Mathematical methods and its applications
Dr. P. N Agrawal
Department of Mathematics
Indian Institute of Technology, Roorkee

Lecture - 22
Solution of First Order Non Linear Equation — IV

Hello friends. Welcome to my last lecture on solution of first order non-linear equations.
In my previous lecture we discussed about how to solve first order non-linear equations
which cannot be reduced to any of the 4 standard forms. The method applied for solving
such non-linear differential equations of first order is Charpit’s method.
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Charpit’s Method:

Let the partial differential equation be given by
f&,y,2,p,q9)=0. (1)

Assume that there exists a relation

#(x,9,2,p,9)=0 .

Then the auxiliary equations are

dp _ dg & dv_dy _dp
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In the Charpit’s methods we have seen that if the differential equation is given by fx y z
p g equal to 0. Then we try to find relation in the variables x y z and p q equal to O,
which we denote by phi x y z p g equal to 0. Such that by the 2 equations f x y z p q
equal to 0 and phi x y x p g equal to 0, we determine the values of p and g. And then we
put them into d z equal p d x plus g d by, if it is in integrable we get the solution that is

the complete integral of the given partial differential equation.

So, let us assume that the partial differential equation is f x y z p q equal to 0, and their
exist a relation in the variables phi x y z p g equal to 0. Then the auxiliary equations we
have seen are given by d p over delta f over delta x, plus p delta f over delta z d g over

this and d z over minus p delta for delta p, minus g delta for delta g d x over minus delta



f delta p d y over minus delta f delta g, equal to d phi over 0. Now by from this question
we tried to find a simplest relation, which will give us the value of p and q, there y by
using the equation f x y z p g equal to 0. We shall be determining the value of the other
variable that is q r p. Now once n p n g are known we shall be able to determine the

complete integral.

So, let us see how we apply this method. So, we should consider the simplest relation

involving at least one of p r g for phi equal to 0.
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We should consider the simplest relation involving at least one of p
orq for ¢ =0 ,sothatitis easier to determine p and 4.

Then using
dz=pdx+qdy
and integrating , we obtain the complete integral. The general and

singular integrals are obtained following the usual method from the
complete integral.
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We have to look for the simplest relation here, involving one of p r g, so that we can
determine the values of p and g. So, it is easier to determine p and q. Then using d z
equal to p d x plus g d y and integrating we obtain the complete integral. The general and

singular integrals are obtained as usual from the complete integral.
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Example 1. Z=pqxy.

Solution. Here the subsidiary equations are

ap dqg  dzdx _dy
pay=2pz  pgx-2qz =2pqxy -qxy —pxy
Hence, the complete solution is
z=Dhx? y(l/n).

. 1t ROORELE

(Refer Slide Time: 02:59)

Honw {f ¢ M’l%
i o 2 pymyso 4
,F’;;R} ,Nxfltﬁ/ Llu ’{(’(//7/%/%/%\"' E‘—l‘“f"/} "0
i £ W=ty A |
Wt Bt
o Feorgdepg |
"Wy P fndpdiny epmations aru
JP : & :ﬁ_‘ - ﬂl_,‘ /./ \
J‘Xfﬁ'[f ~}}Hf¢ ”"l}’Hy 3 —/[} ' I'L ’:j.,},) '\,

|
g_’ N7
AN L

Let us look at the first partial differential equation of first order which is non-linear, z

square equal to p g X y. So, here we may write the equation as z square minus, let us say

let fxyzpqbequal toz square minus p g x y equal to 0. Then we can find the partial

derivative of f with respect to f X y p g and z, so partial derivative with respect to x. So,

let us find first. So, this is minus p q y partial derivative with respect to y we can find.

So, which is minus p g X, now partial derivative with respect to z is 2 z, partial derivative

with respect to p comes out to be minus g x y, and lastly partial derivative with respect to

g comes out to be minus p x y.



So, once we have the values of this 5 partial derivate of f, we can then write the
subsidiary equations the subsidiary equations are, the subsidiary equations let us write
how the subsidiary equations are this one, so d p over f x plus p f z. We can write in short
fx plus p f z, and then d g over fy plus q f z we have done d z, over minus p f p, minus q
f q, and this equal to d x over, minus f p equal to d y over minus f g. And which is equal
to of course, d phi over 0. So, we do not need that. So, let us put the value of the

derivatives here. And we will see that what we get is this.

So, d pover fx plusp fz, fxisequal to minus p qy. So, we get hence d p over f x, fx is
minuspqy,pluspfz, pfzis2zp,thendq,dqover, fy, fyisequal to minus p q x
and then we have q times f z. So, qtimes 2z ¢, 2 z g then d z divided by d x by minus p f
p. So, minus p g minus p into f p, so p g X y and then minus q f g, minus q f g, will also
give you p g X y. So, we get double 2 times and then we get d x over, minus f p. So, we

get q x y, and this is equal to d y over, minus f g minus f @ means minus p xy.

Now, from these auxiliary equations are subsidiary equations, we try to find the simplest

relation involving one of p r g.
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Now here it is if you just if you see this equations, directly we do not find any such
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relation, but we notice that if we multiply d py x x d p, plus p d x, we get minus p g p X
gyandthen2xzppluspdx. So,pgxyequaltoydqgplusgdy,soyintodq will
give youminuspqxy,plus2zqy, 2z qyand then we have g timesd y. So, g times d



y means p q X Y. So, this p g x y will cancel with this, this p g x y will cancel with this,
and we have x d p plus p d x divided by 2 x z pequal toy d q plus g d y divided by 2 z q
y, or x d p, plus p d x, divided by x p equal to y d q plus g d y, divided by y, q 2 z we can

cancel.

So, now this, this we can write further as, or this is d of x into p, numerator is d of x into
p, and then x p equal to d of y g, over y g. Now when we integrate this, this will give you
x pInxpequal tolInxyqplus, Inletussay b or we can take In a, In a. So, we shall get p
x equal to a g y. So, we get a relation between p and g that is p x equal toaqy.
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Now, let us use that relation and determine the values of p and q with the help of the
given equation. So, z square is p g X Y, since z square is p g. So, let us put the value of g

p X equal to p x equal to a q y a times g square y square we have.

So, if we can put here instead of a a square, it will be better. So, we will get z square
equal to p x into q y p X is a square g y. So, a square g square y square and z is equal to a
g y. So, this means that g is equal to z upon a y, we have got the value of g and it is z
over a'y. Now from p x is equal to a square q y now p p is equal to a square g y divided
by x. So, let us put the value of g here.

So, a square y, square y g is z over a'y. So, z over we have a square y, asquare yisz q z

over ay z, over ay into x. So, this will give you we can cancel this, and we can cancel



one a. So, we can get a z divided by x. So, we have got the values of both p and g. Now
let us use d z equal to p d x plus g d y. So, p is equal to a square p is equal to a z divided

byx,dxandqiszoveraydy.

Now, we can divide this equation by z. So, or d z by z equal to a times d x over x, plus d
y over a 'y, when we integrate this equation, we get l and zequaltoaln x plus1byalny
plus let us say the constant In b. So, this will give you z equal to x b times x to the power
a, and y to the power 1 by a, which is the complete integral; so which is the complete
integral. We know that the general integral.

(Refer Slide Time: 13:27)
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And the similar integral can be obtained from the complete integral for the general
integral. We put b equal to phi a then differentiate that this equation with respect to a,
and then eliminate a between the equation, which we get from this equation by putting b
equal to phi a and the equation which we obtained by differentiating this equation with
respect to, so, we know that method and then for the similar integral, we differentiate the
complete integral with respect to a and b and then eliminate a and b between the 3
equations, that is this one and the 2 equations which we obtained by differentiating with
respect to a and b, so that we can easily do once the complete integral is known. Now if
you closely note observe this given differential equation, it can be solved by substitution
also, we will be able to convert this equation into the equation of this standard form that

IS type one, let us see we have. So, we have alternate method aliter.



So, let us notice that z square is equal to p g X y. And this can be written as or one equal
to x into x by z into p, and y by z into g. Or this is also equal to x by z delta z by delta X,
and this is y by z and delta z by delta y. So, if we define capital x equal to In x, and
capital y equal to In y, and capital z equal to In z. Then this equation 1, 1 will become
then one becomes one equal to delta z by delta x, into delta z y delta y, we can see this
easily. So, now, this if you regard delta z by delta x, let us say let delta z capital z by
delta capital x equal to p, and delta z capital over delta x v by y equal to g then we get p
g equal to one or p g minus 1 equal to 0. So, which is of which is p d e of type 1. And the
complete integral in this case is z equal to a capital X, plus b is equal to one over a. So,
one over a by plus some constant b, or we can say now let us values of x y and z. So, In z

equaltoalnxpluslbyalny.

Now, here | can write In b I think it will better if you write In b. So, b we have and then
we have z equal to b times x to the power a, y to the power 1 by a, as the this is the
complete integral. So, if we closely observe the given non-linear first order function
equation by making the substitution and x equals to In n y equal to z equal In z, we are
able to reduce it to the partial differential equation of type one, and for type one partial
differential equation, we know the complete integral it is written like this. So, we get the

complete integral for the given differential equation.
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Example 2. (r+q)y=qz

Solution. The subsidiary equations are

dp  dg dz ok dy

1 (A - - pCp)-qQqy-2) -2py -Qqy-2)

Hence the complete integral is
2=’y + (ax+b).




Now, let us go to another case. So, here we notice that the subsidiary equation are such

that it is not easy to find the simplest relation involving p and g. We have to consider p d

xplusgpgpdplusxdpandqgdyplusydg. So, that also we have to do sometimes.

(Refer Slide Time: 18:47)
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Now, here we have the partial differential equation p square plus g square into y equal to
g z. So, here p f x y p q z equal to p square, plus q square into y minus q z equal to 0. We
can find the partial derivatives partial derivative of f with respect to x is 0. Because the
right hand side there is no x, partial derivative of f with respect to y is p square plus q
square partial derivative of f with respect to p is 2 p y, partial derivative of f with respect
to q is 2 g y minus z, and the partial derivative of f with respect to z is equal to minus g.
So, once we have these derivatives, we can then write the subsidiary equations. The
subsidiary equation turn out to be d p over minus p g d g over p square, plus q square

minus g square, d z over this d x over this and d y over this.

Now, we can look at this first relation, d p over minus p q equal to d g over, p square
plus g square minus g square. So, this is d p over minus p g equal to d g over p square, d
p over minus p q equal to d g over p square, and from this we can see that d p over d p
over minus g equal to d g over p, or we can say p d p plus g d g, equal to q d equal to 0.
So, we will integrate this we will get integrate this, we can write this is p square y 2 plus

g square y 2, equal to a constant. Let us write a square y 2. So, that we will have p square



plus g square equal to a square where a is arbitrary constant. And then the given then

given p d becomes a square into y equal to q z.

So, this gives us the value g, q equal to a square y divided by z, g equal to a square over z
and. So, p square is equal to a square minus g square, gives you a square minus a square
y divided by z whole square. So, this is a square times z square minus a square Yy square,
divided by z square. And this implies p is equal to a times under root z square minus a

square y square divided by z.

Now, pd x,dzequaltopdxplusqdy,sothisisd zequal to p dx means a under root z
sguare minus a square y square, divided by z d x plus q is a square y over z. So, z are z d
z minus a square y d y divided by under root z square minus, a square y square, so z d z
minus a square minus d over under root, this equal to a d X. Now it is easy to integrate.
So, integrating this we get under root z square minus a square y square equal to a x plus
some constant b which implies that z square equal to a square y square plus a x plus b
whole square which involves 2 arbitrary constants a and b. And so, it is the complete
integral which is we can easily find the general integral, and the similar integral from the
complete integral.

(Refer Slide Time: 24:14)

Example 3. px+qy=pq.

Solution. Here  f(x,y,z,p,q)=px+qy-pq=0,
the auxiliary equations are

d_di_ d _dy

pq -px=q)-q(y-p) q--\‘_p—.,v

Hence the complete integral is @ z = (1/2) (y + a x)* +b.

This, another example p x plus q y equal to p g, so here f x by zp g equal top x plusq y
minus p g equal to 0, the auxiliary equations are d p over p, equal to d g over g equal to d
X, over the d z over this d x over this, d y over p minus y. Here it is easy we can see that



there is a exist a relation between p and g, which is given by the first equation d p over p

equal to g over g, so d p over p.
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So, let us use that relation d p over p, equal to d q over q then this In p, when we
integrate In p equal to In g plus In a. So, this gives p equal to a g, when p is equal to a g
the given question reduces to then give me the equation becomes, p X p X means a g x
plus gy, minus p g equal to 0. So, this will give you g equal to 0, g equal to O, or p is

equal to a x plus y.

Now, when let us look at the case g equal to 0, when g equal to 0, p is also 0, q equal to O
p equal to 0 means d z is equal to 0 because d z is equal to p d x. So, g equal to 0 and p
equal to 0 implies d z equal to 0, which implies d z equal to an arbitrary constants c
where c is a constant, and we see that z is equal to ¢ means p 0, g 0 and so, it is satisfies

the given partial differential equation.
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Now, the other non-trivial solution is obtained when we take p equal to a x plus y. So,
when we p is equal to a x plus y, g will be equal to p upon a. So, a x plus y divided by a.
Now d zisequal topd x plusqgdy. So, p means a x plus y, d x and g means a x plus y
divided by ad y. So, thisisequaltoax dz,ax dx plusyd x plus x dy, plusy over ad
y and so, we can integrate it easily. So, z is equal to integrating z equal to a times x
square y 2 plus y d x plus x d y x gives you X into y plus, y square y 2 into a plus some
constant. We can take as b. So, z is equal to x square by 2 plus x y plus y square by 2

plus b, this is complete integral.

As usual the general and similar integrals can be obtained from this complete integral.
Now let us go to the last problem, g equal to minus x p plus p square. So, here we can
write f X y, z p g plus p square minus x p minus q equal to 0. The auxiliary equation
when we find they come out to be d p, over minus p equal to d g over 0, d X over minus 2

p plus, d x over one d z over minus, 2 p, square plus x p plus g.
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Example 4. gE-xp+p.
Solution. Here flx,y,z,p,q) =p*-xp-q=0,

the auxiliary equations are

dp dg  dx dy dz

- 0 _—2p+x: l :—2p2+xp+q'

Hence the complete integralis z=a x e -(1/2) a> e/ + b,

0 It ROORELE

Now, here let us consider d p over minus p equal to d q d y over 1. So, because if d g is
equal to 0, what we will have here, d g equal to 0 means g will be some constant and
when ¢ is some constant, p square minus X p minus some constant we shall have, so d q

over it because we need a relation between p and g.
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So, what we do is we consider d p over minus p equal to d y over 1. D p over minus p
equal to d y over 1, so this will give you minus In p when we integrate, y plus In or I can

write it as In p equal to minus y plus some constant In ¢ let us say where In ¢ is minus In



a. So, p is equal to c times e to the power minus y. And once we have p we can find q
from the given equation. So, p q is equal to minus x p plus p square. So, let us put equal
to ¢ e to the power minus y minus X e e, to the power y plus p x square. So, X square e to
the power minus 2 y this the value of g.

Now, d z is equal to p d x plus g d y. So, here what we have p is equal to c e to the power
minus y d x. And then we have minus let me replace minus ¢ x e to the power minus vy,
plus ¢ square e to the power minus 2 y. | think we have to write d y everywhere. So, let
me write it like this. See this is p ¢ e to the power minus d x plus g, is minus c X e to the

power minus y plus ¢ square e to the power minus 2y d y.

Now, here we notice that ¢ times e to the power minus y d X, and then minus X times e to
the power minus y, we have taken this pair and then, we have c square, this is d y also
here and then plus c square e to the power minus 2 y d y. So, integrating we get z equal
to ¢ x times e to the power minus y, from here and then c square e to the power minus 2 y
divided by minus 2 plus some constant, which we can take as b. So, now, this, the
solution involves 2 arbitrary constants b and ¢, and so, which is the required complete
integral.

So, once we have complete integral, the general and similar integrals can be obtained
from the complete integral. So, we have written z equal to a X e to the power minus y.
Here in place of y we have written c there, and then minus half a square e to the power 2
y plus b. So, this is the complete integral and as | said general integral and the similar
integral can b e obtained from this complete integral, why applying the usual methods.

So, with that | would like to conclude this lecture.

Thank you very much for your attention.



