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4.4 - Egorov's theorem
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We now do a new chapter where we will study various types of convergence. So, the first section

in this is Egorov’s theorem:

Egorov’s Theorem: Let (X, S, 1) be a finite measure space that means p(X) < oo. Let fn be a

sequence of real-valued measurable functions converges almost everywhere to a real valued
measurable function f. (So, we saw in the exercises that if p is not complete, then it is not
necessarily that f be measurable. So, we are now specifying that the limit is also a measurement

function.)

Then given any € > 0,3 a measurable set F ¢ X such that u(F) < eand



fn — f uniformly on F ‘. (So, we have convergence almost everywhere, then this convergence is

practically like uniform convergence except, it may not be everywhere, so, then it is not obvious
you cannot have an arbitrary convergence sequence to be uniformly convergent. But what is
remarkable is if you are in the finite measure space, then you can choose the smallest set,
measure with set with as small measures as you like. So, set on the complement the sequence is

in fact uniformly convergent.)
Proof: Let E€S such that u(E) = 0 fn — f uniformly on E°. So, yousetY = E.

So, then given n, meN. You define

n,

£, = N{xer|If () = f)I < 1/n}.

Clearly, EE cE c..c E C... vm.
1m 2,m nm

If xeY, then fn(x) - f(x) and Vm, 3 Nsuch that foralli > N, we have

If, () = fO] < 1/m.

[oe]

That means,xeE =Y = U E Vm.
nm =1 nm

So, u(Y) = pu(X) <+ oo.
(Because Y equals Y union E is the whole f(X) and E has measure 0.)
Now, therefore, you have
w@) = lim  uE .
(And because of the finiteness you have)

= 3 nO(m) € N such that



WY\E )= ) — wE ) <e/2"

no(m),m no(m),m

[oe]

Now, yousay G = U (Y\E

n=1

o (m) ), then G measurable.
oM,

And you have

ue) < ; £/2m= €.
m=1

Now,yousay F = E U G, wF) = pG) < e

And what is F? F’ is precisely

F=nNE

m=1 no(m),m

Letn > 0, choose m, saysthat1/m < .

So, now, if xeF C, therefore xeE cE Vn=n(m).
no(m),m n,m 0

So, if xeF', Vn > no(m), you have
If () = f)] < 1/m<nm.
So, this is true V xeF C, and therefore, you have
fn — f uniformly on F° and wF) < e,

and therefore, that completes the proof of Egorov’s theorem.

(Refer Slide Time: 09:30)
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Example: Not true for infinite measure spaces. So, let us take
X = N, X = P(N) and p = counting measures.

WF) <e<1=>u(F)=0=>F=9¢

. C . .
Therefore, uniform convergence on F is the same as uniform convergence on N. So, now, we

willlookat {f }, f =X, .

Then fn — f =1. But this convergence is not uniform. So, Egorov’s theorem fails in the case of

infinite measures.
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So, inspired by Egorov's theorem we make the following:

Definition: Let (X, S, n) measure space {fn} real-valued measurable functions defined on X.

We say that the sequence converges almost uniformly (here you must, this almost is not in the

sense of what we have been saying before about almost everywhere) to real-valued measurable

function f ife > 03 Fc X, wWF) < ¢ andfn — f uniformly on F°.

So, what does Egorov’s theorem say that if you have a finite measure space convergence almost

everywhere is the same as convergence almost uniformly.

Converse of Egorov’s theorem is true in any measure space. So, if you have almost uniform

convergence then you have convergence almost everywhere.

Proposition: Let (X, S, p) measure space {f n} real-valued measurable functions defined on X.

fn — f (real valued measurable function) almost uniformly = fn — f almost everywhere.
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Proof: Let meN. You chose F meS such that p( F m) < 1/mand fn — f uniformly on F mc.

So, F = N Fm,u(F) =0,

n=1

(because it is less than p( Fm) < 1/m. So, u( Fm) < 1/m foreachm. So, u( F ) = 0.)

c

c 3

and F “ = F .
1 m

m

And in any of these sets, so if xeF It belongs to some F mc and this implies

£~ f@)

that is, fn - fa.e.
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So, whenever you have a notion of convergence you also have associated notion of cauchy and
then usually convergence will always implies cauchy and one is always interested in knowing
whether cauchy implies convergence that is like important thing which we had the completeness

of the reals in the complex numbers namely if the cauchy sequence has a limit.

So, the same idea we will always see whenever we introduce a notion of convergence, we will
have an associated notion of cauchyness and then convergence should imply cauchy and cauchy

should imply convergence.

Definition: Let (X, S, p) measure space {fn} real-valued measurable functions defined on X.

We say {fn} is almost uniformly cauchy if V. € > 0,3 FeS, u(F ) < ¢, {fn} is uniformly
cauchy on F ‘.
Clearly if {fn} converges almost uniformly then there exists an F such that u(F ) < €, fn

converges to f uniformly on F ‘.
= { fn} uniformly cauchy on F ‘.

So, convergence almost uniformly < Cauchy is almost uniform.



So, we want to know about the converse. Suppose you have a sequence which is cauchy almost

uniformly, is it going to be convergent almost uniformly?
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Proposition. Let (X, S, 1) measure space {fn} almost uniformly cauchy sequence of real
valued measurable functions. Then there exists f real-value measurable function on X such that

f L f almost uniformly.
__Proof: Let meNThere exists F € S, Ll(Fm) < 1/m, { fn} almost uniformly cauchy on ch.



[00]

So,yousaid F=NF , uF)=0F=UF ...

n=1 n=1

V xeF’, {f n(x) tuniformly cauchy.

Define

lim  f () if xeF*

fe) =1

0 if xeF
Now, you define

g =x.

n F'n

50, g 1s measurable.
If xeF, you have gn(x) = f(x) = 0.
IfxeF, g () =f,() = ().
=g - f everywhere = f is measurable.
Now, fn—> f onF ‘, xeF° 3 m such that xeF Cm.
W(F_)<lm,f = f on F .
= fn—> f almost uniformly.

So, given any 1 you can choose m large enough such that it is less than % is less than n, and

then therefore, you will have that this belongs to it converges uniformly on the set. Therefore,

this implies that = fn—> f almost uniformly. So, this completes about almost uniform

convergence and almost cauchyness. Next time we will take up another notion of convergence

and examine its properties.



