Mathematical methods and its applications
Dr. P. N. Agrawal
Department of Mathematics
Indian Institute of Technology, Roorkee

Lecture — 39
Z — Transform and inverse Z — Transform of elementary functions

Hello friends, this is my first lecture on Z transforms. So, in this lecture, we shall discuss

the Z transform and inverse Z transform of some elementary functions.
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Z- transforms:

It is useful in solving difference equations which represent a discrete
system. Therefore the development of communication branch is based
on the theory of Z-transforms. This transform has the same role in
discrete systems as the Laplace transform in continuous systems. Its
many properties are similar to the properties of the Laplace transforms.

Z-transform operates on a sequence 1, of discrete integer-valued
arguments n=0,%1,%2,... unlike the Laplace transform which
operates on continuous functions.

The Z transforms are useful in solving difference equations which arise in the discrete
systems the development of the communication branch of engineering is actually based
on the theory of Z transforms. The Z transforms has the same role in discrete systems as
the Laplace transform in continuous systems. Many properties of the Z transforms are
similar to the properties of the Laplace transforms Z transform operates on a sequence of
u n of discrete integer valued arguments n equal to 0 plus minus 1 plus minus 2 and so on
and like the Laplace transform which operates on continuous functions. Z transform is
we can say is the discrete analog of the Laplace transform for every operational rule and
application of Laplace transform there is a there is an operational rule and application of

Z transforms.
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Thus, Z- transform is the discrete analogue of Laplace transform.
Therefore for every operational rule and application of Laplace
transforms, there corresponds an operational rule and application of
Z- transforms.

A discrete system can be expressed as a difference equation and
then its solutions may be obtained using Z- transforms.

A discrete system can be expressed as a difference equation and then its solution can be

obtained by using Z transforms.
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Definition: The Z-transform of the sequence u,, defined for discrete
values n=0,1,2,.. (andu, =0 forn <0)is denoted by Z(u,)
and is defined as

Z(u,,):Zu,,:'":(/(:) )

n=0

whenever the infinite series converges.

The inverse Z-transform is written as
Z'(UG))=u,.

So, let us see how we define the Z transforms the Z transform of the sequence u n
defined for discrete values n equal to 0 1 2 3 and so on and e 1 equal to O for N less than
0 is denoted by Z u n and is defined as Z u n equal to sigma n equal to O to infinity u n z
to the power minus n which is a function of z. So, we write it as U z provided the infinite

series convergence. So, whenever this infinite series converges it will give us a function



of z. So, it is U z the inverse Z transform is written as Z inverse of U z, Z inverse of U z
equal to u n. So, whenever we know the Z transform of a sequence, its inverse Z
transform will give us back the sequence even like in the case of Laplace transform we
have we define the inverse Laplace transform here again the inverse Z transform is

defined in a similar manner. So, Z inverse U z equal to u n.
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Now, let us discuss Z transforms of some a standard sequences. So, let us begin with u n
equal a to the power n. So, when u n is a to the power n then where a is a complex
number then z of a to the power n is sigma n equal to O to infinity. So, u n here is a to the
n, so n equal to 0 to in between u n z to the power minus n. So, we have a to the power n

and z to the power minus n this capital Z, this is small z.

Now this is summation n equal to O infinity a by z raise to the power n. Now we know
that here z is a complex number a is also a, a is a complex constant. So, a by z is a
complex number. So, the series of complex numbers sigma n equal to 0 to infinity a by z
to the power n converges provided mod of z a by z is less than 1 and we have this is
equal to 1 over 1 minus a by z provided mod of a by z is less than 1. So, this gives you z
over z minus a provided mod of a by z is less than 1 or mod of z is greater than a. So, the
condition for the convergence of the series here is that mod of z must be greater than
mod of a.
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Z-transforms of some standard sequences:

1. Let u,=a" then

Z(d")= where

a
—{<l ,

Z=a

{
and  Z(n")= :-‘/_Z(n""), p being a positive integer.

uz
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And now let us look at the formula which is known as the recurrence formula if you take
u n to be to the power p, let us say u n equal to n to the power p where p is a positive
integer then we have a z of n to the power p this formula is very useful in determining
the Z transforms of other sequences. So, minus z d over d z of z and to the power p

minus 1 so here what do we let us prove this formula?

So, to prove this formula, we have z of n to the power p z of n to the power p by
definition is sigma n equal to O to infinity n to the power p z to the power minus n. So,
we have this we have given here the proof this can be written as z times summation a
equal to 0 to infinity n to the power p minus 1 into n into z to the power minus n plus 1.
Now since by definition z of n to the power p minus 1 is equal to summation n equal to 0
to infinity n to the power p minus 1 z to the power minus n we have d over d z of d over
d z of z n to the power p minus 1 equal to summation n equal to O to infinity n to the
power p minus 1 into minus n z to the power minus n plus 1. Now let us combine this

equation 1 and 2.

So, when you combine 1 and 2, what you find is sigma n equal to O to infinity n to the
power p minus 1 into n into z to the power minus n plus 1 that is z of n to the power p.
So, we get z of n to the power p equal to minus z into d over d z of n to the power p

minus 1. So, combining 1 and 2 we have the required recurrence relation from here. So, z



of n to the power p minus z d over d z z of n to the power p minus 1, now this result is

going to be very useful in finding the Z transforms of some other sequences.

So, let us first look at the special cases of the result z of a to the power n equal to z over z
minus a here if you take a equal to 1 we will have see if you take let us say we take let a
b equal to 1 then unis equal to 1 for all n and z of u n is equal to z of 1 will be equal to z

over z minus 1 from this result. So, this is valid 1 mod of z is greater than 1.

(Refer Slide Time: 08:32)
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So, z of 1 can be found z of a to the power n equal to z over z minus a by taking a equal
to 1. So, z of let us see, how we find z of n equal to z over z minus 1 whole square. So,

let us use this result.
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So, let us take p equal to 1 in the recurrence result, in the recurrence formula. So, then z
of n to the power p that we are taking p equal to ones z of n equal to minus z d over d z
of z to the power n to the power 0 which is 1 and z of 1 we have found just now which is

minus z d over d z of, so d over d z of z over z minus 1.

(Refer Slide Time: 09:50)
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Now, let us differentiate z over z minus 1 with respect to z d over d z of z over z minus
1, we can write it as d over d z of z minus 1 plus 1 divided by z minus 1 which is equal to

d over d z of 1 plus 1 upon z minus 1. So, when we differentiate this we get minus 1



upon z minus 1 whole square and thus z of the sequence u n equal n is minus z into
minus 1 upon z square which gives you z over z minus 1 whole square. So, that is how
we find z of the sequence u n equal to n then next you can find z of u n equal to n square

in a similar manner.

So, z of n square now in the recurrence formula we take p equal to 2. So, we shall have
in the recurrence formula take p equal to 2. So, at z of n square is minus z d over d z of z
of n and z of n we have already found. So, minus z d over d z of z n is z over z minus 1
whole square. So, while differentiating this result by differentiating d over z over z
minus 1 whole square we shall have one derivative of z is 1 into z minus 1 whole square

minus z into 2 times z minus 1 divided by z minus 1 to the power 4.

So, we can cancel z minus 1 and then what do we get minus z times z minus 1 minus 2 z
upon z minus to the power 3. So, what do we get this is minus z minus 1. So, z square
plus z divided by z minus 1 whole to the power 3, we get the formula for n square which
is z square plus z over z minus 1 whole cube now we can find we can find the value of z
n cube in a singular manner by taking p equal to 3 in the difference formula we will need
the value of z n square which we have already found s by differentiating the value of z n
square and multiplying by minus z we shall arrive at the formula for z n cube which is z

cube plus 4 z square plus z over z minus 1 to the power 4 and so on.

So, this is how we find the Z transforms of these sequences u n equal to 1 u n equal to n
u n equal to n square u n equal to n cube and then we can see that if we want to find the
inverse the inverse Z transform then inverse Z transform of z over z minus 1 Z inverse z

inverse of z over z minus 1 will be equal to 1.
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So, the inverse Z transform inverse Z transform inverse Z transform of z over z minus 1

will be u n equal to 1 for all n equal to 1, 2, 3 and so on and 0 for and less than 0.

(Refer Slide Time: 14:16)

Linearity property: Leta, b be any constantsand u,,, v, be any
discrete functions then

Z@au,+bv,)=aZ(m,)+ bZ@,).

Damping rule (Change of Scale):
If Z(u,)=U(z)thenZ(a"u,)=U(az)

Proof. Z(a_”u”) = Za_"u' Z Zu (L. U(ay

n=0 n=0

Now, let us go to properties of the Z transform if we know that in the Laplace transform,
we have the linearity property. So, here also we have the linearity property if n be are
any complex constants real or complex constants and u n and b n are 2 sequences defined

on the discrete arguments then zof aun plusv v nequal toa Z un plus b z b v n this.
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We can easily prove by the definition of the Z transform z of a u n plus b v n will be
equal to summation n equal to 0 to infinity a u n plus b v n into z to the power minus n
which can be broken as summation n equal to 0 to infinity a u n z to the power minus n
plus summation n equal to 0 to infinity b v n into z to the power minus n and which is
equal to a times summation n equal to 0 to infinity u n z to the power minus n plus
summation b times summation n equal to 0 to infinity b n z to the power minus and this
is atimes Z u n plus b times z v n. So, Z transforms satisfies the linearity property and
then we have the change of scale property if you remember we have the change of the
scale of the in the Laplace transforms. So, here we also we have the change of scale
property if z of the sequence u n is given by U z then z of a to the power minus n u n is

equal to u a z this can be proved very easily.

Let us write z of a to the power minus n u n by definition this will be sigma n equal to 0
to infinity a to the power minus n u n into z to the power minus n and this can be then
written further as sigma n equal to 0 to infinity u n into a z to the power minus n now by
our definition by our definition z of u n is summation n equal to O to infinity u n z to the

power minus n which we have denoted by U z which we have denoted by u z.



(Refer Slide Time: 16:32)

L
U= ¥n
/Lr',mdlf"ﬂ«hn {\‘(&_u\;w,\)» - )i Z(h.]-—t(ﬂ
Z(u,.):;;‘:u‘ e () R f—l- V2|
) Lhe Lekw bbe ps)
[n:“ ) > U ?) . ™ """/h‘n'm:wm
00 R Hham.

T(n): -2 £2()

k3
4

So, here we have sigma n equal to 0 to infinity u n a z to the power minus in place of z
we have a z. So, this implies sigma n equal 0 to infinity u n a z to the power minus n
equal u a sorry, u a z. So, that is how we get the change of scale property when whenever
we multiply u n sequence by a to the power minus n there is a change of a scale in place

ofzinUzwegetazUzbecomesuaz.
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Corollary: Z(a"n ) = U(i].

Note.

The geometric factor a™ when |a|<1, damps the function u, and
the name damping rule.




(Refer Slide Time: 17:51)

/
2
<

(na")s 4E

(f-ﬂ’
Ne knaws flap
'Z_(ﬁnt‘h:']: [/(%\
ks, ) (2): 2(u,)
b iy >, ot hawre.
U 2(V g5
Hont, 3 (na)s BB e
Z(ne) é—;‘)i ® R

So, now the corollary of this result is z of a to the power n u n equal to U z by a. So, let
us see a; we have z of in the dumping rule we have z of a to the power minus n u n equal
to u u a z. So, this if we replacing a by 1 by a, we have z of a to the power n u n equal to
U z upon a on replacing a by 1 by a in the dumping rule. So, we have z of a to the power
n un equal to U z by a the geometric sector let us see the geometric sector u a to the
power minus n which occurs here dumps the function u n when mod of z is less than 1
and that is why we call it as the dumping rule. So, now, using this dumping rule z of u n
equal to if z of u n equal to U z we have z of a to the power minusnunequaltouaz
using this dumping rule we can find the Z transforms of several other sequences which
will be important when we will solve the difference equation we find the general solution

of differential equation.

So, let us see what how we can use this dumping rule from the dumping rule it follows
that z of a to the; n a to the power n z of n a to the power n is equal to a z upon z minus a
whole square let us let us prove this we know that we know that from the dumping rule z
of a to the power n z of a to the power n u n is equal to U z by a where U z is the Z
transform of the sequence u n. So, what we do is a in order to prove z of n a to the power
n equal to a z over n minus a whole square let us take u n equal to n. So, n when u n
equal to n we have a z over z minus a whole square. So, this is how we find the Z

transform of the sequence n into a to the power n by using the dumping rule.
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Some standard results:
Applying the damping rule, we have

(
1' Z n = ‘:
(na™) C-ay

az +az

2. 2(n'd") =

(z-a)'
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Similarly, we can find the Z transform of n square a to the power n. So, we know that Z
transform of n square Z transform of n square we had obtained earlier it is z square plus z
over n minus z minus 1 whole cube. So, we apply the dumping rule again apply the we
applying the dumping rule z of a to the power n into u n equal to U z by a where U z is

sigma U z is Z transform of u n sequence.

Let u n be equal to n square then Z transform of Z transform of n square then U z is equal

to U z is equal to z square plus z divided by z minus 1 whole cube. So, Z transform of n



sguare u n is n square n square a to the power n will be replacing z by z over a. So, z by a
whole square plus z by a divided by z by a minus 1 whole cube this will give you a z
square plus a square z over this is a square here. So, a square when we multiply a cube
we are multiplying a cube we are multiplying. So, we get a z square over plus a square z

over minus a whole cube.

So, that is how we find the Z transform of n square into a to the power n, similarly you
can find the Z transform of n cube into a to the power n because we have found the Z
transform of n cube. So, once Z transform of n cube is known Z transform of n cube into
a to the power n will be replaced z by z minus a in the Z transform of n cube and you get
Z transform of n cube a to the power n. So, these are some of the standard results that we
shall need in the sol in when we solve the difference equations. So, one should
memorize. In fact, these results because when we solve the difference equation there we
will have to inverse Z transform. So, for taking the inverse Z transform we need to
memorize some of these important results like when you take the lap inverse Laplace
transform you use the known results of Laplace transforms Laplace transforms of some
extended functions similarly here. So, we need to memorize some of these extended
results to take the inverse Z transform while solving the difference equations. So, with

that I would like to conclude my lecture.

Thank you very much for your attention.



