s minus 2 plus s and what
we get is 1 over s into s minus 1 whole square, because this is s cube minus 2 s square plus s
so we can take as common and this is 1 over s into (s minus 1) whole square we can break it
into partial fractions a over s , b over( s minus 1), ¢ over (s minus 1) square. And we can

determine the values of a,b,c very easily from here.

(Refer Slide Time: 11:53)

Solution: Let [(g(x))=d(s) ,

then taking the Laplace transform of the given equation, we have

{20 (s) - 54(0) = ¢'(0) }+ L(e>* )L (#'(x)) = L(e>)
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When we determine the values of a, b, c we notice that this is phi(s) phi (s) is 1 over s into (s
minus 1) whole square and this is 1 over s minus 1 over (s minus 1) plus 1 over (s minus 1)

whole square.
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So a comes out to be 1 and b is minus 1 ¢ is 1 we can easily find those values. So this 1 over s
plus 1 over (s minus 1 ) and 1 over (s minus 1) whole square. Now let us take the inverse of

Laplace transform.

So inverse Laplace transform of phi(s) equal to inverse Laplace transform of 1 over s minus
inverse Laplace transform of 1 over (s minus 1) plus inverse Laplace transform of 1 over (s
minus 1) whole square. Now inverse Laplace transform of 1 over s is 1 and inverse Laplace
transform of 1 over s minus lis e to the power x we have to find the inverse Laplace

transform of 1 over (s minus 1) whole square.

So for that let us recall the formula if Laplace transform of f(t) is equal to f(s) then Laplace
transform of t f(t) is minus d over ds of F(s).So we know that Laplace transform of e to the
power t is 1 over (s minus 1). So Laplace transform of t times e to the power t is minus d over
ds of 1 over (s minus 1). So this is minus 1 over ( s minus 1) whole square so we get 1 over s

minus 1) whole square.

So inverse Laplace transform of 1 over ( s minus 1) whole square is e to the power t, here we
will have x e to the power x. So now inverse Laplace transform of phi(s) is phi(x) so we get
phi(x) as 1 minus e to the power x plus x e to the power x which is the solution of the integro
differential equation. We can check that phi 0 is the 0, phi(0) is equal to 0 because it is 1
minus 1 plus 0. And we can also see that phi dash(0) is 0.



So it is the solution of the given integro differential equation 1 minus e to the power x plus x

e to the power x.
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Another example we can take so y dash(t) equal to sin(x) y dash(t) equal to sin(t) plus
integral 0 to t y(t) minus x cos x dx and y(0) is equal to 0. So here again let us assume that
Laplace transform y(t) is y(s) and then let us take the Laplace transform of both sides of the

given equation.

So Laplace transform of y dash(t) will be s y(s) minus y(0) and Laplace transform of sin(t) is
1 over s square plus 1 plus Laplace transform of 0 to t y(t minus x) into cos x dx. Now y(0) is
given as 0 so s y(s) 1 over s square plus 1, here we apply the convolution theorem so Laplace
transform of y(t) into Laplace transform of cos t. So this is 1 over s square plus 1 plus

Laplace transform of y(t) is y(s) into s over s square plus 1.

We then simplify and get the value of y(s) from here so s minus 1 s upon square plus linto
y(s) is equal to 1 over s square plus 1. So we will get s cube plus s we will get this r y (s)
equal to 1 over s cube. Let us take inverse Laplace transform, now recall the formula that
Laplace transform of t to the power n, if n is a positive integer it is n factorial divided by s to

the power n plus 1.

So here we have a (Laplace transform of) inverse Laplace transform of 1 over s ccube will be

t square divided by 2 factorial or t square by 2. So y(t) thus y(t) is equal to t square by 2 and it



is the solution of the given integro differential equation. So this is what we have here y(t)

equal to t square by 2, ok.
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Example 1. Solve

Y =t+ J’ (1 — x)cos xdx, y(0) =4 .

Solution: »W=4+

Let us take one more example of an integro differential equation y dash(t) equal to t plus

integral 0 to t y(t minus x) cos x dx where y(t) equal to 0 this equal to 4.
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So let us see y dash(t) is equal to t plus integral 0 to t y(t) minus x into cos x dx and we are
give y(0) equal to 4. So let us take Laplace transform of both sides of this equation, so
Laplace transform of y dash(t) equal to Laplace transform of t plus Laplace transform of

integral 0 to t y(t minus x) into cos x dx.



Let us recall the formula for the Laplace transform of y dash(t) so Laplace transform of y
dash(t) is s y(s) minus y(0) y(s) is Laplace transform of y(t) and then Laplace transform of't is
1 over s square plus by convolution theorem Laplace transform of integral 0 to t y(t) minus x
cos x dx is Laplace transform of y(x) into Laplace transform of or rather I say y(t) and then

Laplace transform of cos t.

So this is s y(s) minus 4 because y(0) equal to 4 1 by s square then we have y(s) then we have
s over s square plus 1. So let us collect the quotient of y(s), y(s) times s minus s upon s square
plus 1 equal to 1 upon s square plus 1 this is y(s) times s cube plus s minus s, so s cube upon s

square plus 1 equal to 4 s square plus 1 divided by s square.

And so we have y(s) equal to 4 s square plus 1 into s square plus 1 divided by s to the power
phi. Let us multiply in the numerator we have 4 s 4 plus s square plus 4 s square plus 1
divided by s to the power 5 and which is nothing but 4 by s 5 s square by s to the power 5 so
5 by s cube and then 1 by s to the power 5. So this is y(s).
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Now let us recall again the formula Laplace transform of t to the power n is n factorial

5

b !-fl'(‘._li‘)

divided by s to the power n plus 1. So by that Laplace transform of 1 is equal to 1 over s
Laplace transform of t square is 2 upon 2 factorial upon s cube Laplace transform of t to the
power 4 equal to 4 factorial divided by s to the power 5. So applying these formulas inverse
Laplace transform of y(s) will be 4 times inverse Laplace transform of 1 y(s) plus 5 times
inverse Laplace transform of 1 y(s ) cube plus inverse Laplace transform of 1 y(s) to the

power of 5.



And this will be equal to 4 plus 1 inverse Laplace transform of 1 y s cube will be t square by
2. So 5 by 2 t square inverse Laplace transform of 1 by s 5 will be t 4 by 4 factorial so t 4 by
24. And inverse Laplace transform of y(s) is y(t) so we get the solution as y(t) equal to 4 plus
5 by 2 t square plus t 4 by 24 which is the required solution of the given integro differential

equation

This is what I had to say in this lecture thank you very much for your attention.



