Measure and Integration
Professor S Kesavan
Department of Mathematics
The Institute of Mathematical Sciences
Lecture-33
5.8-Integrable function

So, we have been looking at the Lebesgue integral of non-negative simple functions from
which we also went ahead to define the Lebesgue integral of a non-negative measurable

function.
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So, now, we will move on and deal with arbitrary measurable functions and therefore, we

cannot do it for all functions of course, so, we want to now look at integrable functions so,



these are functions for which an integral can be defined. So, (X, S, ) measure space and you

. : . + -
consider f measurable function on X. So, now, we can of course, write f = f — f and

since each of these is non-negative, and you expect the integral to be linear therefore, the only
. .. . NN + - "
possible definition you can give ™ [ fdu = [ f du — [ f dp"?
X X X
But there is a catch if both these happen to be infinite then f integral of f plus and integral of f
minus if they are both infinite then we will not be able to define this difference in a

meaningful ways and therefore, at least one of them has to be finite in this so, we make the

following definition.

Definition: (X, S, 1) is a measure space and f a measurable function. The function f is said

to be (Lebesgue) integrable, we will just say integrable in future, if

JIfldp <+ co.
X
Now, |f] = f' + f . So, if fis integrable = [ f'dy <+ oo, [ f du <+ oo,
X X

So, if fis integrable, then we define [ fdp = ff+du — [ f dp.

X X X
So, at this point we can consider all complex valued functions also. So, f: X = Cis a
complex valued function, let us write it as in terms of the real and imaginary part. So,

f =u+ iv, u = Re(f), v = Im(f). Therefore, both u and v are real valued functions. So,
we say that f is measurable if u and v are measurable, f is integrable if |f] is integrable, same

definition.

So, if f is integrable then |u| < |f|and |v| < |f| and therefore, this implies that if f is

integrable then u and v are also integrable. And now, we can define

[ fdu = [udp + if vdp.
X X X
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Notation: so, as long as there is no confusion, namely, there is only one space and so on and

we will always write | fdu. But in case you have say two variables R or C etc. and you have
X

a function of two variables X X Y — R or C and we want to define an integration of this with

respect to one of the variables. So, the measure space would be (X, S, p). In that case we

write the integral [ f(x, y)du(x) and this will say the variable with respect to which we
X

are integrating, that is just a question of notation.
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Theorem: (X,S, ) measure space f and g integrable complex valued functions and

a, B € C. Then af + Bg is integrable and

J(of + Bg)dn = of fdu + B[ gdu.
X X X

So, this is the full linearity of the Lebesgue integrals.
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proof- Clearly, af + Bg is measurable and |af + Bg| < |o||f]| + |B||lg|- Therefore
af + Bg is integrable.

step 1: [(f + g)dp = [ fdu + [ gdu.
X X X

So, without loss of generality we can assume f, g are real valued. So, letussay h = f + g.

Andthenwewritth =h' —h, f=f —f andg=g —g .So,
Wk =f —f+g g =sh 4+ +g = +g +n.

So, for non-negative functions, we know that you can if some of the integral is equal to the

integral of the sum. So, you get

Jh'dp+ [fdu+[g du=[fdu+[g'du+[n dn
X X X X X X

Now, everything is finite so we can rearrange. Therefore,
+ - + - + -
Jrdp —fhdu=[fdu—[f du+[gdu—[g dun
X X X X X X

So J(f + @du = [ fdu + [ gdu.
X X X



(Refer Slide Time: 12:06)
i Qg o= et fasy
X u *x N

EN
Syvp = epdu = ¢ (fdp(n <& G
e f ot
cho cidy O e paed  Fdo oo Sad
- P

C=-n -
CORS B 1 R M
Cp -4 "

—
= Jepor - Jrd- frae v &

= Jepsp o Jion- o - i
G e ol

&\%x o do (GO ke £ c=-a.

g--_- TR A.f— = =8+l -

\5@9-’% = (S-u"\?wi\guAr\
= = ng\ﬁz‘gjuiﬂ
= [ fon ) = A1

step 2: We have to show [ cfdu = ¢ fdy, ¢ € C.—---- *)
X X

So, if ¢ is non-negative that means a real number which is non-negative then clearly star is
true by definition, because for non-negative functions you have and then the integral is
defined using the real and imaginary parts and also for each of using the positive and negative

parts.

So, for instance if f is real then you have integral f d Mu, c f, equals integral c f plus d Mu
minus integral ¢ f minus d Mu, because ¢ f equals ¢ f plus minus ¢ f minus and these are the

positive and negative parts of this function c f. And therefore, this is for positive functions we



know that this is true d Mu minus ¢ times integral f minus d Mu and therefore, this is true,

therefore (*) is true for non-negative things.

Now, you let us take ¢ equals minus 1, then what is minus f plus? This is nothing but f minus
and minus f minus equals f plus because minus f equals f minus minus f plus. So, this is how
these are the positive and negative parts and therefore you have this. So, obviously, integral
minus f d Mu over X is equal to integral f minus d Mu over X minus integral f plus d Mu
over X this is equal to minus integral f d Mu over X so, it is true also for this, so, this is true.

Therefore, (*) true for all ¢ real.
Enough to show (*) true if ¢ = i.

So, okay you have f = u + ivand therefore, if =— v + iu. So,

[GfH)dp = [—vdp + if udp =— [vdp + ifudp = i[[ udp + if vdp] = i fdp.
X X X X X X X X

And therefore, this proves for all constants and therefore, the linearity is completely proved.
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Theorem: So, (X, S, n) be a measure space and f -a complex value integrable function. Then
|J fdul < [ Ifldu.
X X

. . —i0 .
proof: so, if you have z € C, then you can write|z| = e Yz, he polar decomposition and

therefore, |z| = e 2. So, let |a| = 1, a € C, such that

|f fdul = of fdn.
X X

Andletu = Re(af). Thenu < |u| < |af| < |f| = u is integrable. So,

|[ fdul = of fdu = [afdp = [udp < [ |fldn.

X X X X X
And so, this completes this proof. And so next time we are going to look at another limit
theorem like the monotone convergence theorem, the next theorem which we are going to
prove will be an all important limit theorem in Lebesgue integration, it is one of the high

points of the theory which we will see next time.



