Measure and Integration
Professor S. Kesavan
Department of Mathematics
Institute of Mathematical Sciences
Lecture 30
Monotone convergence theorem
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So, we will now prove the first important limit theorem. So, this is theorem called the

monotonic convergence theorem. So,

Theorem: (X,S,) is a measure space and {fn} “ a sequence of non-negative
n=1

measurable functions defined on X such that for every x € X we have
1o Sfl(x) sz(x) < .. .. an(x) < ...

(ii) £, () - f(x),

Then [f du— [fdp
x " X

So, we are having the integral limit of the integrals is the integral of the limit. So, this is the

you can interchange the integration is a limiting process by itself we also have pointwise



limits and integral of the, so you can interchange the two limit process the limit of the

integrals is the same as the integral of the limit.

In other words a limit can go inside the integral side. So,

Proof, so you let a = sup f fn du
X

So, we need to show in fact « = [ f dj. So, since you have a increasing sequence you have

X
O<[fdu<[f, dus< <[f du
X X X
and you also have{ fn} “is increasing sequence and so, f - f forall n.
n=1

So, | fn du < [ fdp. So, this is an upper bound for all these things and therefore, you
X X

have that a < | f dy. So, we have to show the converse.
X
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So, now, 0 < ¢ < 1, be a fixed constant and ¢ non-negative simple function such that

0 < ¢ < f.So, define E = {x € X: fn(x) > ccp(x)}.
Now, E , is of course measurable and you have that

E cE c ... cE c ...,
1 2 n

because fn is an increasing sequence, so if x € En then f and x is bigger than c@(x) that

means, fn+ 1(x) > c@(x) that means x € E s0 E is an increasing sequence. So, there

n+1’

are two possibilities for x € X.

So, either f(x) = 0 this implies fn(x) for all x and @(x) = 0 and you have in this case all

this implies

x €E or f(x) > 0andsince @ < f, 0 < ¢ < 1, this implies that f(x) = co(x).

Because this is the supremum there exists an n such that f(x) is greater or equal to fn(x)

greater or equal to c@(x), which implies that x € E . So, in other words, this implies that



Now, [f du=[f du=C[odu= Cv(E)
X E E

n n

So, v(E n) = [ ¢ dp. But what do you know ¢ is a simple non-negative simple function.
E

n

So, V(E) = [ @ dp defines a measure and therefore, if you pass to the limit in this
E

relationship here, so, if you then you will get

a > C lim v(En) = Cv(X) = C[ @du
X

n— oo

So, this is true for all phi through 0 < ¢ < f. Therefore, by definition a > C [ ¢ d, by
X

definition. Now, 0 < € < 1 this is true for all C. So, this implies that a > [ ¢ du and that
X

is what we wanted to prove.

So, we already have a less than equal to f dp and now we have a greater than equal to f du

this implies o« = | f du and therefore, this is nothing but limit integral fn d mu over x, this
X

equal to also Sup integral fn d mu over n. So, this proves the monotone convergence theorem
very useful, very simple to apply, you need a sequence of non-negative measurable functions
which is increasing so, monotonic increasing then the limit of the integrals is the integral of

the limit.

So,

Remark: [ f du =+ oo. So, this just implies that the sup [ fn dp =+ oo. So, both sides
X X
say infinity and that is it.

(Refer Slide Time: 9:29)



= [ = \!5“’1‘*&3
215> 100 owewiz-crunsol] *

e —————

P Dspy snoy {5 meong e b

DX R Z__.?—."\ A K
Tk N wrd =
Jodps “z;:f&"’t*
B bk Dy e 3T o Sl
0cQ =8, o=k sf @, o, Snple @r\?& Wl fa
D4 R b, eple f&"fm'
By MCT Ly ; Seepydy = [(fagy) S
L2 2 0o o)
‘—DN,,\ g_;,o ‘h-'l"” P ¥ =
Ty Bem hrof Sy, M STE = § ot
6e®,2%, o= =h  wwenge QIR WIa.
0L Ryrh, oheple 4‘&-0)%'.
By MCT, fﬁ: x\fw,,wﬁ)d\g & \fk&’.ﬂ’-;} S
;HM(* = Jh4
fanin > e
ST
D‘—QI\E%U o= '71/,\5?‘_ L?n)wnw'w'll @'\7& %?'[L
04 KR +%. ""*TQ- 4\&"?:\-‘
By VLT,

fﬁl‘ \f Ry = [(fi15,) S

Jandt —  Jif4n
X >

fande > Jeop

LR IAPE D [ Jod S
X




i R L Nk Judr  Jron
— é(&ﬁw‘f» . {«‘i.MgM«-
By i £\%£M~= = foon w3t
e Lfer - 2

MLt

So, now we can give an application of this. So,

Proposition: (X, S, 1) measure space { fn} non-negative measurable functions. Define

f@ =% f0
n=1
, then f > 0, measurable and

Jfdw=% Jf du.
X

n=1X

So, it is a point vise sum and the integral is also the you can then take the if you take the
integral of f, the integral and the summation sign can be interchange. So, this is again a

non-trivial observation works in working for non-negative functions.

Proof. So, you take g,= f T f , T+ fn, implies g, is measurable and then g,

increases to f implies g, f is measurable, we already saw the supremum of measurable

functions is measurable. So, that makes it measurable. So, now, let us take ¢ and l.|Jn simple,

OS(anfl, OSLIJn sz,and(panl, lIJn sz

we can always do this because of that theorem. Then we also have the @ t ljJn is simple

and increases to f LT f .



So, we have by the monotone convergence theorem, you have a

lim (¢, +¢)du—f(f +f,)dun

n—oo X

Jeo du-[f duand [ du-[f du
X X X X

But we also saw @ and L|Jn are simple, S0 and Lpn simple, this implies a non-negative, so,

this implies that

i((pn + ) du =£an dp +£¢ndu
And therefore, passing to the limit you get

[, +f)du=ff du+]f,du

X X X
So, by induction

n
[(F,+ - +f)dn=3 fdu
X i=1

Now, this is the function 9,= f et fn and g, increases to f all non-negative,

therefore, again by the monotone convergence theorem,

[ f dy = lim fodu—fo dp.

n—o i=1X i=1X

and that completes the proof. So, we will now do some examples in the next session.



