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Today we will continue our discussion on relations we will see that the relation on a set on a set
from a set to itself that we have defined have different particular properties and we can classify

relations based on these properties now before going into all the properties let us look at let us

recall the definition of a relation.

(Refer Slide Time: 01:15)

By relation from a set A to A set B we basically mean a subset of the Cartesian product of A

subset of the Cartesian product of A by B so and any subset of A x B that is a Cartesian product



of A and B is said to be a relation usually when we say that there is an element A € a element a
€ A and element b € B they are related if by the relation R if the ordered pair a, b € R and we

write very often a R b.

(Refer Slide Time: 02:27)

Properties of Relations
A relation £ on a set 4 15 said to be
reflexive: if (a.a)e R for all aeA;

irreflexiveif (a,a)2R forall aed:

symmetric: if (a.h)e R , then (h,a)€ R _for all abe A

antisymmetric. if (a.b)eR & (b,a)eR, then g=b for all abeA
asymmetric: if (@h)€R, then (h,a)¢ R, forall a,be A.

transitive; if(a,h) € R and(h.c)e R, then(@.c)€R for all
abeced

Now we go to particular properties of relations the first property in this context is called the
reflexive property we say that a relation R on a set A again to recall that when we say that a
relation R is on the set on A set a that means the relation R is from the set A to the set A that is R
is a subset of the Cartesian product A x A now if R is a relation on A we call our a reflexive
relation if a ,a € R that is a is related to R for all a & the set A let us try to check one example in

this context.

(Refer Slide Time: 03:22)
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Let us see that let us consider the set Z the set of integers and consider the relation a R b if and
only if a < b so if a < b where a b are elements of the set of integers we will say that a is related
to b now we see that given any given any a € Z a < a in other words a is related to a and this
happens for all a in the set of integers therefore < relation is a reflexive relation now let us try to
think about a relation which is not reflexive so let us let us take the same set Z and let us say that
forab € Z a is related to b if and only if a into b is strictly > 0 please note that here we are

specifying that a into b is strictly > 0.

So it cannot be 0 now let us consider the whether a is later to itself so take any a € Z and
consider the product of a with itself that is a*now a* > 0 if and only if # 0 so a is related to a for
all a € Z except a # 0 but when = 0 then a0 is not related to 0 since 0 into 0 = 0 is not strictly > 0
therefore we see that this relation is not reflexive because there is just one element in the set

which is not related to itself.

Therefore we have to be very careful when we are checking for reflexivity of a relation we have
to you have to check for each and every relation that each and every element that that L that
element should be related to itself now let us check the next property now we say that what
happens if a relation is not reflexive so if a relation is not reflexive then well it is it is something
that it is possible that a is not related to a for at least some a inside the set on which the relation is
defined but if it. So happens that a is not related to itself for all a € a then we say that the

relation is irreflexive that is a second property that we are considering here.



(Refer Slide Time: 08:05)

Properties of Relations
Arelation R on a set 4 15 said to be
reflexive: if (a,a)e R forall aeA:

irreflexiverif (a.a)gR  forall agd:

symmetnic: 1l (a.b)€ R, then (b,a)e R _forall abed

antisymmetric; if (a,b)e R& (b,a)eR, then a=b for all abeA
asymmetric: if (@wh)eR, then (h,a) ¢ &, forall a,be A.

transitive: if(a,h) € R and(h,c)e R, then(@.c)€R for all
abced

That is irreflexive if a, a not in R that is a is not in R for all a € a now let us try to find out one
example we can modify the relation that we were looking at again we check S we say that we

define a relation let us say R.

(Refer Slide Time: 08:37)
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Okay and R is a relation on Z the set of integer defined by X related to y if and only if x is
strictly less than y where X, y € Z now take any x € Z of course x is not strictly < x therefore
this relation is irreflexive the next in line is the relation the properties symmetric we say that a
relation is symmetric ifa, b € R = b, a € R for all a, b € a that is we consider the elements of a
and if a for elements a b € a and if it so happens that a is related to b = always b is related to a
then we say that the relation is symmetric this is because this means that this when we are said

there is a symmetry about the relation.

So suppose a related to b if we switch b and a that the statement will still be true if the relation is

symmetric so let us look at example of symmetric relations.

(Refer Slide Time: 11:09)



Sy pmabiuce ﬁﬂm’;
wEY rrurd s "‘ff o

A=
wd

%167 wé 2t
f nzqmodm A I
= e |
o =" f

i:.;. M|1--‘37"} 3

Now we have studied congruence modulo M relation so x is congruent to y mod M if and only if
m |y - X this is the congruence modular relation where X, y € Z and m € Z + now we see that if
x is congruent to y mod m then m |y - x which = m | x - y which in turn = y is congruent to x

mod m therefore congruence modulo m relation is a symmetric relation on the set of integers.

(Refer Slide Time: 12:44)



Properties of Relations
Arelation K on a set 4 15 said to be
reflexive: if (a,a)e R forall aeA:

irreflexivesif (a,a)g R forall ae

symmetnic: i (a,b)€ R, then (h,a)e R _for all abe A

antisymmetric: if (a,b)eR& (b,a)eR, then a=b for all abe 4
asymmetric: if (wh)€R, then (h,a) e R, foralla,he 4.

transitive: if(a,h) € R and(h,c)e R, then(a.c)€ R forall
abceA

We move on to another property which is particularly important that is called anti symmetric
property now a relation is said to be anti symmetric if a related to b and be related to a at the
same time will mean a = b now let us look at an example of anti symmetric relation we again
consider the set Z and define a relation that that is < so the relation is defined as a < b we know

that these fields ata<bifb-a>0.

(Refer Slide Time: 13:40)
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Now suppose we have a <b and b < a then of course a = b thus this is a anti symmetric relation

the last property that we will study for the time being is called transitive relation.

(Refer Slide Time: 14:25)



Properties of Relations
Arelation K on a set 4 15 said to be
reflexive: if (a,a)e R forall aeA:

irreflexivesif (a,a)g R forall ae

symmetnic: i (a,b)€ R, then (h,a)e R for all abe A,

antisymmetric: if (a,b)eR& (b,a)eR, then a=b for all abe 4
asymmetric: if (wh)€R, then (h,a) e R, foralla,he 4.

transitive: if (¢, h) € R and(h,c)e R, then(@.c)€ R for all
abceA

So it is like this that if a is related to b and b is related to ¢ then a is related to ¢ now let us look at

examples of transitive relation.

(Refer Slide Time: 14:42)
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We can use the relation that we have already studied that is a <b so we see thatifa<b and b is <

c this = a < c thus it is a transitive relation we will see other examples of transitive relation soon

now let us take some more some examples.

(Refer Slide Time: 15:31)



Properties of Relations

Let Z be the set of integers and @,b,c€4 . We define several
ns on Z below. The properties satisfied by these relations are

to be checked.

aAbifandonly ifa=b.

a < bif and only 1f ais less than or equal to b.

a| bif and only if & divides b.

akbif and only if ab > 0.

a=bmod mif' m|b-a. We read “a is congruent to b modulo m”
where m is a predefined fixed positive integer.

Now we are considering Z to be the set of integers and a, b, ¢ are elements of Z there is a
standard notation to define the equivalence relation that is this the inverted A so a inverted A this
is a A right so this A a A b if and only if a = b so this is the Equality relation we can easily see
that the Equality relation is reflexive because a is always equal to a for all a € Z and then a it is
symmetric because if a = b then of course b = a it is transitive because if a=b and b = c then a is

=c¢ and in fact it is also anti symmetric because if a = b and b =a of course a = a.

If a=Db and b = a of course this means that a = b but of course we know that it is a = b the next
relation < relation that we have already seen a < b if and only if a < b and then we have the
division a vertical a vertical line b if and only if a divides b we will be reading this symbol as a
divides b and then another relation that we have already seen that is a is related to b if and only if

a b is strictly > 0 and also lastly we have also seen the congruent modulo M relation.

(Refer Slide Time: 17:39)



Properties of Relations

Let S be a set and P(S) be its power set, 1.e., the set of all
subsets of S. We define a relation < by

for 4, BeP(S) , AcRBifAisasubsetof B.

This relation 1s reflexive, anti-symmetric, transitive.
We will later see that this belongs to the class of partial
order relations

Now we come to the set containment relation suppose s is a set and P(S) is the power set of S
and we will say we will define the relation which we denote by this sign if for a b & the power
set a contains b if and only if a is a subset of b this is a well known relation this relation is
reflexive ant symmetric and transitive we will very soon see that this relation makes up an

important class of relation called partial order relation.

Now we take up some particular type of relations the first one that is considered is called

equivalence relation a relation R on a set a is said to be an equivalence relation if and only if.

(Refer Slide Time: 19:17)



Equivalence Relation
Definition: Let R be a relation on 4. Then R is an
equivalence
relation 1f the following conditions are satisfied:

xRx, forallx €4 (Risreflexive)

IfxRy, thenyRx, forall x, y € 4 (R 1s symmetric)

IfxRy andy Rx, thenx Rz forallx y, z€A(R1s
transitive)

The following properties are satisfied x related to x for all x € a that is r is reflexive x is related
to y then y is related to x for all x y € a that is R is symmetric if x is leaded to y and y is related
to x then x is related to z for all x y z € a that is R is transitive in other words if we have a
relation which is reflexive symmetric and transitive then we call it an equivalence relation
possibly the most famous equivalence relation is the congruence modulo m relation that we have

studied in the previous lecture.

And we have considered the example just a while back so we are considering the set of integers

and we say that x is congruent to y mod m.

(Refer Slide Time: 20:34)



Examples of Equivalence Relations (1)

Congruence modulo m

Suppose Z 1 the set of integers and m 13 a positive integer
An integer x s said to be congruent to an integer y modulo
m if mdivides y—x. We write x=y mod m .

Supposem = 5. Then (= Smod5;

If y - x is divisible by m for example if we take m = 5 then we see that 0 is congruent to 5 mod 5

6 is congruent to 11 mod 5 - 7 is congruent to 3 mod 5.

(Refer Slide Time: 20:53)



Examples of Equivalence Relations (2)

Let R be the set of real numbers. Define a relation S on
RxR by ( a,b)S(c,d)ifand only 1f a’+b'=ct+d?

Check that (a, b) S (a, b) for all (a,h)e RxR , 50515
reflexive.

If(a, b)S(c d) then(c, d) S (a, b) for all (a,h),(c,d)e RxR
50 § 1S symmetric.
If (@, b) S (c, d)and (¢, d) S (e, f) then (a, b) S (e, f) for all
(a,b),(c,d),(e, f)eRxR 50 .S 1s transitive.

Now let us move on to another relation this is we consider the set of real numbers and we say we
consider the Cartesian product of the set of real numbers so we are now in f in the real plane so

our points are ordered pairs we say that an ordered pair a, b in R x R is related by the relation S

to an ordered pair ¢, d in R x R if and only if a*+ b*= ¢*+ d*.

(Refer Slide Time: 21:45)
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Now let us start checking what happens see we are considering R x R and for two elements a, b
and c, d € R x R we are defining them to be related by a relation let me yeah so they are
defining by the relation S a, b S ¢, d if a>+ b*~ ¢*+ b* what does it mean if we consider the plain
R x R then we will see that suppose let us consider the point 1, 1 here then if we draw a circle
around the origin o containing 1, 1 then all the elements that are in the circle that are on the circle

has the same distance as that of 1, 1 the distance d here is 12+ 1%it is V 2.

So any element for any element on the circle let us say xy x>+ y* has to be equal to 1° + 1° that
is equal to 2 so if you consider any other point let us say a b the all the elements related to a b

will lie on the circle around the origin o.

Now let us try and start checking the properties we claim that given anyab € R x R a? + b? of
course trivially is equal to a > + b * which means that ab is S of ab therefore the relation S is
reflexive next suppose a, b and ¢, d both belong to R x Randa, b S ¢, d comedy and they are
related which = a >+ b?> =c¢? +d this in turn = ¢ + d*> = a> + b? which means that c, d is

related by Stoa, b.

So the relation S is symmetric now let us consider 3 elements a, b ¢, d and let us say e, f all
elements of R x R and a, b related to ¢, d and c, d related to e, f and this together will mean that

a’+ b*= ¢+ d*and ¢*+ d*= e+ 2 combining these two equations we get a’+ b’= e+ %,

(Refer Slide Time: 27:37)
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This will mean that a , b is related to e, f just like us go back we had here a®+ b* + d* + f* that
means you now have a, b is related to e, f this means that the relation S is symmetric thus S is an

equivalence relation on R x R.

(Refer Slide Time: 28:43)



Equivalence Classes (1)

Let R be an equivalence relation on a set A.

For any x € A the equivalence class corresponding to x 15
[x]={y€A|yRx}.

Suppose x, ¥ € A. Then [x] = [y] or [x] N [y] = ®. That is to

say that equivalence classes are either equal or disjoint.

The set of equivalence classes corresponding to R forms a
partition of the set 4.

There is another concept which is intrinsically connected to the idea of equivalence relation is
the concept of equivalence classes now if R is an equivalence relation on a set A we choose any x
€ A and then we consider a set which consists of elements of A which are related to x so let us
let us try to visualize that we have a relation on a set A and we are picking up one element from
that set A set A let us call it x and we are considering all the all the elements in A which are

related to x.

And we are building up a set which we will call the equivalence class corresponding to x now in
this way we can keep on building equivalence classes of each and every element of a then we
start questioning that how what is the relationship between different equivalence classes and then
we come to a to an observation that if you pick up two elements from a set a then the
corresponding equivalence classes are either equal or they are disjoint now this needs a proof so

we will check how to prove this fact.

(Refer Slide Time: 30:44)
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So let us let us recall x is the equivalence class corresponding to x so it consists of all y € x on
which x is defined such that y related to x now suppose we consider two elements let us say
small a and b € a and build their equivalence classes which is [ a] and [ b] now let us suppose
that they have a non-empty intersection that is to say that the intersection of the equivalence class
corresponding to a and the equivalence class corresponding to b is not empty therefore there

exists a ¢ € A such thatc € AN B.

Now this in turn means that c is related to a and c is related to C is related to b, now this implies
that a is related to ¢ and c is related to b, since R being an equivalence relation is symmetry
therefore I can switch a and ¢ they are symmetric series and related to a means he related to C
and now we will use the transitivity of R because R after all is an equivalence relation and write

that this fact implies a related to B.

But if a is related to b this will imply that a belongs to the equivalence class of b, so we see that
if the equivalence class corresponding to a and the class corresponding to b have a non empty
intersection then a is an element of the equivalence class of b, but then let us consider any
element in the equivalence class of a suppose x is an element in the equivalence class of a which
implies that x is related to a, and since we already know that a is related to b and we also know

that R being an equivalence relation.

Is transitive we use the transitive property over here when we write x is related to b and x is

related to b means x is inside the congruence the equivalence class of b and therefore this whole



thing together implies that the class corresponding to a is contained in the class corresponding to
b let us call it, one now we could just change the symbols a and b and then everything is will
hold true and in exactly the similar way we can prove that is class corresponding to b will be

contained in class for responding to a and combining one and two.

We have a equal to b because we see that if a and b the class corresponding to a and b has non-
empty / then they are equal, so we come to our conclusion that these equivalence classes are
either equal or disjoint fact that this proof is that the set of equivalence classes corresponding to

an equivalence relation.

(Refer Slide Time: 36:07)

Equivalence Classes (1)

Let R be an equivalence relation on a set A.

Forany x € 4 the equivalence class corresponding to x 15
[x]={y€A|yRx}

Suppose x, y € A. Then [x] = [¥] or [x] N [¥] =®. That is to

say Lhat equivalence classes are either equal or disjoint

The set of equivalence classes corresponding to R forms a

partition of the set 4.

Are on A set a partitions are set for that we have to first recall what we mean by partition a
partition on a set is A set of subsets of that set which are mutually disjoint and which covers the

whole set that is for example, if we consider if we consider a let us look at the so let us consider

he said A.

(Refer Slide Time: 36:51)
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And P consisting of let us say some subsets of A where this I varies over some indexing set [ will
say we say that B is a partition of A if and only if Di/ Dj is empty for ij belonging to I I not equal
to J and U of Di when I varies over I gives us the whole set A, so suppose R is an equivalence
relation on a consider the equivalence classes, so consider all that these joint equivalence classes
so suppose you consider this set and we are only considering since it is a set only the no element

repeat.

So we are this a set of subsets which are distinct and we know that distinct equivalence classes
are disjoint we claim that this gives us a partition, because if we have any if we take any Y
belonging to A then Y is related to Y which implies that Y is in the equivalence class of Y itself
therefore for some 4 therefore this set Y must appear in the set, so this shows that if I consider
the union of all the equivalence classes where X varies over all the disjoint equivalence classes

then I will get the whole set a further.

If we have already proved that if we take any two equivalence classes either they are same in
which case this X equivalence class corresponding to X an equivalence class corresponding to Y
will give us only one entry over here otherwise they are disjoint, so they will they will they will
contribute to different entries and therefore if we take all the disjoint equivalence classes we will
get a partition on the other hand, if we are given a partition on a set a then it naturally gives us an

equivalence relation.



Let us look at the partition that we have already discussed we can define equal equivalence
relation in this way that suppose we consider X, y belonging to A we may say that x related to y if
and only if x, y belonging to B;, now we see that X, x belongs to Di because of course x is a
single element, so this is trivially true so R is reflexive we again see that if x belongs to x & y
belongs to Di then both things this will imply both things at x or y and y or x therefore x related

to y means this which in turn of course means this.

Therefore we know that it is symmetric and further at the end if x related to y and y related to z
this — x and y belongs to Di for sum I and y & z belongs to Dj for some j, but that means that let
us see aside that means that y belongs to Di / Dj we know that Di / Dj is =@, if I not equal to j
which — that i =j so we can say that this implies that x, y, z belongs to Di which means that x is
related to z therefore we have transitivity over here at this point I will again emphasize that given

any x we will have x belonging to some bi.

Because Union I varying over capital I Di is the whole set A therefore this happens this is the
property of partition that we are using thus we have given a proof of the fact that if we have a set
and an equivalence relation on a set, it will generate a partition on the set and if we have a

partition then that it will generate a an equivalence relation.

(Refer Slide Time: 44:14)



Equivalence Classes (2)

Consider the congruence modulo 3 relation on the set of
integers, The equivalence classes are

20,-15,-10,-5,0,5,10,15,20,..."
|={.,-19,-14,-9.-4,1,6,11,16,21,...)
MN=f.,=-18,-13,-8,=-3,2.7.12.17.22....
7,-2,3.8,13,18,23, ..

[,4,914,19,24

Now let us look at some examples of equivalence classes, now we go back to the example that
we saw some time back which is here if you take m equal to 5 and we have congruence modulo 5
relation and we come over here now corresponding to congruent modulo 5 if we consider 0 let us
see the equivalence class generated by 0, so we have got05-510-10 15- 1520 - 20 and so on
now if you want to find out the congruence class equivalence class related to 1 then we see that it

is 1 then so instead of 0 it is 1 instead of 5.

It is 6 instead of 10 it is 11 and so on so this whole equivalence class that we have got
corresponding to 0 we have to shift by 1 and we get this one shift by 2 we get this one shift by 3
we get this 1 and 4 and now we know that if we shift this by another one, so if we add one to all
the elements will go back to the congruence class corresponding to congruence or equivalence
class corresponding to 0, so these are the equivalence classes corresponding to the congruence

modulo five relation these are also sometimes called congruence classes.

(Refer Slide Time: 45:54)



Equivalence Classes (3)

Let R he the set of real numbers. Define a relation & on
RXRby ash ifandonlyif a’+b' =¢' +4d".

The equivalence classes are concentric circles with (0,0) as
the  center.

Now we look at the other relation that you considered so the equivalence classes here are

concentric circles around the origin, so who will have infinite number of concentric circles

around the origin which are the equivalence classes corresponding to the equivalence relation S

which is to recall that ab, cd are related by S if a b*+b* = ¢* + d% so this is the end of this lecture

so thank you.

Educational Technology Cell
Indian Institute of Technology Roorkee

Production For NPTEL
Ministry of Human Resource Development
Government of India

For Further Details Contact

Coordinate, Educational Technology Cell
Indian Institute of Technology Roorkee
Hoorkee-24/667
Email:etcell@iitr.ernet.in,etcell.iitrke@gmail.
Website: www.nptel.iim.ac.in

Acknowledgement
Prof pradipta Banerji
Director,IIT Roorke

Subject Expert & Script
Dr.Sugata Gangopadhyay
Dept of Mathematics

IIT Roorkee


http://www.nptel.iim.ac.in/

Production Team
Neetesh Kumar
Jitender Kumar
Pankaj Saini
Meenakshi Chauhan

Camera
Sarath Koovery
Younus Salim

Online Editing
Jithin.k

Graphics
Binoy.V.P

NPTEL Coordinator
Prof.Bikash Mohanty

An Educational Technology Cell

IIT Roorkee Production

@ Copyright All Rights Reserved
WANT TO SEE MORE LIKE THIS
SUBSCRIBE



