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Today we will study some applications of recurrence relations; in particular what we will see
today is that many counting problems can be solved by using recurrence relations, relatively

easily. The basic strategy of handling these problems is that given a problem we will try to build

up a recurrence relation on certain numbers and then we will solve that recurrence relation.
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So our topic today is applications of recurrence relations let us look at the first example using

only three letters a b ¢ how many words of length n can be formed. So that to consecutive is do



not appear in those words no here we have a counting problem, now if somebody asked me that
given three letters how many words can be formed of which are of length n then I would have
considered n positions like this total number n and then I know that each position can be

occupied by three ways.

Since we have three symbols ABC and therefore here we have three, here we have three, here we
have three and the last also three so the total number is 3 x 3 x and so on up to 3 again n times
which is =3 " but here we have a slightly different condition because here the problem says that I
cannot consider the words which have consecutive days. Now let us consider if n =0, if n =0 then
that means in the words there is no letter so the total number of such words is let us call it al

which is =1.

Now when n =1 and I have got three letters then, that sorry here I will write a 0 this is a 0 of
course because this is this corresponds to n =0, now we have n =1 for which we have a 1 and a 1
is =3 the reason is that there are 3 letters and I can write a word a another word B and the third
word C. So these are three distinct words, so a 1 =3 now if we consider a 2 for n =2 then let us

count how many ways we can write a 2.

The number of ways we can build up 2 letter words out of the three symbols is let us start
counting we can write a b, a ¢ and then we can write b a b, b b ¢ and lastly ca, cb, cc so there are
altogether 3 x 3 9 words. Now what we see here is that there is one word which contains 2
consecutive is so we have to cancel this. Therefore now we have 8 words and a 2 = 8 now like
that of like this we can go on but we would like to have a compact relation in the form of a

recurrence relation.

Therefore what we do is that we say that suppose a , is the total number of such words, so a n
=the total number of such words. So I have some n positions where letters have been put in now
we ask a question, what about the last position? The last position can be occupied by a b or c,
now then we ask that suppose the last position is occupied by a, then what will happen if the last

position is occupied by a then of course in the position previous to that a cannot appear again.

So either it will b or it will be occupied by c, so now let us count the positions this is the position
number one this is position number 2 and so on this is position number n - 2 this is position

number n - 1 and this is position number n. Similarly here this is position number 1 this is



position number 2 and we move up in this way and then ultimately we arrive at position number

a and - 2 position number a and - 1 and lastly position number kn.

Therefore we see that if we have a word in the set of all words which are ending with a and not
having 2 consecutive a then ending with a means the position has a then the N - 1 its position of
those words will not have a will have either B or C, so we have these 2 configurations and if we
look at the segment from n to n - 2 in both these words, then we will see that this segment can be
occupied by any word of length n - 2 consisting of the three symbols ABC and not having 2

consecutive case.

Now according to our notation a n - 2 is = the total number of words of length n, such that no
consecutive is appear. So we will at least have an - 2 + a n - too many words in the set of words

of length n having no consecutive phase. Now let us move to the next page here.
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So what we have seen is that when we are considering length and segment ending with a when
we are considering length end segment ending with a then the previous position can be either B
or C and there are n - too many positions and those positions for each case V and P or C can be
occupied by a n - too many words of length n — 2, therefore I have gotan -2 +an—2. Now we
look at the other situation when the word of length n is not ending with a then it may end with

either B or C.

In either of these cases the initial segment consisting of n - 1 letters can be occupied by an - 1
and a n - 1 words so total number of words that we haveisan - 1 + a and - 1 therefore we come
to the conclusion that if we have words of length n ending with a, then there will be n - 2 + a and
- 2 many words of length n ending with a and not having 2 consecutive is anywhere and if the in
it in length word is ending with B or C then we will have n + 1 + n + 1 many words and these are
the only possible words of length n consisting of three symbols ABC so that no 2 consecutive is

appear.

Therefore we can write a recurrence relation in this fooman=an-2+an-2+an-1+aand-
1 in other words we have the recurrence relationan - 2 times an - 1 - 2 times a n - 2 which is =0.
Once we have done this we need to solve this recurrence relation we note that it is a second order
recurrence relation with constant coefficients and of course it is a linear recurrence relation. We
consider the solution n =C R " and substitute it in the recurrence relation which we denote by one
to obtain C g" - 2 C " - one - 2 C " - 2 which is = 0 that is taking the common factor C and R "-

C x R "- 2 out from all the terms.

We will get R - 2 times R - 2 =0 and solving this we get R =2 + or - 4 + 8 and this gives me 2 +
or - ¥ of 12 by 2 which is 1 + or -  of 3 therefore we get the general solution as a n =a constant
capital a times 1 + \ of 3 raised "+ B x 1 - ¥ of 3 ™ Now we have to substitute the values of a 0

and a 1 as we have already noted that a 0 is 1 so let us let us go to the next page.

(Refer Slide Time: 19:57)



o

T = A CIHIT ) G- Ty
n=o 4=y = Az 3 B = p= A
=] wa, = B = AL-J3) @ {=-fEF)

= S+ )0 A0 (-5 )
= A4JE ) +0-F) - AO0—J5] -
= A% aArs 4 10T - & AT

TR, B o= 4 =JF 4 SaE
- A = By s
] -~ = =+ IR
- oY
B=i-A-"'_ 2agr W —=-&
EX3 F4
n =3
= -‘ﬂ
= = — .\__r,-"ff
e = AT Y g (TR—T 1— .
|I n= (AEEYOem) + (B2 ) o-a)
L

And write the general solution of the recurrence relation an =a 1 + \ of 3 raised "+ B 1 - \ of 3
whole raised "and for n =0 1 =a 0 =a + B this implies that B is =1 — a, if we put n =1 we know
that a 1 is =3 which is =a 1 + V of 3 + bl - v/ 3, if we substitute the value of B in this equation
then we will geta 1 +Vof3+1-al-of3, whichgivesusal+vof3+1-vVof3-al-vof
3 well and proceeding further we havea+a Y of 3+ 1 -V of3-a+a of 3.

Now there is some there are some cancellations first of all a will get cancelled and let me write
the equation here, which is 3 =1 - ¥ of 3 + 2 times a \ of 3 that is 2 times a Y of 3 =2 +V/3 which
gives me a =2 + \ 3 /2 V 3 from this we see that be =1 - a which is =1 - 2 + v of 3 2 ¥ 3 which is
=2 x \ 3 in the denominator and in the numerator 2 ¥ 3 - 2 - 3, which is =2 V3N3 -2
Therefore we have the solution to our recurrence relation which is an =2 + \ of 3 /2 V of 3 this is
the value of the first constant capital a and this is multiplied by 1 + v of 3 raised "+ of 3 - 2 /2

3 x 1 -~ of 3 "this is our final answer, let us look at another problem, now this problem states
that.
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If a first case of measles if a first case of measles in a certain school system is recorded and pn
denotes the probability that at least one case is reported during the n™ week after the first
recorded case and the school record provide evidence, that Pn=Pn-1-1/4 Pn - 2 then at

which week the probability will decrease below 0.01 for the first time.

So what we are looking at here is that suppose a school system checks the reports of a certain
disease, let us say measles among children and it starts counting from a week when one recorded
event has occurred that is some case of measles have come up. Now what the school record says
that starting from a week where at least one measles attack has been recorded, if we start
counting the number of weeks then the probability that in the n™ week there will be at least one

reported case is given by this recurrence relation.

Now we have got no control over this record isolation it is from some data source possibly from
which the school record is from the records of different years this has been observed let us say
and we are asked a question that after how many weeks for the first time this VN is going to go
below 0.01, for that we have to solve this recurrence relation in order to do that we first write

down the recurrence relation in the form4 Pn - 4p n- 1 + PN - 2 which is =0.

And now considering that Pn is of the form C raised to the power R "we have the characteristic
equation as for R - 4 R + 1 =0 and this leads to 2 R - 1 whole *=0 and therefore R is 1/2 %, so

1/2 is a repeated  of this equation. Now from the discussions of the previous days we have seen



that this means that Pn =1/2 raised "+ B in 1/2 raised " and now we try to look at the initial

conditions.

If we put n =0 that is in the 0 is weak then by definition p0 is 0 because we have not started our
observations, now if we start from pl what we have told in the statement of the problem that we
start counting in from the point of observing at least one disease case, therefore P 1 is 1. Now in
the equation 1 if we substitute these values we get 0 = A + B x 0 which is =Aso the constant A

reduces to 0 and we have one =A times 1/2 + B times Y.

Now A is 0 therefore we have only B times 1/2 therefore we have B is =2, thus we have the
probability PN is =2 times n x 1 by 2 " which is essentially n /2 "~ 1. Now we want this
probability to drop below 0.01 for the first time. 0.01 is 1 by 100 therefore we would like this
equation to hold that is 100 n <2 - 1. Now if we check this inequality and keep on varying in
from 1 onward like 1 2 & 3 4 like that then we will find that the cutoffis n =12.

So when n =12 then for the first time this inequality will be satisfied therefore PN will become <
0.01 01. Now we will look at a case of application of non homogeneous recurrence relations,

now we will again discuss one example.
(Refer Slide Time: 37:15)
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Now let me write down the example first for N > 2 suppose that there are n people at a party and
that each of these people shakes hands exactly once with all the other people there, of course of

course nobody shakes hands with himself or herself. Now our question is that what is the number



of handshakes what is the number of handshakes when we think of this solution we again start
denoting the total number of handshakes when n people are present under the given constraints

as an.

So a, is = the total number of handshakes under the given constraints under the given set of
constraints all right. Now I would like to build a recurrence relation now let us try to see what
happens if we start with let us say 2 people because we have seen that we do not want n to be to
go below 2 because if n is = 1, then of course there is no handshakes. So we start with n =2 so
suppose I have got person number one and person number 2 let us call them V 1 and V 2 and I

will join them to signify that shaking hand exactly once so we see that a 2 is going to be 1.

Now if we consider that another person is coming now what will happen, so let us draw the
situation over here we have got three peoples we have now a party of three and they are shaking
hands with the given constraints. Now what we can always do is that we can remove for the time
being one person, suppose we have left out V ; then there is only one handshake so this is the

number of handshakes for 2 people so I have got a too many handshakes.

Now when with V 3 comes in then he does not shake hands with himself what he has to shake
hand with all the other people exactly wants, so therefore he will shake hand with this person and
she can with this person so the total number of handshakes will be a 2 + 2 which is denoted by a
3. Now suppose we know a three so there are three people who shakes hands with each other v1
v2 v3 or C they are shaking hands with each other and suppose a fourth person is coming in and

let us call him before.

And so that means now we have a party of four so when v4 is out the remaining people shakes
hands in a three many ways and when v3 v4 comes in he has to shake hand with all the people
except for himself, he shakes and with v3 he shakes and with v2 and lastly or whatever he shakes
and with v1, so he has to shake another three many hands, so total number of handshakes is a 3 +

3 which is =a 4.

Now we can go to the general case that suppose we have got n people, so we have got vl v2 and
so on and lastly we have got let us say wen -2 Vn - 3 and over here V n - 1 and here we have V

n. So we have a party of n people and we know that they shake hand in a in many ways, now



suppose that we have got one more person Vn + 1 and V n + 1. So we have a party of n + 1

people now suppose they shake hands in the designated manner.

Now what we do is that we can choose any of the vertices, now let us let us take that we are
taking out Vy + 1 and removing all the edges from Vy + 1 then we have a party of n and of
course David they are shaking hands exactly once, with the others are not checking hand with
himself or herself. So we have got total of n - 1 handshake and then when Vy -1/ By + 1 1s
considered then he is bound to shake hands with each of the people in the other group.

So the total number of handshakes will be n so this is increased by N and which is the total
number of handshakes with n + 1 people. So we have built up a reconciliation corresponding to
the handshakes let us write down this recurrence elation and then let us try to solve it the

homogeneous part of this equation is.
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A n+ one - an =0 and we take a trial solution let us call it a n =Cr "then we get Cx "+ 1 - Cg "is
= 0 and this leads us to R-1 =0 because we can of course assume very reasonably that C 0 =0 and
R 0 =0 therefore we have R =1, therefore the homogeneous part written as a n superscript H in
bracket is C times 1 "or C which is a constant. Next we try to find out a particular solution here
we choose the trial solution to be in particular = a 1 n *+ a 0 n which is indeed a rather

complicated expression.



And if we substitute this in the recurrence relation then we will geta 1n+1*+a0n+1=an
which is a 1 n >+ a 0 n + n and if we do the usual manipulations, then we will getn?al-al +2
timesal+a0-a0-1in+a0+al=0and this should hold for all n. Therefore we have got a 1
=a 1 by equating the coefficients to 0 and when I equate the coefficients of nto O I geta 1 -1=0
that is a 1 =1/2 and when I equate the constant term to 0, thatisaO +a 1 =0 thenI geta 1 =or - a

1 =a 0 which implies a 0 = - %4.

Therefore we arrive at the general solution a a n =constant + 1/2 n - 1/2 in and now if I put the
value of n =2, we know that 2 is =sorry one here we have got 1 a 2 is 1. So therefore 1 = a 2
which is =C + %2 4 - 1/2 x 2 which gives me C + 2 - 1 which is C + 1 this implies C =0. Therefore
finally we have the solution as n =1/2 of n %- 1/2n for N > 2 thus we know. Now that if we have n
people in a party and each person shakes hand exactly once with each of the other people present
in the party then the total number of handshakes is 1/2n * - ¥4 n with this handshaking problem I
will end today is lecture thank you.
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