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Lecture — 13
Solution of second order differential equations by
changing independent variable

Welcome friends, to my lecture on Solution of Second order Differential Equations by
Changing Independent Variable. Now we are going to discuss another method
sometimes this method is found to be very useful, and in this method we change the

independent variable.
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Change of independent variable

There is another method which sometimes is very useful in transforming
the equation in an integrable form which is that of changing the
independent variable.

Let us consider a linear differential equation of second order be

y"+Py'+Qy=R, (1)
where P, () and R are continuous functions of x onan interval L

Let the independent variable be changed from x to z, z being a given
function of x.
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So far the differential equations that we are considering they are of second order linear
differential equation with variable coefficients where x is the independent variable. So,
in this method we will change the independent variable from x to say another
independent variable that is z. So, let us consider a linear differential equation of second
order, that is y double dash plus P y dash plus Q y is equal to R where P Q R are
continuous functions of x on an on some interval i. We will be changing as i said we will
be changing the independent variable from x to z. The relationship between x to z will be
found from the fact that i the changed equation it becomes readily integrable.



Once we have that aim in mind that the changed equation has i, mean is

integrable. From there we shall be able to derive the relationship between x and z.
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Substituting y'and y" in equation (1), we have
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readily

So, let us see what we do since X is related to z, we can write d y by d x equal to d y by d

z over into d z by d x. And d square by d x square if you find d square by d x square.
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Then d square by d x square will be equal to d over d x of d y by d x which is equal to d

overd x of d y by d z into d z by d x. So, differentiating this product of functions of x,



we shall be having d overd x of dy by d z into d z by d x plus d y by d z into d square z
by d x square.

Now, this can be further expressed as d over d z of because z is a function of x, we can
write it as this into d z by d x, intod z by d x plus d y by d z, into d square z by d x
square. So, this will be equal to d square y over d z square into d z by d x whole square,
plus d y by d z into d square z y d x square. So, the second derivative of y with respect to
xisequaltod 2 yoverdz2intodzbydx whole square plus d y by d z into d square z
by d d x square.

Now, substituting these values of y dash and y double dash in the equation 1, we shall
have this expression d square y over d z square into d z by d x whole square plus d
square X by d x square plus P d z by d x intod y by d z plus Q y equal to R. So now, let

us denote.
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Let us write this equation in the form d square y over d z in this standard form d square y
by d z square plus P 1 dy by d z plus Q 1 by y equal to R 1 where we write P 1 for this
expression d square z by d x square plus P d z by d x over d z by d x whole square. And
Q 1 we write for d Q over d z by d x whole square and R 1 denote R over d z by d x

whole square.



So,these P1 Q1R 1,P1Q 1R 1aresome functions of x. And can they can be easily
expressed as functions of z by the relationship between z and x which we have yet to

establish.
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P,, Q, and R, are functions of x as shown in previous slide but
can be readily expressed as functions of z by the given relation
between z and x.

. )
If by equating ¢ - toaconstant, P; also becomes a constant,
az

dx

then equation (2) is at once integrable.

Since z is quite arbitrary, it may therefore be chosen to satisfy any
assignable condition.
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So, now what we do is let us discuss various possibilities, which will give us a function
of z i mean z as a function of x and with those possibilities we shall be able to integrate
the equation 2. So, the first possibility is that let us equate Q over d z by d x whole
square. Q over d z by d x whole square is Q 1. So, let us equate Q 1 to a constant. So, if
we do that. So, what do we have Q 1 equal to Q y d z by d x whole square. Suppose it is
some constant. Then if it is so happens that P 1 also becomes a constant. If P 1 also
becomes a constant then the equation 2 will be a linear differential equation of second
order in the independent variable z, the dependent variable y with constant coefficients,
and we have seen earlier how we solve a second order linear differential equation with

constant coefficients.

So, if the function if z is a function of x, in such way that Q over d z by d x whole square
is a constant. Then if P 1 also becomes a constant the equation 2 is at once integrable. So,
this is one possibility where we can find the general solution of equation 2. Now since z
is quite arbitrary. It can be chosen to satisfy any assignable condition s 1 condition that
we put is that Q over d z by d x whole square is equal to a constant.
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Thus, we may choose z to make the coefficient of Y \anish.
dz

d“ +Pé=0 ;
dx” dx

Hence, if we put P, =0 or
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Let us look at other possibilities, in the other possibility what we do is we choose z in
such a way that the coefficient of d y by d z in the equation 2 vanishes. So, coefficient of
d y by z in the equation 2 is P 1. So, let us put P 1 equal to 0. So, if P 1 equal to 0 we get
d square z by d z square, plus P d z by d x equal to 0. So, let us say suppose, u is equal to
d z by d x. Then this a question the question can be expressed as d u by d x plus P into u
equal to 0. We can separate the variables u and x are now let us integrate. So, integrating
both sides we have | n u equal to minus integral P d x are u equal to e to the power minus

integral P d x.

So, thus d z by d x is equal to e to the power minus integral P d x. Now integrating again
with respect to x we get z as integral e to the power minus integral P d x d x. So, if we
put the coefficient of d y by d z, that is P y equal to 0 we get z equal to integral of e to
the power minus integral P d x d x, and after that if Q 1 with this choice of z as a
function of x if it. So, happens that Q 1 becomes a constant then it is a second order
linear differential equation with constant coefficients it will be d square y over d z square
plus a constant time by equal to R 1. So, it will be a linear differential equation of second
order with constant coefficients, and therefore we can solve it we can find the general

solution of this equation.

Now, the other possibility is that suppose Q 1 is a constant divided by z square. Then z

square times d square y by d x d square plus a constant times y will be equal to R 1 times



z square. And, So, we will have quasi Euler equation and we know how to solve quasi
Euler equation. So, we can again get the solution of this differential equation. So, if P 1
is taken equal to O and after that P 1 equal to O, we get z as a function of x, with this
choice of z as a function of x if Q 1 either becomes a constant or Q 1 is a constant
divided by z square then we can find the general solution of equation 2, and hence we

can find the general solution of equation 1.

So, that is one more possibility and so we can see here if the equation 2 will reduce to
this form. If the curve given, comes out to be a constant or a constant divide by z square

the equation 3 becomes readily integrable.
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So, the equation (2) reduces to the form

i’y
Digp=k, -8
If the value of (), comes out to be a constant or a constant divided by
2’ then equation (3) becomes readily integrable.

If we choose z such that Q,=a’, then

adz—\/é

ra

NPTEL ONUINE
‘ SROORKEE CERTIFICATION COURSE



(Refer Slide Time: 09:55)

A1) d (& 4
B A ] '{Z\‘ﬁ 2
E '\ o) AI(A?/‘[L+‘} :t‘,:»

= 4[4 At ax 2y Lo
A APEnEs
T 2oy (e dy
e a7 (ﬁ)‘ G
8 &
o - Jpa
ka’t ja— o W= ¢
2 Vo ! _ |Pdn
A _px TM"%: g
e L 2t - [[m)a

Now, let us see when we put Q 1 as a constant, say suppose Q 1 we take as some
constant a square. We just want z as a function of x. So, this constant can be chosen
according to our requirement. So, we are we will be choosing Q 1 equal to a square. So,
then a Q upon d z by d x whole square, this is equal to Q 1 and Q 1 is a square. So, we
shall have d z by d x equal to Q upon a square R or root Q divided by a, or we can say z

isazisequal to 1 upon a integral root Q d x. We will get z as a function of x.
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Hence, az= I\/@dx

Then equation (2) reduces to

LI I N
- dz

If P, comes out to be a constant, then the above equation can be
easily integrated.
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Now, this is what we will get and the question will reduce to d square y over d z square
plus P 1dy by d z plus a square y equal to R 1. If P 1 is a constant then the question can
be easily integrated because it will be a linear differential equation of second order, with
constant coefficients. Now let us see some examples on this. So, let us consider the
question given in example 6, first we will write this equation in the standard form. So,
the coefficient of d square y by d x square you will get unity which means that we will

divide the equation by x to the power 6.
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So, we shall have y double dash plus 3 by x y dash, plus a square by x to the power 6,
into y equal to 1 by x to the power 8. So, when we compare this equation with the
standard form, we get P equal to 3 by x Q equal to a square by x to the power 6 and R

equal to 1 by x to the power 8.

So, let us first explore the possibility when we put Q as a constant. So, let us put Q as a
constant. So, let Q be equal to some constant, say let us take it as 1. Then what we Q by
is Q by d z by d x whole square we put as a constant. So, wait i think wait a minute sorry.
So, let us let Q 1 be equal to Q 1 is equal to Q by d z by d x whole square, after we
change the variable from x to z we get this Q 1. So, after we change the variable from x

to z we will get Q 1 as this.

So, this u let us put as equal to this is equal to a square by x to the power 6, into 1 by d z
by d x whole square. Let us put it as a constant say 1. We can take any value of the



constant if you do not take here one you take some other constant then the relationship
between x and z will be changed accordingly. So, R d z by d x whole square equal to a
square by x to the power 6, which implies that d z by d x equal to a by x cube. And this
gives you when we integrate with respect to z we get z equal to a x to the power minus 2

divided by minus 2.

So, this is a upon minus a upon 2 x square. Now let us find the value of P 1. P 1 equal to
P dzbydxplus dz by dx whole square, d square z by d x square upon d z by d x whole
square. So, P is equal to 3 by x, d z by d x is a by x cube, plus d square z by d x square
we can find from here. So, d square z by d x square we differentiated once more see this
is a times x to the power minus 3. So, we have minus 3 a x to the power minus 4; so
minus 3 a by x to the power 4. So, we get minus 3 a over d z by d x whole square which
IS a square by x to the power 6.

Now, here we have 3 a by x to the power 4 here minus 3 a by x to the power 4. So, this is
equal to 0. So, when Q 1 is assumed as a constant, which is which we have taken here as
1, P 1 also comes out to be a constant which is 0. So, we have the equation in in the
independent variable as d square y over d z square, plusP1d ybydzplusQ 1intoy
equal to R 1. This becomes d square y over d z square plus Q 1 we have taken as 1. So, y
and R 1 is R over d z by d x whole square. So, R 1 is 1 over x to the power 8 R 1 divided
by d z by d x whole square. So, divided by a square over x t the power 6. So, we get here
x to the power 6 over a square.

So, we get here d square y over d z square plus y equal to 1 by a square x square, now we
have to change the variable independent from x to z, and the relationship is z equal to
minus a by 2 x square. So, 1 by a 1 by x square is 2 z over minus a. So, this is 1 by a
square 2 z over minus a. 1 by x square equal to 2 z over minus a. So, this will be minus 2
z over a cube. Now this is a second order linear differential equation with constant
coefficients. So, we can or write the complimentary function for this. Here the auxiliary

equation will be m square plus 1 equal to O.

So, the roots will be complex conjugate m equal to plus minus i. So, complementary
function will be ¢ 1 cos z plus ¢ 2 sin z. And z we see is equal to minus a by 2 x square.
So, ¢ 1 cos minus a by 2 x square plus ¢ 2 sin minus a by 2 x square, cos minus theta is

equal to cos theta, sin minus theta is minus sin theta. So, we can write it as ¢ 1 cos a by 2



X square, and here minus ¢ 2 sin a by 2 x square, minus ¢ 2 can be replaced by another
constant, say ¢ 2 dash and we can write ¢ 1 cos a by 2 x square plus ¢ 2 dash sin a by 2 x

square.

(Refer Slide Time: 18:20)

Now, a particular integral let us find, So, thisy P x y P z let us first find y P x y P x will
be 1 over d square plus 1 1 over d square plus 1 acting on minus 2 z by a cube. So, this is
equal to minus 2 by a cube 1 over d square plus 1, acting on z. Now this is a polynomial
z is a polynomial of degree 1. So, 1 over z d square plus 1 we shall expand as in a in the
form of binomial expansion. So, minus 2 by a cube 1 plus d square raise to the power
minus 1 operating on z. When we write binomial expansion for this we shall have 1
minus d square plus d 4 minus d 6 and so on. But the second derivative of z is 0. So, we
will get minus 2 by a cube 1 minus d square plus d 4 and so on, operating on z which
will give you minus 2 by a cube minus 2 by a cube d square z d 4 z all are 0. So, we have

minus 2 z by a cube and z is equal to minus a by 2 x square.

So, this is minus a by 2 x square. So, this will give you 1 by a square x square, and thus
the general solution is y equal to y ¢ x plus y P x, this is y ¢ x and this one is y P X. So,
we take the sum of the 2 and it writes it equal to y. So, that is the general solution this
case now let us discuss one more problem on this to make it more clear. So, let us take

up another problem here in the example 2, we are given the equation x d square y by d x



square minus d y by d x minus 4 x cube by equal to 8 x cube sin x square. So, again we

divide the equation by x to make the coefficient of y double dash unity.
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So, we shall have y double dash minus ,1 over y dash minus 4 x square into y equal to 8
X square sin x square. So, here P is equal to minus 1 over x Q equal to minus 4 x square
and R is equal to 8 x square sin X square. So, again we try the method where we put Q 1

asaQ1QyQ equal toasorry Q 1 equal to a constant.

So, after we change the variable from x to z we get the equation d square y by d z square
plusP1dybydzplusQ1yequaltoR 1. So, here Q 1is Q yd z by d x whole square.
So, let us put Q 1 as a constant. Say Q 1 will be equal to minus 4 x square upon d z by d
x whole square. So, Q 1 we can we can take as a constant let us take the constant as
minus 1 to then it will be simple. So, let us take Q 1 equal to minus 1, then d z by d x
whole square will be equal to 4 x square. So, which will give us d z by d x equal to 2 x.
One can take d z by d x equal to minus 2 x also that will give you other relation between
x and z. So, the equation will change accordingly. So, we are taking positive here sin
here. So, d z by d x equal to 2 x this gives you z as x square. So, does z has x x square let
us find the value of P 1.

So,d zbyd xis 2 x P here is minus 1 over x and d square z by d x square is 2 d z by d x
whole square is 4 x square. So, again this cancels with this minus 2 plus 2 is 0. So, we
get P 1 equal to 0 and thus the equation 1 reduces to d square y by d z square P 1 is 0 Q



is minus 1. So, minus y equal to R 1 R 1 is R over d z by d x whole square. So, a 8 x
square sin x square divided by d z by d x whole square which is 4 x square. So, we shall
have 2 sin x square. So, complementary function here is this is auxiliary equation is i
mean X minus 1 equal to 0. So, m is equal to plus minus 1. So, the both the roots of the
auxiliary equation are real and distinct and therefore, we will have ¢ 1 e to the power z
plus c 2 e to the power minus z and z is equal to x square; so ¢ 1 e to the power x square

plus ¢ 2 e to the power minus x square.

Now, here this in order to find the particular integral, the right hand side of this equation
which is linear differential equation with constant coefficients, in the right hand side x
has to be changed to z. So, we have 2 sin z because z is equal to x square. So, particular
integral will be 1 by d square minus 1 d d here represents d over d z. So, 1 over d square
minus 1 operating on 2 sin z and this will be equal to 2 times 1 over d square minus 1

operating on sin z.

So, when 1 over d square plus alpha s square operates on sin a at z we replace d square
by minus a square. So, this will be 2 times 1 over minus 1 square minus 1 sin z this is

minus sin z.
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So, we have got the particular solution as minus sin x square. So, thus the general
solution is the other solution is y equal to ¢ 1 e to the power x square plus ¢ 2 e to the



power minus X square minus sin x square. So, that is how we solve this equation given in

example 2.

So, we have seen in our in the past 3 lectures, we have seen how we can solve a linear
differential equation of second order with variable coefficients, when it is given in a
when it when we are given some special kinds of such equations, as i said earlier such i
mean a general solution is not a well known for all second order linear differential
equation with variable coefficients only a special class of such equations can be solved.
So, we have seen those equations which can be solved by in our past 3 lectures.

Now in my next lecture we shall be discussing, how to find the general solution of a

higher order homogenous linear differential equation, with constant coefficients.

Thank you for your attention.



