Mathematical methods and its applications
Dr. P. N. Agrawal
Department of Mathematics
Indian Institute of Technology, Roorkee

Lecture — 09
Cauchy - Euler equation

Hello friends. Welcome to my lecture on Cauchy-Euler Equations.
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Cauchy-Euler equation

The differential equation
x’y"+axy'+by =0, (aand D are constant) (1)
is known as Cauchy-Euler equation.
These type of equations can be solved by making the substitution
z=Inx.
On taking a new independent variable z, where z=Inx,

dy dydz 1dy

E—EE_;dz
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The differential equation of second-order x square y double dash plus ax y dash plus by
equal to 0, where a and b are constants is known as a Cauchy-Euler equation. Now, you
can see that this is a second-order linear differential equation with variable coefficients,
these coefficients of y double dash is the coefficient of y double dash is x square the

coefficient of y dash is a into X. So, the coefficients of the derivates are functions of x.

Now, in general an ordinary second-order linear equation with variable coefficients is not
easy to solve, but some special clause of second-order linear differential equations with
variable coefficients can be solved. So, this Cauchy-Euler equation belongs to one such
clause of differential equation, where you can see that the power of the monomials say x
square the power of x square is 2, and the derivative y double dash is of second-order.
So, similarly in the second term, the power of x is 1 and derivatives of first order and

then we have v into y equal to 0. So, in every term, the power of x and the order of the



derivative in that term are same. So, such kind of differential equations are called as

Cauchy-Euler equations.

So, we are taking a first homogeneous case of actually, this is a homogeneous case of
Cauchy-Euler equation. Now, such case such type of equations can be reduced to linear
differential equation with constant coefficients. And we know how to solve a linear
differential equation with constant coefficients. So, by making the substitution, say z
equal to In x by making the substitution z equal to In x, we shall convert this equation to
Cauchy-Euler equation to ordinary linear differential equation with constant coefficients
and solved it there and then replace the wherever z y X. So, let us put z equal to In x in

this, let us consider z equal to In X now.

So, we are changing the independent variable from x to z by considering z equal to In x

or x equal to e to the power z.
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So, when you take z equal to x equal to e to the power z or z equal to In x let us find the
values of the derivatives of y with respect to x. So, when you find dy by dx we can write
dy by dz into dz by dx, and dz by dx you can see from here z equal to In x that it is 1 by
X. S0, we have dy by dx equal to 1 over x dy by dz now. So, dy by dx we get as 1 over x
dy over dz. Now, let us find d square by y dx square. So, d square by y dx square is
nothing but the first derivative of dy by dx dy by dx, we can put from here. So, d over dx



of 1 over x dy by dz and this is equal to now this is a product of two functions of x. So,

we can find the derivative of this product.

So, derivative of 1 over x is minus 1 over x square dy by dz and then 1 over x times d
over dx of dy by dz. And dy by dz can be put as d over dx of dy by dx, dy by dx is equal
to 1 over x 1 over dy by dz. So, we write as dy by dz. So, d over dx this is minus 1 over x
square dy by dx and dy by dz and then 1 over x dy dy by dz sorry, not this is dy by dx
ok. So, this is minus 1 over x square dy by dz and then here | can write 1 over x d over
dz dy by dz into dz by dx right that is.

So, 1 over x square dy by dz; and dz by dx, we know dz by dx is 1 over x. So, 1 over x
square dy y d square y by dz square. So, we get 1 over x square times d square y by dz
square minus dy by dz. Or we can say X square d square y by dx square x square d square
y by dx square equal to d square y by dz square minus dy by dz. Now, let us denote the

differential operator d over dz by D.
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e i el
de  d” dz
let us denote the differential operator ‘l by D, we have
dz
dy ,dly
x—=—=1Dy, x*—== D(D=D)y,
de dx” ; )

we can write équation (1) as
[DID-1)+aD+bly=0

whichis a linear differential equation with constant coefficients,
which can be easily solved by using the method discussed earlier.
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If we denote the differential operator d over dz by D then dy by dx will be 1 over x Dy or
we can say X dy by dx will be Dy and d square y by x square d square y by dx square will
be this will be equal to d square y by dz square; so D square y minus Dy which is same
as D into D minus 1 y now. So, then the equation 1 can be written as the equation 1 you

can see this is equation 1. So, x square y double dash is D into D minus 1 by a times X y



dash is dy and then we have plus b y equal to 0. So, we get the operator D over D minus

1 plus a D plus b operating on y equal to 0.

Now, this is nothing but D square minus D plus a, so plus a minus 1 into D plus b
operating on y equal to O which is a linear differential equation with constant coefficients
where we independent variable has been changed from x to z. And it can be solved by
the method of linear differential equation with constant coefficient which we have

already discussed.
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A simpler method is to substitute i = x".
Then equation (1) becomes
Xm(m=1) X2 + q xm x™! + b x" =,

Since x™ # 0 forx #0, we get
m’+ (a-1) m+b=0. +2)
If 11, and 1, are distinct roots of this equation, then

my

and yz(x):x %
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}"1(,\') =X
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So, we can find the solution of this equation, and then replace z by | n x there. Now,
there is another method which is rather simpler to find the solution of the differential
equation x square y double dash plus a x y dash plus dy equal to 0. In this method, we
put y equal to x to the power m in that equation. So, we will get x square y double dash
when you differentiate twice X to the power m you get m into m minus 1 x to the power
m minus 2. So, you get m into m minus 1 x to the power m, after you multiply by x
square. And similarly a times x y dash will be m into a x to the power m plus b x to the
power m equal to 0, so that is what we have written here x square. Now, m into m minus

1 x to the power m minus 2 plus a x m x to the power m minus 1 plus a x m equal to 0.

Now, since x to the power m is not equal to 0 when x is not equal to 0 we shall get from
this equation m into m minus 1 plus a x a into m plus b equal to 0, which is nothing but

m square plus a minus 1 into m plus b equal to 0. Now, this is a second-order, this is a



coordinated equation in m. And if we find the roots of this if they are say m 1 and m 2 if
they are distinct roots then you get y 1 solution of the given differential equation as y 1 x
equal to x to the power m 1. And the other solution is 'y 2 x equal to x to the power m 2
now x m 1 and m 2 are distinct. So, y 1 over y 2 will not be a constant and therefore, x to
the power m 1 and x to the power m 2 will be linearly independent to each other. So, we
can write the form as a fundamental system of solutions of the given equation for all x
for which that defined.
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So, general solution of the equation in this case can be written as y x equal to ¢ 1 x to the
power m 1 plus ¢ 2 x to the power m 2. Now, the other possibilities that the 2 roots m 1
and m 2 are equal now we had the equation like this. The equation is m square plus a
minus 1 into m plus b equal to 0. When we solve it for the values of m, we get minus a
minus 1 plus minus plus under root, so when the two roots are equal means when the
discriminate is equal to 0. So, when a minus 1 whole square minus 4 v equal to 0, we get

the case of double root, we get m 1 equal to m 2 equal to minus half a minus 1.

So, in this case one solution we can write that is x to the power m 1 or x to the power
minus half a minus 1, how to obtain the other solution. So, what we will do is we will
apply the method of variation of parameters. So, one solution is this is 1 by 2 into 1
minus a, m 1 is 1 by 2 into 1 minus a. So, one solution is y 1 2 equal to x to the power

half 1 minus a. Now, let us assume other solution y 2 to be some u times y 1, where u is



the unknown function which is to be determined in a such a way that y 2 is a solution of

the given differential equation second solution. So, u is a some function of x.
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|
When the two roots of (1) are equal ;= m,,m, = E(I —a) and hence

;(Iﬂl)

Hh=¥
Assumey, = uy, = ux™ as the second solution, # being a function of x.

On substituting y, in equation (1),
we have X*y) +axy, +by, =0,

whichimplies, u"x+u'=0.
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Now, let us substitute y 2 in equation one. So, when we substitute y 2 in equation one
since y 2 is a solution of that equation we will get x square y 2 double dash plusa xy 2
dash plus b y 2 equal to 0. Now, let us see how we get u double dash x plus u dash equal
to 0. Once we arrive here, we shall be able to do determine the value of u very easily. So,
let see how we arrive here. So, let us put our differential equation is this one. So, our
differential equation is x square y. So, we have x square y 2 double dash plus a x y 2
dash b plus b y equal to 0, and we have assumed y 2 equal to u timesy 1y 2 equal to u

timesy 1.



(Refer Slide Time: 12:12)

304

P2 "‘,7( Fulx @Lm +4;7/) =

[~ A% 1
= %1’(",,7#'4/1\#/:0 I, i/(',“}fxf = L(H):il
o ol W= I o z'x.’jll=('-‘)7;
y dlfegipe. 4. Lop o x ey
yes * v
h“‘*‘r"u" wh 2
/ Ky _ by _pe D(0-1)
Hen o= Wyt 4 s P ten

eliiiacl

VT Gt s eiypibhye
| " / 20

2 & ('4”7;4'1 u”}/w“h)f“(l‘ it }’)”Wr

_lxu',al +1{(u"},’ﬂ;9+ u(‘f’},/'-f d’l”" +b’m= 0

Liiad=
Jine v o pelubn 8 ﬂ,"* Ry +64 =0
fithore \(}/’;’-{»al'h#"&"

So, let us find its first and second derivatives. So, then y 2 dash equal to u dash y 1 plus u
y 1 dash, and y 2 double dash will be equal to u double dash y 1 plus u dash y 1 dash
plus u dash y 1 dash plus u y 1 double dash. Let us substitute these values of y 2 y 2 dash
and y 2 double dash in this equation we get x square y 2 double dash means u double
dash y 1 plus 2 u dash y 1 dash plus u y 1 double dash plus a x y 2 dash will be u dash y
1 plusuy1dash plus b uy1equal to 0. Now, we have x square u double dash y 1 this is
term this one term which contains u double dash and the term containing u dash is what,
so we get, let us first write y 1 double dash terms. So, u times I think I will write u times

x square y 1 double dash plus u times ax y 1 dash plus b y 1.

What is left out is here we will write this as. So, we have taken this term, we have taken
this term, we have taken this term, we have taken that. So, a x u dash y 1 and we have
this one 2 x square u 1 dash y 1 dash. So, u dash times 2 x square y 1 dash and thenax y
1 equal to 0. Now, let us see since y 1 is solution of the given differential equation x
square y double dash y 1 double dash plus a x y 1 dash plus b y 1 equal to 0. So, since y
1 is the solution of this equation, we have x square y 1 double dash plus a x y 1 dash plus
by 1equal to 0 [FL]. So, this term vanishes.

And further more let us see further more y 1 equal to x to the power 1 by 2 into 1 minus
a. So, let us differentiate this. So, y 1 dash equal to 1 by 2 into 1 minus a x to the power 1

by 2 into 1 minus a minus 1. So, we get minus half minus a by 2. And this can be written



asso 1 by 2 1 minus a into y 1 divided by Xx. So, we get x y 1 dash equal to 2 x y 1 dash

equal to 1 minus aintoy 1. So, or 2 x y 1 dash equal to 1 minus aintoy 1.

So, let us see what we get now. So, this equation reduces to x square u double dash y 1
and then u dash let us write x outside. So, u dash x and then 2 x y 1 dash 2 x y 1 dash is 1
minus a into y 1. And here we have a y 1 equal to 0. So, we will get x square u double
dash y 1 and then this say y 1 and y 1 will cancel, we get u dash x y 1 equal to 0, or we
can say now y 1 is x to the power half one minus a. Let us remove this y 1 and x so or we
will get x u double dash plus u dash equal to 0. So, we get x u double dash plus u dash
equal to 0. Now, we can easily solve this when you integrate, you can write u double

dash y u dash equal to minus 1 over X.
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Onintegrating , we have

l 1
lhu'=ln— or u'=—,
X x

Hence, u=Inx. Thus y,= (Inx)y, is the second linearly
independent solution of equation (1).

The general solution i
e general solution is y(x):qul +C:(th)xml,

where 111, = (Y2)(1-a).
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So, integrating we will get | n u dash equal to | n 1 over x and which will give you u dash
equal to one by x. So, we get u equal to I n x, and thus y 2 equal to u y 1 will be equal to
Inxintoy 1. Now, y2overylisequal tolnx. So,y2overy1isnota constant value
therefore, y 2 is second linearly independent solution of equation 1. So, we have got two
linearly independent solutions of the equation variable with variable coefficients
Cauchy-Euler equation. So, the general solution will be y x equaltoc 1y 1;y 1is x to
the power m 1, m 1 is call by 1 by 1 by 2 minus a and then ¢ 2 times | n x into x to the

power m 1. So, this is the case of auxiliary equation have been two equal roots.
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When the roots of the auxiliary equation are complex say o * iff :
Then, the two linearly independent solution of (1) are
y;=x** and y,= x*#.
Since
x¥=cos(Inx) +isin(f Inx)
and x#=cos(fInx)-isin(flnx),

V + 2} 4 y _’v’ “ o1
_-12-V-:x cos(fnx) and sz sin(BInx).
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Now, let us go to the case where the roots of the auxiliary equation or complex c alpha
plus minus i beta. Now, such alpha i plus i beta alpha i minus i beta are both distinct
roots. So, we can write the two linearly independent solutions of the equation 1 asy 1
equal to x to the power alpha plus i beta, and y 2 equal to x to the power alpha minus i
beta, but we are always looking for real solutions. So, what we will do is we will try to

find two is linearly independent real solutions of the Cauchy-Euler equation.

(Refer Slide Time: 19:56)
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So, let us note that we can write sin X to the power i beta as x to the power i beta as e to
the power | n x to the power i beta which is equal to e to the power i beta | n x. Now, let
us apply Euler’s formula, this is e to the power i theta is cos theta plus i sin theta. So, cos
beta I n x plus i sin beta | n x we shall have. So, e x to the power i beta will be cos beta |
n x plus i sin beta | n x likewise x to the power minus i beta, there is a x to the power
minus i beta is equal to cos beta | n x minus i sin beta I n x. And now so y 1 will be equal
toylplusy?2y2y1isequal to x to the power alpha cos beta I n x plusisinbetalnxy
2 is X to the power alpha cos beta | n x minus i sin beta | n x.

So, adding y 1 and y 2, we get 2 x to the power alpha cos beta | n x, or we can say y 1
plusy 2, y 2 is x to the power alpha cos beta | n X, and y 1 minus y 2 divided by 2 i is
equal to x to the power alpha sin beta I n x. Now, our equation is a homogeneous
equation. So, if y 1 and y 2 are two solutions of that then y 1 plus y 2 by 2 and y 1 minus
y 2 by 2 or also solutions of that. So, x to the power alpha cos beta | n x and x to the
power alpha sin beta | n x they are also solutions of the Cauchy-Euler equation

homogeneous Cauchy-Euler equation.

Now, further we note that x to the power alpha cos beta | n x and x to the power sin beta
alpha I n x they are independent of each other, because when you divide one by the other
it does not come out to be a constant. So, they are both linearly independent. And
therefore, the general solution is can be written as y equal to x to the power alpha ¢ 1 cos
beta I n x plus ¢ 2 sin beta | n x to the power alpha cos beta | n x x to the power alpha sin
beta | n x can be can be set to form a fundamental set. So, this is the general solution in

this case.
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Since 1t)2 and Y17)2 aresolutions of equation (1),
2 2i

we obtain x*cos(f In x) and x* sin(f In x) are solutions of equation

(1).

Since x?cos(f In x) and x° sin(f In x) are linearly independent, they
forma fundamental set.

Hence
y=x*(ccos(fInx) +c,sin(flnx)),
is the general solution of equation (1).
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Now, let us take an example x square y double dash plus 2 x y dash minus 2 y equal to 0.

(Refer Slide Time: 22:38)

Example:

2d2y

2

X +2x@—2y:0.
dx

NPTEL ONUNE
e IIT ROORKEE CERTIFICATION COURSE

And let us see how we solve it.
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So, x square y double dash minus plus 2 x y dash minus 2 y equal to 0; so let us put x
equal to e to power z or z equal to | n x. Then we have seen that x square y double dash
is equal to D into d minus 1 y and where D is a d over dz; and x y dash is equal to D y.
So, let us put these values. So, D D minus 1 y plus 2 D y minus 2 y equal to 0 or we can
say D square plus 2 Dy minus D y is D y plus D minus 2 operating on y equal to 0. Now,
this is a second-order linear differential equation with constant coefficients the dependent
variable is by the independent variable is z we have d square y over dz square plus dy by
dz minus 2 y equal to 0.

So, to find the solution of this, we write the auxiliary equation m square plus m minus 2
equal to 0, and the factors of this equation or m minus 2 m plus 2 into m minus 1 equal to
0. So, m is equal to minus 2 and 1, they are the two distinct roots of this auxiliary
equation and therefore, the general solution is y equal to ¢ 1 e to the power minus 2 z
plus ¢ 2 e to the power z. Now, let us now from the variable z, we have to convert to the
variable x e to the power z is x. So, x square is e to the power 2 z. So, thisis ¢ 1 x to the
power minus 2 and then we have ¢ 2 X. So, we get the general solution as y equal to ¢ 1 x

to the power minus 2 plus c 2 x.

Now, we can find the solution of this by that other method. So, let us find the solution by
the other method let us put y equal to x to the power m in the given equation, let me call

it as equation 1. Then what do we have m into x square times m into m minus 1 x to the



power m minus 2 plus 2 x y dash is m into x to the power m minus 1 minus 2 x to the
power m equal to 0. Or we can say m into m minus 1 plus 2 m minus 2 x to the power m
equal to 0. Now, again x to the power m is never 0 when x is not equal to 0. So, we get
since we have m square m into m minus 1 plus 2 m minus 2 equal to 0, which gives you

m square plus m minus 2 equal to 0, the roots are m equal to minus 2 and 1

So, the general solution is y equal to ¢ 1 x to the power m 1 plus ¢ 2 x to the power m 2,
this is a case of two distinct roots. And m 1 is minus 2, so ¢ 1 x to the power minus 2
plus c 2 x to the power m 2 is 1. So, we get ¢ 1 x to the power minus 2 plus ¢ 2 X same as
in the previous case. So, this is how we will solve the Cauchy-Euler equation in the
homogeneous form. Now, let us consider the Cauchy-Euler equation can be generalized
to such type of equations also, where we see that the power of alpha x plus beta is same
as the order of the derivative occurring in that term.

(Refer Slide Time: 27:56)

Equation which can be reduced to the Cauchy-Euler equation:
Let
(ax + B)’y" + (ax + play' + by =0,
be the given differential equation.

Let z=ax+f
then iy:a@ and Q:azﬂ,
e d e dr

rrrrr ONUNE
0 LACORKEE CERTIFICATION COURSE

So, here alpha x plus beta power is 2, and we have the derivative of second-order. Here
alpha x plus beta power of alpha beta is 1, and we have the derivative of first order. So,
in such a case, what we do is we shall convert this to Cauchy-Euler equation if we can
define z equal to alpha x plus beta. So, when we take z equal to alpha x plus beta, we can
find dy by dx and d square y by dx square. So, dy by dx here will be dy by dz into dz by
dx, and dz by dx is alpha. So, we write alpha times dy by dz. And from here d square y
by dx square will be alpha times d over dx of dy by d z.



(Refer Slide Time: 28:44)

2 -E»«ux’%,;wu:,
¢ < e e,
0 o
4 (4 - mm-
A i m==2, |
2404 mw&&m\v ﬁ/sz‘”““‘\im““
2 (f WO u oy e
. Y=¢ €Cge $-
w 3 (1 x_'L o R TR
b - i sGakrexs
141‘1‘ ad D 7 M,\,Zlq-w. g Yo ) bu@ I )
2 D’;‘f Al/a:}o« K 3 TL‘M’ P Z

b g
rm(wl)‘flv'\-ljﬁvh“’

So, d square y over dx square this will be equal to d over dx of dy by dx. Now, dy by dx
is alpha times dy by d z. So, alpha times, alpha is a constant, we can write it outside.
Now, this is alpha times d over dz of. So, this is dz by dx is alpha. So, we have alpha
square d square y by dz square. So, by defining alpha x plus beta as z, we can write this
equation in the Cauchy-Euler equation form. So, then we shall have alpha square let me
write alpha square. So, alpha x plus beta whole square y double dash that alpha x that
will be z square y double dash is alpha square d square y, where d now denoting by D
over dz plus z alpha y dash is no, it is a, sorry it is a.

So, z into a then alpha then Dy and then plus b y equal to 0, or we can say this is nothing
but alpha x square z square D square plus a alpha z D plus b operating on y equal to 0.
Now, this is a Cauchy-Euler equation in the independent variable z. Now, this can be
divided by alpha x square, and we can bring it to the standard Cauchy-Euler form where
the coefficient of z square d square y by dz square is unity. So, this can then we solved
by the methods which we have just now discussed. And then after finding the solution in

terms of z, we can put z equal to alpha x plus beta. So, we will get the solution.



(Refer Slide Time: 31:15)

2y / ‘E"‘("’ 7o /f‘”“*'
(32) 4 3 (5u2)f =360 be A,
Defone ’51+7. ¥ Wkmolze
m==2 |
! ;7 3: %, fuguwmw\
d
ﬁ 7% an ’Sl \;,c,x“’{ (11"’
“J, —11 QUG

qe*

s GG
L 2 107'*33 e i b
“'MJ i i oy i 4
i ("b"-/-?D ‘/)7’“ N prs dil at
‘ %dzl
] a4t

by -

Now, let us say for example, let us look at this differential equation. So, for example, we
have the differential equation three x plus 2 by three x plus 2 whole square y double dash
and then we have three times 3 x plus 2 y dash plus minus 36 y equal to 0. So, define 3 x
plus 2 equal to z then dz by dx equal to 3. So, dy by d x equal to dy by dz into dz by d x.
So, we get 3 times dy by dz and d square y by dx square is equal to alpha x square. So,
this will be 3 square. So, 9 times d square y by dz square, similarly we get. So, we shall
have 3 x plus 2 whole square. So, z square y double dash, y double dash is 9 times D
square y, then we have 3 times z, 3 times z y dash is 3 times Dy and then we have minus
thirty six y equal to 0. Now, we can divide this equation by 9. So, dividing by 9, we have
z square D square plus z D minus 4 z dy equal to 0. Now this is a Cauchy-Euler equation

with the coefficients here 1 and here we have minus 4.

So, it can be then solved by defining z equal to; so now the independently variable z. Let
us define z equal to e to the power t. Then we shall have z square D square y will be
equal to than z square D square y over dz square will be equal to D square y over dt

square minus dy by dt and z dy by dz will be equal to dy by dt.
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So, we shall have. So, we will get d square y by dt square minus dy by dt from z square d
square y plus z dy z dy, we will get dy by dt and then minus 4 y equal to 0. So, this will
cancel. We have d square y over dt square minus 4 y equal to O which is a linear
differential equation of second-order with constant coefficient.

So, the auxiliary equation is m square minus 4 equal to 0. So, m equal to plus minus 2.
So, we get the general solution as y equal to ¢ 1 e to the power 2 t plus ¢ 2 e to the power
minus 2 t. Now, let us puttas | nz. So, ¢ 1 e to the power 2 I n z plus ¢ 2 e to the power
minus 2 I n z, and this is equal to ¢ 1 z to the power 2 ¢ 2 z to the power minus 2, but z is
equal to 3 x plus 2. So, we get ¢ 1 3 x plus 2 square, and ¢ 2 3 X plus 2 minus 2, this is
the general solution in this case. Now, let us take a non-homogeneous Cauchy-Euler

equation we have seen how to solve Cauchy-Euler equation in the homogeneous form.
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So, let us just find the particular integral. So, what we will do is, let us consider x square
y double dash minus 3 x y dash plus 4 y equal to. Now, we have to remember one thing
here when we solve Cauchy-Euler equation in the non-homogeneous form the method
where we put x equal to e to the power z that is applicable here in the case of non-
homogeneous equation. But the other method where we have put y equal to x to the
power m that is not applicable here, because y equal to x to the power m does not reduce
the Cauchy-Euler equation into a linear differential equation with constant coefficients.
So, y equal to x to the power m method can be used only in the case where the Cauchy-
Euler equation is in the homogeneous form, but x equal to e to the power z can be
reduces the Cauchy-Euler equation to linear differential equation with constant

coefficients, so that will be applied to solve non-homogeneous Cauchy-Euler equations.

So, let us put x equal to e to the power z. So, then we will have D into D minus 1y
minus 3 D plus 4. So, x is equal to e power z. So, we get two times e to the power 2 z.
Let us change the right hand side also 2 z. So, we have D square minus 4 D plus four y
equal to 2 e to the power 2 z. Now, auxiliary equation is m minus 2 whole square equal
to 0. So, m equal to 2 2, so we get case of complex roots. So, y ¢ X, in this 'y ¢ z because

independent variable is z, so y ¢ z will be equal to ¢ 1 plus ¢ 2 z e to the power 2 z.

Now, let us separate z equal to | n x. So, we get the complementary functioncof sc 1

plus ¢ 2 log x into x square. So, this is the complementary function, let us find the



particular integral. So, particular integral is 1 upon d minus 2, whole square operating on
two times e to the power 2 z. Now, 2 is a constant, we cannot write outside the operator,
e to the power 2 z, when you replace D by 2 here it becomes 0. So, what we do is 2 times
1 over d minus 2 1 over D minus 2 operating on e to the power 2 z.

Now, let us apply the formula 1 over f D e to the power a x into v that formula apply let
us apply. So, e to the power a x comes out we have when v is a function of x. So, in case
f D becomes 0 under placing d by a, we apply this formula. So, this is equal to 2 times 1
over d minus 2, this will be e to the power 2 z 1 over d plus 2 minus 2, so D operating on

1. This mean 1 over d means integral of 1. So, we get z; so e to the power 2 z into z.

Now, again e to the power 2 z into b this is b. So, we get two times e to the power 2 z 1
over d plus 2 minus 2 operating on z, 1 over D when operates on z we get integral of z.
So, 2 times, so z square e to the power 2 z writing z in terms of x we write z equal to In
X. So, this is In x whole square and e to the power 2 z in x square. So, this is particular
integral y p X, this is y p x. So, general solution is y equal to ¢ 1 plus ¢ 2 In x into X

square plus x square In x whole square, this is how we solved this equation.
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And the one more differential equation we have taken let me just give a hint here,
because no formula will be applicable here we have to apply the general method to find
the particular integral. So, x square y double dash plus 3 x y dash plus equal to 1 over 1

minus x square whole square. So, again let us put z x equal to e to the power z. So, then



D into D minus 1 plus 3 D plus 1 y equal to 1 over 1 minus e to the power z whole
square. Now, this is D square minus D, so we have D square plus 2 D plus 1. So,
auxiliary equation is m square plus 2 m plus 1 equal to 0, which is m equal to minus 1
minus 1. So, complimentary function will be c 1 plusc2Inzc 1 plus c 2 z and then e to

the power minus z converting to X we have ¢ 1 plus ¢ 2 Inx x to the power minus 1.

And for particular integral what we do is. So, particular integral is equal to 1 over this is
D square plus 2 D plus 1. So, D plus 1 whole square operating on 1 over 1 minus e to the
power z whole square. Now, this is 1 over D plus 1 into 1 over D plus 1 operating on 1
over 1 minus e to the power z whole square. So, let us first find the effect of 1 over D
plus operating on 1 over 1 minus e to the power z whole square. So, 1 over D plus 1 1
operates on 1 over one minus e to the power z whole square, what we get is e to the
power minus z integral e to the power z in to 1 upon 1 minus e to the power z whole

square dz.

Now, here we apply the applied the formula of the general method. If you do remember
the general method we had said that 1 over D minus alpha one operates on Q, Q is a
function of x and D is d over dx. So, then we had the formula e to the power alpha x
integral e to the power minus alpha x Q dx, where D was d over dx. Now, here remember
D is d over dz. So, we will have e to the power alpha is minus 1. So, e to the power
minus z e power z upon this. Now, to integrate this let us put 1 minus e to the power z
equal to t. So, we get minus e to the power dz, where dz equal to dt. So, we will get
integral minus dt upon t square. So, this will be 1 by t, and 1 by t means 1 over 1 minus e
to the power z. So, this will be e to the power minus z divided y 1 minus e to the power
z. So, when 1 over D plus 1 operates on this, we will get this again let us operate 1 over
D plus 1 on this. Next, 1 over D plus 1 operating on e to the power minus z divided by

one minus e to the power z.

Let us find out the result of this. So, again we apply this formula alpha is minus 1. So, we
get e to the power minus z integral e to the power z into e to the power minus z dz
divided by 1 minus e to the power z. And this will give you how much e to the power
minus z integral dz divided by 1 minus e to the power z. Let us see how we find the
integral here. So, e to the power minus z, we multiply here e to by e to the power minus z
in the numerator and denominator, and get e to the power minus z dz divided by e to the

power minus z minus 1. Now, let us put e to the power minus z minus 1 equal to t. So,



then e to the power minus z into minus dz will be dt. And therefore, we shall have e to
the power minus z dz will be minus dt. So, minus dt divided by t, which will be minus In
t. So, this will be equal to minus e to the power minus z In t means e to the power minus

z minus 1.

Now, this will be equal to e to the power z is x. So, minus 1 over x In 1 over x minus 1,
so this is what we get. And hence the general solution is y equal to ¢ 1 plus ¢ 2 Inx into x
to the power minus 1 minus 1 over x In 1 minus x by x. So, this is how we will solve this

equation. With this, I will conclude my lecture.

Thanks.



