Measure and Integration
Professor S Kesavan
Department of Mathematics
The Institute of Mathematical Science
Lecture 54
Examples
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So, we will now look at some examples of Fubini’s theorem. So, let me just recall

X,S, ), (Y,T,7). So, these are o finite measure spaces and thenon Q € S X T the product

o algebra, then (n X )(Q) = J A(Q )du(x) = [ n(@")dAW).
X Y

So, this is the measure and then we have Fubini’s theorem.

So, Fubini, so if f is non negative, then so fis S X T measurable, then you define

¢() = [ f d\ and Y(y) = [ Fdu
Y X

And, then the Fubini’s theorem says

(a): If f = 0 these functions are measurable and you have the

Jodu=[wdr= [ fd(ux M.
X Y XXY



(b): Then secondly, if
JU 11 d)du <+ o, 0r [(J |f] dw)dr <+ oo
xy * y x 7

, then f is integrable with respect to p X A and if so, this is (a), this was (b) and this is

(c): If fis integrable with respect to u X A then star holds, star is this function and

that star can be re-written in expanded form. So, this is integral

JJ Feo)du@)driy) = [ [ fOoy)dA@)du(x) = [ fd(p x ).

Xy Y X XxY

So, this is the Fubini’s theorem, which we have so always to check if you can if it is non
negative you apply blindly they may all be infinite but still it is true and if it is not, if it is of
changing sign, then apply to mod f if they, these are called the iterated integrals. So, if one
iterated integral of mod f is finite then f is integrable and then the integration can be carried

out in this fashion. So, this is the reconnection.
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So, now, let us look at examples.

Example: So, we have take X = Y = N, p = A = counting measure and then f
m, n it was a mn sum double series, then case a of Fubini implies a mn non negative then
sigma m equals 1 to infinity sigma n equals 1 to infinity, a mn equals sigma n equals 1 to

infinity, sigma m equals 1 to infinity a mn that is you can interchange the order we prove this



using as a consequence of the monotone convergence theorem and this is also now case a of

Fubini’s theorem.

Now, what about case b so, we want integral mod fx so, that means, mod if x integral should
be finite, so, y dA should be finite. So, we say that integral and we wanted the integral X,
integral Y, mod fx dA dp should be finite, this is the thing. Now, this condition if you look
back and the example this is saying integral of m equals 1 to infinity sigma n equals 1 to
infinity mod a mn is finite. So, we said that, this we called as b, bm and sigma bm is finite
this was the condition which we put using and then this implies again implies star and this we

prove using the dominated convergence theory.

So, that is the first example. So, we the cover what we prove using the monotone
convergence theorem for the non negative case and the general case for the dominated
convergence theorem. If you go back to that example, this is precisely the conditions which

we used there using the monotone and dominated convergence theorems respectively.

Example: So, now, you have again X = Y = N, A = p = equals counting measure
and you have f m, n equals a mn equals 1, if n equals 1 that is the first column is always 1
minus 1 if n equals n plus 1 and 0 otherwise. So, we had 1 1 1 1 1, then minus 1 minus 1

minus 1, et cetera.

And therefore, now, if you take sigma m equals 1 to infinity, sigma n equals 1 to infinity then
you have a mn. So, n equals 1 to infinity. So, if you are carrying then you get 0, and sigma n
equals 1 to infinity sigma m equals 1 to infinity a mn, so, n equals 1 then you get infinity and
this will be plus infinity. And this now, the previous condition sigma mod a mn this is equal
to plus infinity because we put more or less everywhere then you get plus infinity and
therefore, so condition on some ability cannot be the most cannot be relaxed. So, that tells

you the condition.
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So, this Fubini theorem which we said that if f is integrable then you can also here the, if and
for that to be integrable we needed mod f to have the iterated integrals to be finite. And here

mod f does not have iterated finite so if it is not integrable and Fubini theorem fails, so 3,

Example: X =Y =[0,1], S=T = L, p=m, but A = counting measure.

Therefore, A is not o finite because it is uncountable set and so, counting measure.
So, now you are taking D = {(x,x) | x € [0,1]}c X X Y.

So, D is a closed set implies Borel, implies D belongs to L1 X L1 because we have seen this,

Borel sets are contained in the product o algebra, then f equals chi of D, then integral over Y
integral over X, f of x, y, du(x) dA(y). Now, if you take the first integral it is supported at a
single point which is of measure 0 for the Lebesgue measures. So, this is equal to 0 and

therefore, this integral becomes 0 and if you take the integral over X, integral over Y, f of x,

Y, dAA(Y), du(x) .

Now, if you take the first integral, this is a counting measure and it is supported at a single
point. So, this integral is always equal to 1 because chi D and C equal to 1. So, it is 1 for all x

and therefore, this integral is 1 therefore, so o finiteness cannot be relaxed.
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Example (Integration by parts): Then, another nice example. So, that is take so,

this is called integration by parts, for absolutely continuous functions. So, if you want, if you
know integration the parts for continuously differentiable functions then this integral f is
equal to the n values, my difference of the n values minus f, g will be difference of n values

of f, g my plus minus integral d f. So, now, we want to show that even in the case of

absolutely continuous functions which are differentiable almost everywhere. So, a, b and you
have f and g from a, b to R absolutely continuous then f, g exist almost everywhere and are

integrable.

So, now, let us consider the function

e(xy) =f(g ) on E={(x,y) € [a,b] X [a,b] : x < y}.
So, E is closed Borel and implies E € L1 X L1' So, we are assuming [a, b] with the Lebesgue

measurable.

And, then integral [a, b] X [a, b] of mod phi d m1 cross ml is equal to integral over the a b
integral over ab mod f '(x), mod g'(y), dm x, d m 2x, but g'(y) comes out so the integral a b,
mod g'(y) and then insane it is it comes up as a constant so then we can make dm 1 y into a b

mod f '(x) dm 1x. And we know that this is finite. So, 1 iterated integral or both are finite and

therefore, this means that phi is integrable and Fubini applies.



So, we always will do like this we given a function we want to apply Fubini’s theorem, first
we will take the modulus estimated see that the one of the iterated integrals is finite then you

know the function is integrable and you can go ahead and apply Fubini’s theorem.

(Refer Slide Time: 15:41)
£ (0l o
= (gl 5\{1'&.\\&“,&\ <tw.
: ot )
= & M'\'&fow & £ oQin qﬁﬂ_e,,
f ( S F’mx%'tgx’)u-g,q) O‘M,"s\) on, )
£V &

Lal)
(§ 45 g0 A e Sy

-]

B p)

N
| HS= f ( ‘( %’%\Qmﬁ\) @'(u_\ S (v
Laywd x

= [g0-g] fardme o g0 0 -ge) = [34'0
L) LoM

¥ Lo} 20 Ac, {i'_él' ittt eyl

Qs = flf"—‘é_[‘!\ o~
£ Jlep e @il xsg,’).

E ooy Red =y Ecd nd, 4
\j- [EAPSNCPPRES S L S W’m;ﬂéf@\c&mﬁ\} Sor,fe)

T i 3]
= 5\%‘(;1;\;-«‘(-]\ 5\;’(\.\\&“@ < tw.

o q g O g,

J‘ ( S F'b-\%"‘x\% - ém\}\\) Aeny 4
2] 5

5Q

Tak)

RV

Loy 3‘]‘5\ X Lr\,n I Am'.[rd

So, what do you have that? By Fubini, so integral over [a b], integral over [a, b], f '(x), g'(y),

chi x y, dml y, dm2 y equals integral over a b, integral over a b, f v(x), g'(y), chi over x vy,
dml x, dm2 x, m1 x. So, let us estimate the first one, so LHS, so we have to first integrate

with respect to y and therefore, this becomes

b ' T
LHS = [ (f 900 dml)f ) dm, ()

[a,b]\ x



= [ f®) - f@If @ dm (x) = g)[f(b) - f(a)] - [fb] af 'dml(X)-

[a,b]

integral a b, of integral a b, chi of x. So, this is becomes integral a to x, y will go from a to x,
it will go from, because x is x is less than equal to y, sorry sorry. So, this should go from x is

less than or equal to y.

So, y will go from x to b of g'(y) dml y into f'(x) dm 1x. So, now let us integrate the first
one so, it is from x to b, g'(y) dml vy, so that is equal to the integral a b since it is absolutely
continuous function the integral of derivative is nothing but gb minus gx into ff '(x), dml x.
Which, so, gb into f '(x), gb is a constant, come out integrative f '(x) will be fb minus fa. So

gb into fb minus fa minus integral g, f '(x) dml.
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Now, let us in the same way write the RHS,

y o, '
RHS = [ (f f ) dml)g ) dm, (v)

[a,b]\a

= [ fO) - f@lg ) dm (y) = [f fg'dm1 = f(@[g(b) - f(a)].

[a,b] a,b]

fb] f g'dml = f(@g() — f(@g(a) + f(a)g(b) — f(a)g(D) —

I fg dm..
[a, a,b]

[a,



= f(@g®) - f@g(@ — [ fg dm,

[a,b]

Again this is integral over a b, yet because it is chi E, I am writing in this fashion, now this is

nothing but fy minus fa into g’(y), dml y, and that is equal to integral a b, f g' dm 1 minus fa
into gb and g, gb minus ga, and again and again using the fact that if the intent of an

absolutely continuous function, then you have the fundamental theorem of calculus.

So, if you equate these two integral over a b, fg' dml equals fa, gb minus fa ga, and taking

this to the other side plus fb gb minus fa gb and so, the first one, these two get canceled

minus integral g f dml and that is equal to fb gb minus fa ga minus integral g f dml over a
and this is exactly the integration by parts formula. Now, so, this so we continue with more

examples next time.



