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Today we will be starting a topic called relations.

(Refer Slide Time: 00:43)

Now we know we come across this award very often like when I when we write somebody's
name related to us then we have to write what is the relation of myself to that person like that
person can be my father, mother, brother or sister like that in that way there are other situations

like when we when we look at students to each student we be related number which is the which



may be the enrollment number then to each person we often relate mobile numbers or many

other numbers.

Now we will be looking at these things more systematically so we will be talking about sets of
objects for example let us consider a situation where we have a set of students suppose S = the
set of students and N the set of enrollment numbers now we know that given a student S & this
set S we will have a number let us say n € N such that this N is the enrollment number for the
student S in this way we can write a list similarly we can consider the set of names of students

maybe we can write the set as T the set of names of students.

And again N the set of enrollment numbers now for each name let us say t € T there is an
enrollment number for example that number may be n € N now here we see that we may have
the same name associated to different enrollment numbers because there can be different students
having the same name so we can have many such possibilities so here we see that naturally we
are arriving at a situation where objects € 2 sets are related to each other we would like to look
at this more systematically and therefore we will first go to a mathematical definition which is

called Cartesian product.
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Cartesian Product
o For set A, B the Cartesian product, or cross product, of 4 and B is
denoted by A % B and is defined as
AXB={(ab)acAb

o Let A = {2,3,4}, B = {4,5}. Then

Now if we have 2 sets A and B the Cartesian product of these 2 sets is denoted by A x B and it is
the ordered pairs of elements of A and B we will write this as this is the notation of a set and it
contains all ordered pairs A, B where a € A, and b &€ B for example let us consider A to be the
set {2, 3, 4} and B to be the set {4, 5} then the Cartesian product Ax B is (2, 4), (2, 5), (3, 4), (3,
5), (4, 4) and (4, 5) we can go the other way round we can have Cartesian product of B and A
write it as B x A and we get (4, 2) (4, 3),(4, 4) and then here (5, 2), (5, 3) and (5, 4).

Now we will be consider the case when the sets are not distinct we can have Cartesian product of
the same set over and over again so we can have A x A which is the Cartesian product of A with

A and we will get (2, 2), (2, 3), (2, 4) then (3, 2), (3, 3), ( 3, 4) and (4 2), (4, 3), (4, 4).
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Cartesian Product

o Let R be the set of real numbers.

e The Cartesian product
R°= RxR={(x,y):xy€R)
is represented geometrically as the real plane of coordinate
geometry.
o [fR" is the sct of all positive real numbers, then

i)

is represented by the interior of the first coordinate of the above

plane,

Next let us look at some examples of Cartesian product let us consider the set R which is a set of
real numbers the Cartesian product of R with itself is often written as R” and this is set of ordered
pairs of elements of R so we have pairs like (x, y) where x and y both are in R now if we go back
to our usual school geometry then we will realize that this is nothing but the real plane of which
we use in coordinate geometry now we can modify the set R a little bit and we can get R + which

consists of set of all positive real numbers.

Now if we have this set of positive real numbers then we have Cartesian product of R + with
itself and we will get again all ordered pairs but in this situation in this case these ordered pairs
are such that both the elements are > 0 therefore we will have the first quad first quadrant of the

plane now let us look at the look at the situation over here.
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So here we have set of positive real numbers starting from here going up here and another copy

of the same set over here and R +x R + consists of points in the shaded region.
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Relations

o For two sets A, B not necessarily distinct, any subset of A X B is
said 10 be a relation from A (0 B and any subset of B x A 15 said
to be a relation from B to A.

e Any subset of A X A or in short A% is said to be a relation on 4.

Now we come to the formal definition of relations if we start with 2 sets A and B which need not
be distinct any subset of the Cartesian product of a and B is said to be a relation from A to B and
similarly if we consider subsets of B x A then we will get relations from B to A and if both the
components of the Cartesian product are same that is if you have A x A we write in short A* then
also any subset of A x A will give us relations technically from A to A which we usually call

relations on A.
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Relations

o Suppose R € A X B is a relation from A to B.

¢ Anelement a € 4 15 said to be related to b € B by the relation
R ifand only if (a,b) € R.

o The fact that (a, b) € R is alternatively written as a R b.

Now let us suppose that we have a relation R from A to B in other words we have a subset R
from of A x B and now we will take an element a € A and an element b € B and we will say that
that A is related to B if the ordered pair (a, b) € R the fact that a ordered pair (a, b) € R is
alternatively written as a Rb and in fact in the context of relations we will be very often writing a
R b instead of ordered pair (a, b) € R because it is more convenient and it is more intuitive

because it tells us that a is related to b.
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Examples of Relations

e Suppose A ={2,3,4} and B = {4,5].

o0, {(2,4),(2,5)}), {(2,4),(2,5),3,5),(44)}, AxB are
some of the relations from A to B.

* {0 is said to be the empty relation containing not element of
AXB whereas AXB is also a relation where all the
elements are mutually related.

Now we go to some examples of relations let us consider 2 sets again A (2, 3, 4) and B (4, 5)

now let us look at the Cartesian product of A and B.
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So we have A= (2, 3, 4) and B as (4, 5) let us check that once A is (2, 3, 4) and B is (4, 5) the
Cartesian product of A with B is the { (2, 4), (2, 5), (3, 4), (3, 5), (4, 4) and (4, 5)} okay.
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Examples of Relations

={2,3,4}and B = {4,5}.

o0, {(24),(2,5} {(24),(2,5),3,5),441)}, AxB ar
some of the relations from A to B.

* {0 is said to be the empty relation containing not element of
AXB whereas AXB is also a relation where all the
elements are mutually related.

We will consider some subsets of this Cartesian product thus first of all the subset which contains
nothing which is denoted by this symbol and read as @ then the subset (2, 4), (2, 5) then the
subset (2, 4), (2,5), (3, 5), (4, 4) and a x B itself because A x B is of course a subset of itself now
all of them are relations from A to B O is said to be the empty relation because it contains no
element that means with respect to with respect to @ no element of A is related to B on the other
hand the other extreme case is A x B which contains everything if you pick up any element in A

and an and another element in B.

It definitely is in A x B so it is related and then we have intermediates which are in fact more
meaningful so we have (2, 4), (2, 5) that means 2 is related to 4 and 2 is related to 5 and nothing
else no other elements are related then (2, 4), (2, 5), (3, 5), (4, 4) this is another relation where
we have 2 is related to 4, 2 is related to 5, 3 is related to 5, 4 related to 4 and that is all so these
are relations on A x B now we look at other relations we go back to the set which we were

discussing a while back.
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Examples of Relations

e Suppose 4 = 2" s the set of positive integers.

# Define a relation R on A by
R={(x.y):x <y}

So we consider Z+ which is a set of positive integers and we consider relation R on a which is in
fact Z+ which is given by all ordered pairs of (x, y) in case x is <y now this means that given 2
elements in Z+ that is positive real numbers I have to compare them suppose I have got 2
elements A x and y I pick them up and if x is <y I say x is related to y I may write (x ,y) € R or

x is related to y.

And if they are not related then they are not related that will they will not be related if x >y we
can in fact draw a graph here so suppose this is 1, 2, 3, 4, 1, 2, 3, 4 then we have 1 is related to 1,
1 is related to 2, 1 is related to 3, 1 is related to 4 and so on now starting from 2, 2 is related to 2,
2 is related to 3, 2 is related to 4 and so on 3, 3 is related to 3, 3 is related to 4 and so on 4, 4 is

related to 4, 4 is related to 5 and so on.
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Examples of Relations

» Suppose S is any set. The power set of S denoted by P(S) is

the set of all subsets of §.

o For A, B € P(S) we define a relation R on P(S) by AR B if
and only if A € B.

We go to another example now this is an example consisting of set a set and power set of that by
power set of a set we mean the set of all subsets of that set let us look at examples of some power

sets.
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Now suppose we have the set S which is = 1, 2 then the set of power sets of S is written as P(S)
which is = O that is the empty set then 1 which is the singleton containing {1} then {2} which is
a singleton containing {2} and {1,2} which is the whole set so this is the power set of {1,2} then
we can consider S = 1, 2 and 3 and the power set of S is @ then 1 then 2 then 3 then we will have

{1, 2} we will have {1, 3} and then we will have {2, 3}and ultimately we will have the whole set

{1,2,3}

Now within the power set we can consider a relation defined by the set containment that is we

will say that 2 sets A, B € the power set of S are related if A is contained in B.
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Examples of Relations

* Suppose S is any set. The power set of § denoted by P(S) is

the set of all subsets of §.

o For A, B € P(S) we define a relation R on P(S) by AR B if
and only if A C B.

Now let us look at the slide we have (A, B) € the power set of S we define the relation R on PS
by AR B if and only if A is a subset of B very often instead of writing R we will simply write the
subsets = notation now suppose we consider the set S then as we have seen that the power set of
Sis {0, (1, 2)and (1, 2)} and containment relation is (@, D ) (D, 1) (9, 2) because O is a subset
of work @ is a subset of itself @ is a subset of 1, O is a subset of 2, @ is a subset of {1, 2}

Then if when we start with 1, 1 is a subset of {1}, 1 is a subset of {1, 2} then we start with 2, 2 is
a subset of{ 2},{ 2} is a subset of {1, 2} and eventually {1, 2} is a subset of the set (1, 2) itself so
this listing gives us the relation defined by subset equal relation okay next we now take up
another relation our underlying set is now the set of integers and we define a relation which is

commonly called the divisibility relation.
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Examples of Relations

* Suppose Z is the set of integers.

+ Define a relation | on Z as follows:

fora,b € Z,alb ifand only 1f a divides b.

e Thus we see that 2|6 but 3 + 5, i.e., 3 does not divide 5.

We write the relation by the symbol a vertical straight line we call this relation which is a word
which we denote by a vertical straight line on Z as follows a, b € Z for a, b& Z a | b if and only
if a divides b so we will commonly say that a is related to b if a divides b for example if you
consider 2 and 6 then of course 2 divide 6, so we will write 2 then the vertical straight line and 6
but if we compare 3 and 5, 3 does not divide 5 so we will write 3 then the straight line and the

cancel and 5 which we will read as 3 does not divide 5.
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Congruence modulo relation

o Suppose Z is the set of integers and m is a positive integer.
For any a,b €Z we write a=b mod m if and only if

m|b-a.
o [f a = b mod m then we say “a is congruent to b modulo m”.

o We say that a 1s related to b by congruent modulo m relation
if and only if @ = b mod m.

Next we will take up another relation which is extremely important in mathematics and computer
science this is called congruence modular relation but to understand this let us start with some

examples.
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Here also we consider the set Z which is a set of all integers then let us pick up a positive number
that is the positive integer so let us pick up 7 of course 7 € Z and we pick up 2 integers and take
their difference we will say that these 2 integers are congruent modulo 7 if their difference is
divisible by 7 for example if we consider 14 and 28 let us see what happens let us say x = 14 and
y =28, y-x1is 28 — 14 = 14 and it is of course clear that 7 divides 14 and therefore we will say

that x that is 14 is congruent to y modulo 7.

And we will write it as X, y mod 7 we will read as x congruent to y modulo 7 now we see that
there is nothing special about this 7 we can we can we can take any integer any positive integer
m and we define the same thing that is we pick up 2 elements a and b € Z and we say that a

congruent to b mod m if m divides b — a.
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So as we have already seen that that 14 is congruent to 14 is congruent to 28 modulo 7 but if we
consider 30 what about 14 and 30 we have to take the difference of 14 and 30 which is 16 and
definitely 7 does not divide 16 and hence 14 is not congruent to 13 mod 7 we write like this
suppose Z is the set of integers and m is a positive integer for any a, b& Z we write a then this

symbol b mod m wealth which we read as a is congruent to b modulo m if and only if m divides
b—a.
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Congruence modulo relation

® Suppose m = 5

» The integer 1 related to the integer 6 by congruent modulo 5

relation.
e Wewrite 1 = 6 mod 5.

o Check that any pair of elements in the set
[..,=-9,-4,1,6,11,16,..}

15 related to each other by congruent modulo 5 relation.

Now we take up another example let us consider m = 5 now we pick up the integer 1and we pick
up the integer 6 if we consider land 6 then we will see that 1is congruent to 6 modulo 5 but we
can go Istep forward we can say that I would like to know all the integers which are congruent to
Imodulo 5 can we find it yes we can find it as we see that we have lover here and we add 5 to it
then we have 6 then we add another 5 to it then we have 11 then 16 and so on and we subtract 5

to it we get — 1, - 4 then we subtract 10 to 1.

We subtract 10 from 1 to get - 9 and so on therefore we will get this so we can in fact write a

general relational formula that we will we will see over here.
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How our m = 5 and then our element x we are taking as 1so I want to know all the elements
which are which are congruent to 1modulo 5 so all these elements will form a set that is it I am
denoting by [1] I am writing this as set of all the elements in Z congruent to Imodulo 5 then what
are these elements in general if we consider an element in this way 1 + n times 5 where n € Z

we will get all the elements in this wave by changing the values of n.

For example when n = 0 we get 1 when n =1 we get 6 when n =2 we get 11 when n =3 we get
16 when n =4 we get 21 and so on when n = -1 what we havetodois 1 -1+-15s01 -5 thisis
-4whenn=-2thisis1 +-2x5thisis 1 -10is-9n=-3,1+ -3 x5thatis 1 - 15 which is = -
14n=-41+-4/5sothis is - 20 so I get - 19 a part of this listing we have already seen in the

previous slide we can extend this we can say that okay.

Now I want to know all the elements which are congruent to 2 modulo 5 and this set we will
write this the elements of this set can be generated from the formula 2 + n into 5 whenn =0, 2 +
0 into 5 gives me 2 whenn=1,2 + 1 into 5 gives me 7 whenn =2, 2 + 2 into 5 gives me 12 and
soonwhenn=-11get2+-1times 5 whichis2-5soitis-3whenn=-21get2+-2into5
which is =2 - 10 which is - 8 and we can see that all these elements are congruent to 2 modulo 5
and in fact we can see something more that if we pick up elements any 2 elements from this

listing they will be congruent to each other modulo 5.

And if we pick up elements from this different extinct for example from 1from here and 1from

here then we will see that these elements are not congruent to each other modulo 5 we will see



this thing more in more details in later lectures now we come to operations on relations as we
have already seen that a relation is after all a subset now we have a relation from A to B therefore
it is a subset of the Cartesian product of A and B that is A x B and since it is a subset of A x B if

we take several relations from A to B.

These subsets will interact with each other through the set theoretic operations the most common
security operations that we have are U, N and complementation so if we have 2 relations from A
to B in other words we have 2 relations 2 subsets of A x B of course we can take the union of

these 2 subsets.
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Operations on Relation

» A relation from a set A to a set B is a subset of the Cartesian product
AXB.

o Therefore, all the set theoretic operations can be applied on any
relation.

» Suppose Ry and Ry are two relations from A to B.

o Then we can define R, UR,, Ry nR,, R, , that is “union”

“Intersection” and “complement™ in the usual set theoretic way.

So we can suppose we have 2 relations we denote by R, and R, from A to B we can consider R,
U R, similarly we can also consider R; N R, and given any relation let us say R, we can consider

its complement.
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Union, Intersection and Complement of Relations

* Suppose R and S are relations from 4 to B.

sForacAandb€EB:
o aRuSbifandonlyifaRboraS$hb.
oaRnSbifandonlyifaRbanda S b.
o aR bifandonly if (a,b) € R.

Now if we translate this to see what happens to these relations so if we have 2 relations R and S
from A to B again that means 2 subsets of A x B which at which we are denoting by R and S the
A which is an element of A and b which is the element of B a is related to B with respect to the
relation R U S if and only if a is related to b or a is related to b through S I repeat again a is
related to b through the relation R U S if and only if a is related to b through the relation R or a is
related to b through the relation S a is related to b through the relationa N R N S.

If and only if a is related to b through R and a is related to b through S and if we consider the
unary operation complementation on the set R that is a relation R so we have R Bar which is our
complement a related to b through the relation R Bar if and only if the ordered pair a, b is not in
R that is a is related to b through R Bar if and only if a is not related to b through R let us look at

some examples of operations on relations.

(Refer Slide Time: 37:25)



Union, Intersection and Complement of Relations

2,341 R=1{(1,2),(1,3),(2,9)}and § =

{(1,2),(2,3), (4,4)} are two relations.
¢ RUS={(1,2),(1,3),(24),(23),(44)]
*RnS={(1,2)}

o R =A% A\R = the set of all elements that are in 4 X A but not in
R

Now we have again a set a which is which consists of {1, 2, 3, 4} and we have a relation R on a
that is a relation on from a to a that is a subset of A x A given by the ordered pair (1, 2), (1, 3), (1,
4) and another relation S again on a given by the ordered pair (1, 2), (2, 3), (4,4) then AR U S is
the simple set theoretic union of these 2 subsets of A x A if we take the Union we will see that it
is the ordered pair (1, 2), (1, 3), (2, 4), (2, 3) and (4, 4) similarly we can consider the relation R N

S and with then we have to search for the common elements in R and S.

We see that this (1, 2) is common in both R and S whereas there are there is there is no other
element which appear both in R and S therefore R N S is simply (1, 2) and if we would like to
know the complementation we will have to take the set theoretic - in a set - so we have to take
the whole set cut of Cartesian product of a and take the set - R that is a set of all elements that are

in Ax Abut not in R and they then we will get the relation R bar.
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Composition of Relations

« Suppose R 15 a relation from A to B and 5 15 a relation from B to €.

sForaeAand c €C, aReo8cif and only if there exists b € B such
thataRband b R c.

¢ Thus R = § 15 a relation from A to €.

slncase A=B =C then by R" we mean Re R e ...e R (n times), i.e.,

RE=ReR R*=ReReR, andsoon

Next we will come to the another way of combining relation which we call composition of
relations suppose R is a relation from A to S suppose R is a relation from A to B and S is a
relation from B to C for a belong a a € A and ¢ € C we will say that a is related to C by the
relation R composition S if and only if there exists b € B such that a is let a R b that is a is

related to b through R and b is related to ¢ through R.

(Refer Slide Time: 40:37)



Lo

Here we have a set A these are set A and we have A set B this is a set B and we have another set
C we have a relation from A to B which we denote by our another relation from B to C which we
denote by S so R is a subset of A x B and A is a subset of B x C we are trying to define a relation
which we denote by R composition S suppose we have an element a in A and an element ¢ in C
we will try to start from a and try to relate it to some element in B suppose it is related to the

element b in B.

And suppose it happens that this b again is related to ¢ in C then we say that a is R composition S
C this gives us the definition that since there exists b € B such that a Rb and b R ¢ now if it so
happens that a is related to something here but let us say B - and this is related to nothing this is
sorry this is not related to anything over here then there is then a is not connected to any element
in C so a is not related to any element is in C or it may so happen that we have an element let us
say a - in a and ¢ - in ¢ such that there is no element in b with the property that a - is related to

that element and that element is related to c. Then we will say that a is not related to ¢ - .
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Composition of Relations

¢ Suppose R is a relation from A to B and 5 is a relation from B to .

sForaeAandc€C,aRe5cifand only if there exists b € B such
thata Rband b R c.

e Thus R 5 15 a relation from A to C.

o Incase A =B =C then by R" we mean Re Ro ..o R (n times), 1.¢,,
RE=ReR R*=RoRoR, andsoon

Now what we can do is that it is not necessary that ABC are distinct ABC may be same as
written here suppose A = B = C so all of them all B C we are writing them as A so we can
compose a relation on A that is A to A over and over again so we will write R" as R composed R
composed R compose and so on composed R n times for example if it is R?it is our composition

R if is R*it is R composition R composition R.

So in this way we can we can define powers of relations let us look at some examples again we
consider the set {1, 2, 3, 4} and relation on A which is given by (1, 2), (1, 3), (2, 4) and another
relation S which is given by (1, 2), (2, 3) and (4, 4) yeah and then we have to find out the relation

so let me write down the relation A okay.
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A= {1,2,3,4%

y AT EN IR
E= ['-"?-,,"u '.'*’):'}" )

So we have A= (1, 2), (3,4) R=(1, 2), (1, 3), (2, 4) and S = let us quickly go back (1, 2), (2, 3),
4, 4), (1, 2), (2, 3) and (4, 4) then we have to compute R composition S how to do that I start
with 1 I have written 1 over here I go 2 S 1is related to 2 now we see in S whether 2 is related to
anything S indeed 2 is related to 3 so [ write (1, 3), (1, 3) is an element of our composition S now

is there anything else no 1 going to 2 but 2 is related to only 3 in S.

Now we come 2 1 goes to 3, 1 goes to 3 then I ask a question let us cancel this so I write only
lhere 3 is my intermediate element and we see whether 3 is some in S 3 is nowhere in S so it
does not appear in R composition S now I come to 2 now 2 is 2 is related to 4 and 4 is related to
4 s0 2, 4 will appear in R composition S therefore R composition is will have only 2 elements (1,

3)and (2, 4).
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Composition of Relations

eletA=1{1,2,3,4.R={(1,2),(1,3),(2,4)}and § =

{(1,2),(2,3),(4,4)} are two relations.

s RoS={(1,3),(2,4)}

Which, we have over here so this is all about today, thank you.
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