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Lecture — 17
Solution of Lagrange’s equation —I

Hello friends, welcome to my first lecture on solution of Lagrange’s equation. We know

that an ordinary differential equation has solutions which involving a few arbitrary

constants.
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We know that an ordinary differential equation has solutions
involving a few arbitrary constants while a partial differential
equation has solutions involving arbitrary functions so that by
particularizing the functions, any number of arbitrary constants
can be inserted. Thus a partial differential equation is richer in
solutions than an ordinary differential equation
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If you take nth ordinary differential equation then it solution involves, general solution
involves n arbitrary constants. Now in the case of a partial differential equation, we have
solutions which involve arbitrary functions and so by particularizing the arbitrary
function any number of arbitrary constants can be inserted and therefore, we can say that

a partial differential equation is richer in solutions than an ordinary differential equation.
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Complete integral :

We know that on elimination of two arbitrary constants we obtain a
partial differential equation of first order when there are two
independent variables.

So, a relation between the variables which satisfies the partial
differential equation and contains as many arbitrary constants as
there are independent variables is called as the complete integral of
the given partial differential equation.
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Now, let us define what do we mean by a complete integral? We know that when you
eliminate two arbitrary constants we obtain a partial differential of first order, differential
equation of first order when there are independent variables. In my last lecture we have
seen that when the when we eliminate the two arbitrary constants we obtain a partial
differential equation of first order, in case of two independent variables. So, a relation
between the variables which satisfies the partial differential equations, equation and
contains as many arbitrary constants as there are independent variables is called as the

complete integral of the given partial differential equation.
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Particular integral:

A solution obtained by giving particular values to the arbitrary
constants of the complete integral is called a particular integral of a
given partial differential equation.

General integral:

We have seen that on eliminating an arbitrary function @ from the
relation #(1,v)=0, where nand v are independent functions of x,
Y, z, we get a partial differential equation of the first order.
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Now, solution obtained by giving particular values to the constants occurring in the
complete integral is called as a particular integral of the given partial differential
equation. Now we also in the previous lecture we have also seen that when we eliminate
an arbitrary function phi from the relation phi u v equal to 0 where, u and v are
independent functions of X, y and z; we get a partial differential equation of the first

order.

(Refer Slide Time: 02:05)

Hence when a partial differential equation of the first order is given, it
will have a solution @(u,v) = 0. This solution s called the General
integral of the given partial differential equation.

In case of i independent variables, the general integral is a relation
between the variables involving (1 -1) independent functions of
those variables together with an arbitrary function of those (11-1)
functions.
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And therefore, when a partial differential equation of the first order is given we will have
a solution phi u, v equal to 0. This solution is called as the general integral of the given
partial differential equation. Now we can generalize this to the case of n independent
variables. When we have independent variables the general integral is a relation between
the variables involving n minus 1, independent functions of those variables together with

an arbitrary function of those n minus 1 functions.
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Singular solution:

The equation of the envelope of the surfaces represented by the
complete integral is found. This equation of envelope is called the
singular integral of the given partial differential equation. It differs
from a particular integral in that it can not (except in exceptional
case) be obtained from the complete integral by giving particular
values to the constants.
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Now, let us define a singular solution. The equation of the envelope of the surfaces
represented by the complete integral is found. This equation of envelop is called the
singular integral of the given partial differential equation. Now this singular integral
differs from the particular integral in that, it cannot be obtained from the complete
integral by giving particular values to the constants. Let us say, we have the partial
differential equation f X, y, z, p, g equal to 0 which, has been derived from the relation F

X,Y, Z, &, b equal to 0 where, a and b are two arbitrary constants.

(Refer Slide Time: 03:02)

Let the partial differential equation be

fixy,z,p,9)=0, (1)
which has been derived from the relation
F(x,y,z,a,b) =0 .(2)

The envelope of the surfaces represented by equation (2) is found by
eliminating a and b between the equations

Fix,y,z,a,b)=0, %=0 and %=0.

oa ob
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We know that when you eliminate the two arbitrary constants occurring in the relation F

X, Y, Z, &, b equal to 0, but you get is a first order partial differential equation.

So, f X, Y, z, p, q partial differential equation is derived from the relation F x, y, z, a, b
equal to 0. The envelope of the surfaces represented by the equation 2 is found by
eliminating a and b; the arbitrary constants a and b between the equations F X, y, z, a, b
equal to O delta F over delta a equal to 0 and delta F over delta v equal to 0. Now
singular integral is a relation between the variables involving no arbitrary constants. In
general singular integral, if it exists it is distinct from a complete integral, but in the
exceptional cases it occurs as a particular case of the complete integral obtained by

giving a, special values to the arbitrary constant. This is also in the exceptional case.

(Refer Slide Time: 04:02)

Singularintegral is a relation between the variables involving no
arbitrary constants. Generally, singular integral, if it exists, is distinct
from a Complete Integral. However, in exceptional cases it occurs as
a particular case of the complete integral obtained by giving special
values to the arbitrary constants.
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Singular integral from the partial differential equation directly:
Let the partial differential equation be

flxy,z,p.q)=0.
The singular integral, when it exists is given by eliminating p and g
between

f=0, f—’zO and ?—f=0 )
ap 0q

On eliminating p and g we obtain a relation between x, y, z which is
independent of any arbitrary constants. This relation is a singular
integral if it satisfies the given differential equation.
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Now, let us see how we get the singular integral from the partial differential equation
directly. Suppose we have the partial differential equation of first order f x, y, z, p, q
equal to 0 then, the singular integral where it exists is obtained by eliminating p and q
between the equation f equal to O the its partial derivative with respect to p and its partial
derivative with respect to g equal to 0. So, | am eliminating p and g, we shall obtain the
relation between X, y, z which will be independent of any arbitrary constants and this

relation is a singular integral provided it satisfies the given differential equation.
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General integral from completeintegral: Let the complete integral
be

F(x,y,z,a,b) =0, (1)
and let one of the constants be a function of the other, i.e., let h=g(a)
then the complete integral becomes

Fix,y,z,a, ¢(a))=0, (2)
The general integral is obtained by eliminating the constant “a’

between (2) and
o _o. -(3)
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So, now let us see how we can obtain general integral from the complete integral. Let us
say the complete integral of the differential equation b, F X, y, z, a, b equal to 0. So, here
x and y are taken two independent variables and we have two arbitrary constants. So, we
have defined the complete integral as the solution involving as many arbitrary constant
as there are independent variables, so in the relation. So, here this can be called as a
complete integral. So, F X, y, z, a, b equal to 0, let this be this complete integral and one
of the constant suppose a can be written as a function of, b can be written as a function of
a. So, b equal to phi a then, we can write the complete integral as F X, y, z, a phi a equal
to 0.

The general integral is then obtained by eliminating the constant a between equation 2

and equation 3, which is the equation delta F over delta a equal to 0.
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The equations (2) and (3) represent the curve of intersection of two
consecutive surfaces of the system

F(x,y,z,0, ¢(a))=0,
The envelope of the family of surfaces is the locus of the

intersections of consecutive surfaces and hence contains the curve.
This curve is called the characteristics of the envelope.

Thus, the general integral may also be defined as the locus of the
characteristics.
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The equations 2 and 3 represent the curve of intersection of two conjugated surfaces of
the system F X, vy, z, a phi a equal to 0. The envelope of the family of surfaces is the locus
of the intersections of consecutive surfaces and hence contains the curve. So, this curve
is called as the characteristics of the envelope that, the general integral may also be
defined as the locus of the characteristics. Now let us see how we find the solution of a

partial differential equation.

When while solving a partial differential equation we must not only find the complete

integral, but should also indicate the singular and particular general integrals. The partial



differential equation is not said to be completely solved, if we just find the complete
integral.
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A

Solution of a partial differential equation:

While solving a partial differential equation, we must not only find
the complete integral but should also indicate the Singular and
General Integrals. The partial differential equation is not
considered as completely solved if we just find the complete
integral.

Lagrange’s method of solving a partial differential equation of the
first order enables us to obtain an integral involving an arbitrary
function. It provides all solutions of the partial differential
equations which are not of the type known as “special functions.”
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We shall now discuss how to solve a partial differential equation of first order and first
degree. So, Lagrange’s method of solving a first order and first degree partial differential
equation provides such an integral involving an arbitrary function. And this solution
actually this integral which involves an arbitrary function, it provides all solutions of the

partial differential equation which are not of the type known as a special functions.

So, this we shall see later on. This case where solution of the partial differential equation
is not actually contained in the general integral. So, this we shall see later on, it just an
exceptional case where all solutions of the partial differential equation are not obtained
from the general integral.
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Hence the partial differential equations of the first order and first
degree is considered as completely solved if the solution is obtained
by Lagrange’s method in the form  g(u,v)=0.

Lagrange’s Linear equation: It is an equation of the form

Pp+Qq=R, A1)
where P, Q, R are functions of x, y, z.
We have seen that by eliminating an arbitrary function ¢ from

#(u,v)=0, ~(2)
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Now, hence the partial differential equations of the first order and first degree is
considered as completely solved. If the solution of the differential equation is obtained
by the Lagrange’s method in the form phi u, v equal to 0. Let us see the most general

form of the Lagrange’s first order and first degree differential equation.

So, Lagrange’s linear equation is an equation of the form P p plus Q g equal to R, let us
remember that this small p represents the partial derivative of z with respect to x and this
small g represent the partial derivative of z with respect to y, so where this P, Q and R
are functions of x, y, z. So, thus we have a first order and first degree differential
equation and we have seen that by eliminating the arbitrary function phi from phi u, v
equal to 0.
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we form the partial differential equation

Pp+Qq=R -(3)
where
p i dudy o Guby Gy
dy 0z 0z dy 0z Ox 0x 0z

oudv oOudv
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We find the partial differential equation P p plus Q q equal R where, P comes out to be
equal to this and Q comes out to be equal to this and R comes out to be equal to this.

Hence when we have an equation given by 3, let us say when we have an equation given
by 3, we have an integral given by equation 2; this integral. So, when we consider a
partial differential equation of the first order and first degree its solution will be given by
phi u, v equal to 0 which will be called its general integral.
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Hence, when we have an equation given by (3), we have an integral
given by equation (2), which is called its General Integral. Thus our
problem s to find # and v occurring in equation (2).

Let us consider the equations #=a and v = b, wherea and b are
arbitrary constants. Then on differentiating , we obtain

dx dy dz )
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Thus our in problem is now reduces to finding the independent functions u and v that
occurring in equation 2. If we know the independent functions u and v then we shall be
able to write phi u, v equal to O; the general integral of the given partial differential
equation of first order first degree.

(Refer Slide Time: 09:06)
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So, let us consider, let us now consider the equations u equal to a and v equal b where, a
and b are arbitrary constants. So, then on differentiating what do we get, u equal to a
gives you delta u by delta x because u is a function of x, y, z. So, delta u by delta x d x
delta u by delta y d y delta u by delta z d z equal to 0 because a is a constant and
similarly b equal to v gives you delta b over delta x d x, delta b over delta by d y plus
delta b over delta z d z equal to 0. Now let us solve these two equations. So, solving
these two equations we get, we obtain d X over uy minus uy vz minus u z v y and

thendyoveruzvxminusuxyv z.

And then we have u x v y minus u y v X. Now this is equal to this P. So, we have d x
over P equal to d y over Q equal to d z over R. So, then on solving, then on
differentiating the equations u equal a and b equal to v, we arrive at the subsidiary
equations d x by P equal to d y by Q equal to d z by R. The equation 4, these equations
there are two independent equations. So, there are the equation 4 are differential

equations, whose solutions are u equal a and v equal to b.



Hence to obtain a solution of the partial differential equation P p plus Q g equal to R, we

write down the subsidiary equations d x over P equal to d y over Q to d z over R.

(Refer Slide Time: 12:00)

and find two independent integrals of the subsidiary equations, say,
1 =a, v = b; the General Integral of the partial differential equation
is given by

P(u,v)=0 ,
where ¢ is an arbitrary function. We may also write the General
Integral in the form u = ¥(v), where ¥ is an arbitrary function.
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And find two independent integrals of the subsidiary equations say u equal to a, v equal
to b then the general integral of the partial differential equation will be given by phi u, v
equal to 0 where, phi is an arbitrary function. Now since we are only interested in an
arbitrary function relating u and v, we may also write the general integral in the form u

equal to psi v where, psi is an arbitrary function.

(Refer Slide Time: 12:14)

Generalization: To find the general integral of

pEap B P
oy, ~or, ox,

n

we form the subsidiary equations

dv, dv,  dx, dz

PP ~F 3T
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Now, this can be generalized to the case of n independent variable. Suppose z is a
function of n independent variables x 1, x 2, x n and we are given the partial differential
equation P 1 delta z by delta x 1 plus P 2 delta z by delta x to P n delta z by delta x n
equal to R where, P 1, P 2, P n and R are functions of the variables x 1, x 2, x n and z
then we form the subsidiary equation d x 1 over P 1 equal to d x 2 over P 2 equal to d x n
over P n equal to d z by R and obtain the n independent solutions u 1 equal toa 1, u 2

equal to a 2, u n equal to a n of the subsidiary equations.

(Refer Slide Time: 12:57)

and let u;= a;, u,= a,,. .. u,=a, be nindependent integrals of
these equations, then the general integral of the given partial
differential equation is

F(u,uy,...,u,) =0,
where F is an arbitrary function.
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Then, the general integral of the given partial differential equation is writtenas Fu 1, u 2

u n equal to 0 where, F is an arbitrary function.
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Special integral:

Consider the partial differential equation
p+2qz18=372%,

Then the subsidiary equations are

& & &

|27 328

Here the general solution is

INPTEL ONUINE
° BUICORE: CERTIFICATION COURSE

Now, we are considering a special type of Lagrange’s linear equation where we shall see
that the some solutions are not actually obtained from the general integral, such solutions
are called as special integrals. For example, let us consider the partial differential
equation p plus 2 g z to the power 1 by 3 equal to 3 z to the power 2 by 3. So, this is a
Lagrange’s linear equation where we shall see that capitol P is equal to 1, capital Q is
equal to 2 z to the power 1 by 3 and R is equal to 3 z to the power 3 by 3 when we

compare this equation with the Lagrange’s linear equation general form.
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So, the subsidiary equations are d x over 1 equal to d y over 2 z to the power 1 by 3 equal
to d z over 3 z to the power 2 by 3. Now, our aim is to determine, two independent
integrals u equal to some constant and v equal to some constant, from the subsidiary
equations. So, let us see this is very simple because it we can apply the method of
separation of variables. So, we have let us consider the equations d x over 1 equal to d z
over 3 times z to the power 2 by 3. So, when we integrate this equation, we get x equal to
1 by 3 z to the power minus 2 by 3 plus 1 divided by minus 2 by 3 plus 1. So, this will be
plus some constant let us say, a. So, this will be equal to 1 by 3 z to the power 1 by 3

divided by 1 by 3 plus a.

So, this can be cancelled and we have x minus z to the power 1 by 3 equal to a. So, we
have got the function u, X, y, z as x minus z to the power 1 by 3. Now similarly let us
consider d y another equation d y over 2 z to the power 1 by 3 equal to d z upon 3 times z
to the power 2 by 3. So, then we shall have d y equal to 2 over 3 d z upon z to the power
1 by 3. Now again let us integrate, integrating we get y equal to 2 by 3 z to the power
minus 1 by 3 plus 1 divided by minus 1 by 3 plus 1 plus some constant let us say b. So,
this will give you, 2 by 3 z to the power 2 by 3 divided by 2 by 3 plus b.

(Refer Slide Time: 16:29)
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So, this will cancel and we get another integral y minus z to the power 2 by 3 equal to b.
So, thus we have two independent integrals, u, X, Y, z equal to x minus z to the power 1

by 3 equal to a constant, a and v, X, y, z equal to y minus z to the power 2 by 3 equal to



b. Now we can see that these two functions of x, y, z are independent of each other. So,
hence, the general integral is given by some arbitrary function phi u, v. So, that means u

means X minus z to the power 1 by 3 and y minus z to the power 2 by 3 equal to 0.

Now, we note that. So, we have got the general integral by applying the method given by
Lagrange’s. Now let us notice that the differential equation p plus 2 q z to the power 1 by
3 equal to 3 times z to the power 2 by 3. It is also satisfied when we take z equal to 0
because when you take z equal to O then, this will give you p equal to O, its derivative
with respect x equal to 0 and q equal to 0. So, p equal to 0 and g equal to O when you
substitute and z equal to 0, the given partial differential equation is satisfied and the z
equal to O cannot be obtained from this general integral, it is not an, it cannot be
expressed z equal to 0 cannot be expressed as a function of x minus z to the power 1 by 3

and y minus z to the power 2 by 3.
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We note that z=0 also satisfies the given partial differential
equations it can not be expressed as a function of

x-z'8 and y- 2%
An integral of this type is known as special integral.

Example:
p+qll+(z-y)”]=1
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So, such a function is known as the special integral. So, there are some exceptional cases
where we notice that solution of the partial differential equation is not expressible as a
function of the independent integrals u and v, it cannot be obtained from the general

integral. Now let us take one more case.
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So, let us consider one more partial differential equation of this kind p plus g times 1
plus z minus y to the power 1 by 3 raise to the power 1 by 3 equal to 1. So, again we see
that it is a Lagrange’s linear equation. So, we can write the subsidiary equations, the
subsidiary equations are d x by P. Now capital P here is 1. So, we have d x by 1 capital Q

is 1 plus z minus y to the power 1 by 3.

So, we get d y upon 1 plus z minus y raise to the power 1 by 3 and d z upon R, R is equal
to 1. Now we have to find two independent integrals, u equal to constant and v equal to
constant from this subsidiary equations. So, let us first solve d x over 1 equal to d z over
1. So, this solving this, we get x equal to z plus some constant a or u X, Yy, z equal to X
minus z equal to a. Now let us take, let us find the other solution. So, we can consider d y
over 1 plus z minus vy raise to the power 1 by 3 equal to d z upon 1. Now this is also
equal to d y minus d z divided by 1 plus z minus y raise to the power 1 by 3 minus 1. So,
this cancels with this. So, thus we have or d z upon 1 is equal to d y minus d z over z

minus y to the power 1 by 3.

Now, let us define z minus y equal to some variable t then, d y minus d z or d z minus d
y is equal to d t. So, we shall have d y minus d z upon z minus y to the power 1 by 3, we
can write as minus d t upon t to the power 1 by 3. Thus, d z upon 1 is equal to minus d t
over t to the power 1 by 3. Now let us integrate. So, integrating we have z equal to minus

t to the power minus 1 by 3 plus 1 divided by minus 1 by 3 plus 1 plus some constant b.



This is equal to or z equal to minus t to the power 2 by 3 into 3 by 2 plus some constant
b. So, this is also can be written as minus 3 by 2 z minus y to the power 2 by 3 plus v or

we getu v, X, Y, z equal to z plus 3 by 2 z minus y raise to the power 2 by 3 equal to b.

Thus, we have got two independent integrals u X, y, z equal to x minus z equal to a and v
X, Y. z equal to z plus 3 by 2 z minus y to the power 2 by 3 equal to b. And therefore, the
general integral of the given partial differential equation which we can write in short as
PDE is phi u, v equal to 0; that means, x minus z and z plus 3 by 2 z minus y raise to the
power 2 by 3 equal to 0. Now this is the general integral which we have solved by which
we have obtained by solving the subsidiary equations. Let us notice that if you take z

equal toy.

So, we note that, if z is equal to y then due to the independence of the variables x and y
when we differentiate z with respect to x we get 0 and when we differentiate z with
respect to y we get 1. So, if you look at the given partial differential equation p is equal
to 0, g is 1 and then z is equal to y. So, we will get 0 plus 1 into 1 plus 0 equal to 1 and
therefore, z equal to 1. So, the equation is satisfied and therefore, z equal to y is also a
solution of the given partial differential equation, but we observe that z equal to y cannot

be expressed as a function of the functions independent integrals u and v.

So, since z equal to y equal to or z equal to y cannot be expressed as a function of u
equal to x minus z and v equal to z plus 3 by 2 z minus y to the power 2 by 3, it is called
as a special integral. It is a special integral of, so thus in some particular cases of partial
differential equations we observe that there exists a solution which cannot be expressed
as a function of the independent functions of x, y, z, u and v. Otherwise in almost all
cases the general solution integral which is obtained from the subsidiary equation
includes all the solutions of the given partial differential equation. So, this is what we
have about how we solve a Lagrange’s partial differential equation first order and first

degree.

In our next lecture we shall discuss in detail this method of solving linear partial
differential equation of first order and first degree and we shall also give the geometrical
interpretation of the Lagrange’s first order and first degree linear differential equation

that is P p plus Q g equal to R. With that I would like to conclude my lecture.

Thank you very much for your attention.



