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Before starting the exercises, I want two clarifications about the previous lecture. So when

extending the Radon-Nikodym theorem when are -finite measures, then I said that Xµ,  ν σ

can be written as 𝑋 = ∪
𝑛=1

∞𝐸
𝑛

= ∪
𝑚=1

∞𝐹
𝑛
,  µ(𝐹

𝑛
) < ∞ ∀ 𝑛,  ν(𝐹

𝑚
) < ∞ ∀ 𝑚,  {𝐸

𝑛
}, {𝐹

𝑚
}

all disjoint. We split up into disjoint sets and then of course, we took En intersection Fm and

then extended it to the, from the finite case to the sigma-finite case. So this is the first

clarification.

The second 1 is about the Lebesgue decomposition theorem. This is more serious. So what

we did was we said that and we then sawν << ν + µ ν(𝐸) =
𝐸
∫ 𝑓𝑑(ν + µ).

And then we took this at 𝐴 = {𝑥 ∈ 𝑋:  𝑓(𝑥) ≥ 1}  ,  ν(𝐴) ≥ ν(𝐴) + µ(𝐴) ⇒ µ(𝐴) = 0.

But this only because when nu(A) is finite.

So it works, so this about the proof works when is finite because I have been harping onν

this a long time, when you subtract and cancel things on either side, then they just you can

only do it if it is a finite quantity.



So how do you do? So assume now nu is sigma-finite and then of course, we rewrite

disjoint.𝑋 = ∪
𝑛=1

∞𝐸
𝑛
,  ν(𝐸

𝑛
) < ∞ ∀ 𝑛,  {𝐸

𝑛
}

So there exists andν
0

𝑛,  ν
1

𝑛,  ν = ν
0

𝑛 +  ν
1

𝑛 𝑜𝑛 𝐸
𝑛
, ν

0
𝑛 ⊥ µ,  ν

1
𝑛 << µ.

(Refer Slide Time: 04:23)

And then you take . Let me be more precise En𝐴
𝑛

⊂ 𝐸
𝑛
,  µ(𝐴

𝑛
) = 0,  ν

0
𝑛 ≡ 0 𝑜𝑛 𝐸

𝑛
\𝐴

𝑛

minus An because everything is now defined only on En.

So now, if E is in S, you define ν
0
(𝐸) =

𝑛=1

∞

∑ ν
0

𝑛(𝐸 ∩ 𝐸
𝑛
),  ν

1
(𝐸) =

𝑛=1

∞

∑ ν
1

𝑛(𝐸 ∩ 𝐸
𝑛
)

and ν (𝐸) =
𝑛=1

∞

∑ ν(𝐸 ∩ 𝐸
𝑛
) =

𝑛=1

∞

∑ (ν
0

𝑛(𝐸 ∩ 𝐸
𝑛
) + ν

1
𝑛(𝐸 ∩ 𝐸

𝑛
)) = ν

0
(𝐸) + ν

1
(𝐸).

And therefore, we have .ν = ν
0

+ ν
1
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Now you said 𝐴 = ∪
𝑛=1

∞𝐴
𝑛
,  µ(𝐴) = 0,  𝐴𝑐 = ∩

𝑛=1
∞𝐴

𝑛
𝑐,  𝐸 ⊂ 𝐴𝑐 = ∩

𝑛=1
∞𝐴

𝑛
𝑐.

Then what is nu naught of E? And then but what is ? Eν
0
(𝐸) =

𝑛=1

∞

∑ ν
0

𝑛(𝐸 ∩ 𝐸
𝑛
). 𝐸 ∩ 𝐸

𝑛

intersection En is E is contained in A complement which is the intersection of all this. So this

is contained in An complement because of the definition of this. So this is equal to

intersection .𝐴
𝑛

𝑐

So E intersection An complement and therefore each one of them is 0 and therefore this is

equal to 0. So . The other one is more easy. Of course, ifν
0

≡ 0 𝑜𝑛 𝐴
𝑛

𝑐 ⇒ ν
0

⊥ µ 

µ(𝐸) = 0 ⇒ µ(𝐸 ∩ 𝐸
𝑛
) = 0 ⇒ ν

1
𝑛(𝐸 ∩ 𝐸

𝑛
) = 0.

Therefore, you have ν
1
(𝐸) =

𝑛=1

∞

∑ ν
1

𝑛(𝐸 ∩ 𝐸
𝑛
) = 0 ⇒ ν

1
<< µ.

And this completes the proof of the thing in the sigma-finite case. So the proof which I gave

in the previous video is only applicable to finite measures when nu is finite but then it is a

very simple extension to the sigma-finite case.
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Okay so now let us do some exercises.

(1) : (X, S) measurable space, signed measure which is finite. Show that for every E in S,µ

we have |µ|(𝐸) = sup
|𝑓|≤1

{
𝐸
∫ 𝑓𝑑µ}.

sol: so is finite are finite. And therefore, if , thenµ ⇒ µ+,  µ− |𝑓| ≤ 1

|
𝐸
∫ 𝑓𝑑µ| = |

𝐸
∫ 𝑓𝑑µ+ −

𝐸
∫ 𝑓𝑑µ−| ≤ µ+(𝐸) − µ−(𝐸) = |µ|(𝐸).

Therefore sup
|𝑓|≤1

{
𝐸
∫ 𝑓𝑑µ} ≤ |µ|(𝐸).
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Now we have to show the reverse inequality. So you take , Hahn decomposition𝑋 = 𝐴 ∪ 𝐵

and you take So and if you take𝑓 = χ
𝐴

− χ
𝐵

. |𝑓| ≡ 1 

𝐸
∫ 𝑓𝑑µ =

𝐸
∫ 𝑓𝑑µ+ −

𝐸
∫ 𝑓𝑑µ− = µ+(𝐴 ∩ 𝐸) − µ+(𝐵 ∩ 𝐸) − µ−(𝐴 ∩ 𝐸) + µ−(𝐵 ∩ 𝐸)

= µ+(𝐴 ∩ 𝐸) + µ−(𝐵 ∩ 𝐸) = µ+(𝐸) + µ−(𝐸) = |µ|(𝐸).

This says that sup
|𝑓|≤1

{
𝐸
∫ 𝑓𝑑µ} ≥ |µ|(𝐸).

And so we have both the inequalities and consequent and hence the result.
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(2). (X, S) measurable space, signed measure and . It is the Jordanµ µ = µ+ − µ−

decomposition. If there exists measures such that , show thatµ
1
,  µ

2
µ = µ

1
− µ

2

µ+ ≤ µ,   µ− ≤ µ
2
.

solution. 0 ≤ µ+(𝐸) = µ(𝐸 ∩ 𝐴) = µ
1
(𝐸 ∩ 𝐴) − µ

2
(𝐸 ∩ 𝐴) ≤ µ

1
(𝐸 ∩ 𝐴) ≤ µ

1
(𝐸).

⇒ µ+ ≤ µ
1
.

Similarly,

0 ≤ µ−(𝐸) =− µ(𝐸 ∩ 𝐵) = µ
2
(𝐸 ∩ 𝐵) − µ

1
(𝐸 ∩ 𝐵) ≤ µ

2
(𝐸 ∩ 𝐵) ≤ µ

2
(𝐸).

⇒ µ− ≤ µ
2
.
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(3). (X, S) measurable space, -finite measures and .µ,  ν   σ µ ≡ ν  (𝑖. 𝑒.,  µ << ν,  ν << µ)

Show that 𝑑µ
𝑑ν = 1

𝑑ν
𝑑µ

   𝑎. 𝑒.  [µ].

solution. So let us say So𝑓 = 𝑑µ
𝑑ν ,  𝑔 = 𝑑ν

𝑑µ ,   𝑓, 𝑔 ≥ 0.

ν(𝐸) =
𝐸
∫ 𝑔𝑑µ =

𝐸
∫ 𝑔𝑓𝑑µ.



Therefore, for every E in S, you have So now, you take
𝐸
∫(1 − 𝑔𝑓)𝑑µ = 0.

Then this will imply that𝐸
𝑛

= {(1 − 𝑔𝑓) > 1
𝑛 }.

ν(𝐸
𝑛
) = 0 ⇒ ν(𝐸) = 0,  𝑤ℎ𝑒𝑟𝑒 𝐸 = {(1 − 𝑔𝑓) > 0}.

Similarly, ν(𝐹) = 0,  𝑤ℎ𝑒𝑟𝑒 𝐹 = {(1 − 𝑔𝑓) < 0}.

This implied that µ(𝐸) = µ(𝐹) = 0.

Okay, so and so you have that 1 = 𝑔𝑓  𝑎. 𝑒.  [µ],   𝑎. 𝑒.   [ν].

And that is exactly what we wanted to prove. Okay so with this we conclude this chapter. So

next time we will start with an important topic namely Lebesgue spaces or L^p spaces.


