Measure and Integration
Professor S. Kesavan
Department of Mathematics
The Institute of Mathematical Sciences
Lecture-7
2.2 - Exercises
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Exercises:
So, let us now do some exercises. So, the first one.

(1) Let X (# ¢) be a set, R ring of subsets of X let

S={FcX Fe€RorF €R}.
Show that S is the smallest algebra containing R.

solution: If §' is any algebra containing R, then it contains all compliments of members of R

as well. Thus, S c S'. So, enough to show S is an algebra.

So, ® € R => X € S. Now, enough to show we have already seen this S is closed under
finite unions and complementation. So, closed under complementation is obvious by
construction because if any member of S either it is a member of R in which case its
complement is also in S. If it is not in R that means its complement is in R and therefore, it is

also in S that member also the complement is also in S. So, this is obvious by definition. So,



now we have to show that it is closed under union. So, let us take E, F € S. So, to show

EUFES.
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So, let us look at different cases. So, first case.

)L E, F E = V) (S = V) € S.
)ifEEFER>EUFER=>EUFES
G)ifESFFeR=>ENF'eR ie,(EUF) ER>EUFES.

(i) E,FF€E R=>F\E€ER, ie, FNE €R, i.e, EUF) ER=>EUFES.
E belongs to R and let us say F complement belongs to this is the third possibility.
Therefore, it is an algebra and it is in fact the smallest algebra containing R.
(2)Let X (# ¢p)andlet E € X be given. Let E = {F ¢ X: E c F}. Compute R(E).

solution: Clearly, X € E = R(E) is an algebra =closed under the complementation.

>={FcX:EcF}u={FcX:FcE}cR(®E) =S5
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So, enough to show it is algebra whatever they want. So, it is closed under complementation

and therefore, enough to show, F,G € S= F U G € S.
So, again we have to take the 3 cases.
(i) if For G contains E, then Ec FUG=F U G € E c S.
(ii)
FFGCE 2ECF,ECG2ECFNG=(FUG >2FUGCE =2FUGES.
So, this becomes an algebra.
(3) X non-empty set, R ring on X, p-ameasure on R, E,F € R. Show that
HE NF) + W(E VU F) = WE) + plF). —--—---- (*)
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solution: SoE U F = (E\F) U Fand (E\F) U (E N F) = E.
So, this can be written and this is disjoint.
So, if W(E) or w(F) =+ oo, then p(E U F) =+ oo and so (*) is obvious.

So, we can assume that both p(E) and W(F) <+ oo = pu(E U F) <+ oo. So, now by
additivity wW(E U F) = W(E\F) U W(F) and p(E\F) U wW(E n F) = u(E).

So, add and cancel, u(E\F) <+ oo. Remember so I am allowed to cancel and everything is

finite in this equation and that is the solution.



(Refer Slide Time: 14:14)

b XKEP), Roavgen X, p32o, flle, oddifue W5 fn. on B

OWA 1y Co¥ . oo S0 - o Beh i« if i€ 6\1&;’/‘5/
o \)(E\-_&;\) y[&\, [ ’..Lu) SRRV
S p(e) ke VB . \Fiddy) oddifion, e\ plEog) =peartpc)
=) P.(.q;\ <p (N PLE\ <)
Eafe S g B, 22D R
F.o O& —\Feewm. FOE.
=\ 2 Q
P A ) 20 TS plg) 2 2 L),
N 1 I Rl

D

aN

(4) X non-empty set, R ring on X, and p = 0, finite, additive set function on R, which is

continuous from below at every E € R. i.e., if El, € R, Ei T E, then u(E) = lim u(Ei).
n— oo

Show that p is a measure.

Solution: p <+ ooVE, and finitely additive. Therefore,
WE) = wE U ¢) = wE) + w).

= W) = 0. (as p(E) <+ ).

So, we only have to show countable additivity. So {E n}n= 100 disjoint sequence in R and

E=uU_"E €R.So,youtakeF =uU_'E -»E€R, F 1E.
1 i n i=1 i n

1=

So, W(E) = lim p(F ) = lim » wE) = ;1 W(E ).

n— oo n—>o =1

So that proves the results.
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(5) X non-empty set, S a o-ring on X, | measure on S, {En}n: 100 € S. Now, you define

liminf E =U__n_ “E.Then show that u(lim inf E ) < lim inf p(E).
n—-oo n n A n—oo n n—oo n

n=1 i=

solution: So,1et F = n_"E,E= liminf E =U_"F.So, F TE, u(F ) Tand
n = n- n=1 n n n

© n

therefore, p(E) = lim u(Fn) = supnu(Fn).Now,

n— oo

WF) = WE)Vizn=upF ) <inf_ uwE).



Therefore, p(E) < supninfiZnu(Ei) = lim infn_mu(En).



