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Regression

Welcome back.
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Motivating Examples of Linear Regression §
Ex 1 Given the different features of a new prototype car, can you
predict the mileage or ‘miles per gallon’ of the car?

So, we were continuing on regression examples on empty cars data sets. So, as we know that
given a different features of new prototype car, can you predict the mileage or the miles per

gallon of the car?
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Motivating Examples of Regression ;

Ex Given the different features of a new prototype car, can you
predict the mileage or ‘miles per gallon’ of the car?

> mpg cyl disp hp WZ
Mazda RX4 21.0 6 160 110 2.620
Mazda RX4 Weg 21,0 6 160 110 2.875
Datsun 710 22,8 4 108 93 2.320
Hornet 4 Drive 21.4 6 258 110 3.215
Prototype ? 4 120 100 3.200

» Note that your abjective is to predict the variable mpg.

chmy

Now, the data that you have in your hand is some sort of you know like this kind of typical
table format that you have and say maybe Mazda RX4 which gives you 20 miles per gallon,
21 miles per gallon. It is a 6 cylinder car, it has a displacement of 160, it gives a horsepower
of 110 and weight is 2.62. So, there could be another car Hornet 4 Drive which is has a miles
per gallon 21.4 miles per gallon and 6 cylinder car, displacement is about 258 and horsepower

110, weight is 3.215.

Now, the prototype car that you have built maybe in it is in only in available in your you
know computer models has a 4 cylinder car, displacement is 120, horsepower is 100 and
weight is 3.2. Now, you want to estimate what is the miles per gallon. So, you want to predict

or estimate the variable miles per gallon.
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Plot the data 5
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So, like any data science and project what we will do, we will start with some visualization.
So, we take this weight; suppose you take this weight variable and the miles per gallon and
we plotted them. So, what we are seeing that as the weight of the car increases, the miles per
gallon decreases. So, we see a negative relationship between the weight and the miles per

gallon.
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Regression Line ®
mpg=Py+Bywt+e

mpg

wt

So, naturally we would like to fit a straight line to begin with miles per gallon as a function of
beta naught plus beta 1 times weight plus some error. So that means, there will be some error
because you can see that this there is a some sort of randomness in the system and you know.
So, like this point we would like to have it on the straight line, but that is this not exactly

there. So, there will be this difference is the error.

So, for this point, it is the error. Interestingly, this point is almost on the line so, error for this
point will be almost 0. So, there will be some point which will be on the line or very close to
the line, for them the error will be 0. And, then there will be some point here, some point

here, some point here for them error will be some error will be there.
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Regression Plane )
mpg=PFy+Biwt+be disp+e

mpg

Now, if we consider a third variable say displacement in our analysis. So, the model will be
beta naught plus beta 1 times weight plus beta 2 coefficient time displacement plus error.
Now, two things you must notice. First, in the previous case we had only two variables

weight and miles per gallon. So, the all the points were on the two-dimension.
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Regression Plane ®
mog=Po+Bywt+fp dispte

mpg

Now, we are bringing third variable displacement in this axis displacement, this is a weight
and this axis is miles per gallon. In this so, naturally all the points that we are seeing there in
the three-dimension. And so, its likely you can if you can imagine yourself you are in a room
in one length is weight you know x axis is weight, y axis is displacement and the z axis is

miles per gallon.

Then all these points are somewhere kind of you know hanging in the three-dimension space.
So, this is what you are seeing in the graph. Now, this model is trying to fit a plane through
this points hanging in the 3D space. So, previously it was a line, in two-dimensions prop

space it was a the model was a line; in three-dimension space, it is a plane ok.
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Regression Model )

» Given a vector of inputs X T (X1, Xa, X3), we predict the
output Y via model

Y =Fo+ X8+ Xofo+ Xefs .

The term fy is the intercept.

» Often it is convenient to include the constant variable 1 in
X, include Ay in the vector of coefficients B = (81, B, 83)

» We have data about y and X

L3
» How can we estimate 3 = (4, 32, 33)?

So, given a vector of inputs X 1, X 2, X 3; now we are kind of putting some kind of
abstraction, we predict the output Y. So, Y equal to beta naught plus X 1 beta 1 plus X 2 beta
2 plus X 3 beta 3 plus epsilon. The term beta naught is the intercept. Often, it is convenient to
include a constant variable in the X matrices, that includes the beta naught in the vector of

coefficient beta which is only the beta 1, beta 2, beta 3. So, in these things.

So, we have data about now y and x and we have a model. What we do not know? The value

of these coefficients. So, we want to estimate this parameters beta 1, beta 2, beta 3.
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Regression Model ®

» Given a vector of inputs X = (X1, Xa,..., Xp), we predict
the output Y via model

p
Y= 60 +ijﬁj+f
j=1
The term g is the intercept, also known as the bias in
machine learning.

» Often it is convenient to include the constant variable 1 in
X, include fy in the vector of coefficients 8= (81, , 3p)

» We have data about y and X

chmy

» How can we estimate 3 = (B, , 8p)?

Now, we are going to expand this model to the p many features. It is just you had a model and
three-dimension model. Now, you have a p dimension model. So, in three-dimension in
two-dimension you are fitting a straight line, in three-dimension you were trying to fit a sort
of a plane, where in the p dimension more than three-dimension we cannot visualize. So,

what we have to do?

We can just you know imagine that in a p dimension, it will fit a p minus 1 dimension hyper
plane. So, that is what exactly we are going to do. So, why is this model is going to fit a p
minus 1 dimensional hyper plane in a p dimensional data space. So, this is the exact same
problem. We have bunch of X’s, we have bunch of and a Y, the given X and Y’s we want to

estimate the betas. So, that is where the whole problem lies.



(Refer Slide Time: 07:20)

Regression Line
mpg=35 - Swtte

mpg

Now, in when it comes to estimation of beta, let us try to understand how the values of beta is

going to affect my model. So, let us take this line beta m naught as 35 and beta 1 is minus 5.

So, my model is mpg 35 minus 5 times weight plus epsilon.



(Refer Slide Time: 07:49)

Regression Line )
mpg=39 - bwi+e

mpg

wt

Now, if I change it to 39 and minus 6, now the model is also changing. You can see. So, there
are only two data. One is two values that I am considering for beta naught and beta 1; 35 and

minus 5 and 39 and minus 6. And, you can see the model is kind of you know changing

accordingly.
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Choice of § ®
(o =35, By =r=5) and (o = 39, B = -6)
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Now, what are the choices of beta that can I have? So, beta can beta naught can take values
around the say x axis and suppose beta 1 takes the values around this axis. So, one possibility
is beta naught is taking 35 and minus 5. So, which is this value, another possibility is beta
naught is taking 39 and minus 6. So, this is varies this value and this gives us two possible
line. So, the question is which one to choose? But, one other question is why should I choose

between these two only?
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Choice of § ®

However, thousands of choices are there, which one is best?
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There could be infinitely many possible choice of line and for each line I will get a different
different each choices of beta, I will get different choices of line. So, which beta to choose?

Each choice of beta will give me a line.
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How do we fit Linear Regression Models? ®

» Consider the model

Youi = XﬂXpﬂpﬂ + €nxi

» Many different methods, most popular is least squares.

» minimize the residual sum of squares

RSS(8) = (y-XB)(y-XB)

n

Z(yl - X/ B

=1

n
26,2 =cle
i=1
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Now, question is which one to choose? So, there comes an interesting concept called residual
sum of squares of error and from where the concept of least square comes. So, we have the
model y equal to X beta plus epsilon, y is a n cross 1 vector, X is a n cross p matrix, beta is a
p cross 1 vector and epsilon is a n cross 1 vector. Now, what we are going to do? We are

going to understand the residual sum of squares of error.

So, y minus X beta. So, we can just take the X beta on the left side, that gives us a y minus X
beta which is epsilon effectively, transpose y minus X beta effectively what is it? This is y
minus x 1 transpose beta whole square and some of that. Now this is nothing, but epsilon i

square or epsilon transpose epsilon. So, this is called residual sum of squares of error.
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A

Residual Sum of Square : Surface

> RSS(B) is a quadratic function of the parameters

i
» Its minimum always exists, but may not be unigue. cmi

Now, if I plot this residual sum of squares against different choices of beta naught and beta 1,
we get a valley like this kind of a valley. And of course, we would like to choose a beta
naught and beta 1 somewhere in the valley which is the; which will give me the minimum
sum of squares of error. And, turns out it is the it its minimum always exist and it may not be
unique, but minimum always exist. And we will talk about it, but this we are going to talk

about it; but this is let us talk about more about it.
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How do we fit Regression models? ;

» Differentiate RSS(3) with respect to 3 and equate to 0

9RSS(6)

B
S T
-
= -2X"(y-x8)=0

= X"XB=X"y Normal Equations

=0

» XTXis p x pmatrix,
» So normal equations have p unknown and p equations.

chmy

So, how can we get this minimum? So, easiest thing is you differentiate this residual sum of
square with respect to beta and set it equal to 0. So, what is my residual sum of squares of
beta? y minus X beta transpose times y minus X beta and differentiate it with respect to beta

and set it equal to 0.

So, after differentiating what I have is minus 2X transpose times y minus X beta equals to 0.
Now, this we can write it as X transpose X beta equal to X transpose y. This equation, set of
equation is called normal equations and X transpose X is a p cross p matrix. So, the normal

equations have p unknown and p equations.
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How do we fit Regression models? ®
» Normal Equations

X'xg=XTy

» X"Xis px pmatrix,
» So normal equations have p unknown and p equations.

» Solving the equations, we have

B=(XTx)"'XTy

» Least Squares method provides analytical solution Cmi

Now, solving this equation, we can have beta hat equal to X transpose X inverse X transpose
y. And, this solution is called Ordinary Least Square solution on OLS or least square method
provides an analytical solution. We have a exact analytical solution. Because, you see that all
we have to do we have the data X, in the data all we have a X and y which is plug in X and y

in this formula. This will give you beta hat and in that is it your model is ready.

You can plug it in this model, you can deploy it in a production setup. So, we will stop here

now and we will do some hands on to see how these things work.

Thank you.



