Measure and Integration
Professor S. Kesavan
Department of Mathematics
Institute of Mathematical Sciences, Chennai
Lecture 22
4.3 — Exercises
(Refer Slide Time: 00:16)

Exerciges .

1O Je ol op §Y 0 g dy vl e £ e X
[k E = gmex| By 4 pem a Can et a3
S T B MR
2. meX P8 Cand Neve DN ook ¥emaw, B mles
2EE {Gmlyact Gty 330 b Nned, Dk f2a b (g B | 7€
Eﬁ: en| Ba-Riol 7Y e
Evy A g Byl

£70 p= \«B 3

=V NV E 4@ €F
THa A k4an k
~e®

(1): Let (X, S) be a measurable space. { fn} be a sequence of real-valued measurable functions
on X.Let E = {xeX: fn(x) is not a cauchy sequence}. Show that E is measurable. (So, you

to show that E belongs to S).

Solution: Let x €X. So, what do you mean by { fn(x)} Cauchy? So, that means for every

€ >0 3 Nsuchthatforalln, m > N

f,0 = f, @] < &

So, what do we mean by x €eE? It means {fn(x)} not Cauchy. So, we have to take the

contrapositive statement of whatever we have written here. So, that means, there exists an & > 0

such that foreveryneN 3 k, | = n such that

If, ) = £, = e



So, let us define

E (&) = {x eX: If, () — f 0] 2 €} measurable.
So, f L fz measurable, so, the difference is measurable, absolute value is measurable and
therefore, this set is measurable.

So, now what do you mean by E? E is nothing but

E=UN U Ekl(s)

e>0n=1kl>n

Uu n u E(Mes.

r>0,7€eQ n=1kl=n

{ Why? Because every element in the first set if you take an r is less than epsilon will already

be. So, called this Ekl(s) is Ekl(r), S0, Ekl(s). So, if it is bigger than € will be bigger than r,

therefore irrational which is greater than that and therefore, since it is rational, which is less than
g, so it will definitely be in this set. Conversely, this is a subset of this that is obvious and
therefore these two sets are equal. Now, here you have everything countable. Rationals are
countable, n = 1 to o , k, l = n. All these are countable sets and they are all in S and

therefore this belongs to S and therefore, it is measurable.}

(Refer Slide Time: 05:00)
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(2): Let (X, S) be a measurable space. {fn} be a sequence of measurable functions on X .

fn — f almost everywhere in X. Thus, this implies f is measurable.

Solution: No, it does not imply that f is measurable. So, we have shown that if fn
converges to f everywhere then f is measurable, but if fn converges S almost everywhere

then it may not be measurable.

So, let assume, p is not complete. Then there exists E such that u(E) = 0 and F c E, F not
in S.

So, now, you take fn = 0 for all n, and you take f = Xp which is 1 on F and 0 outside. So,

then what happens, f n(x) converges to f of x for all x in E complement. Because outside E X;

is 0 and fn is 0 and therefore, you have this. But, and therefore, this implies that
fn — f almost everywhere in X . But f is not measurable.

(Refer Slide Time: 07:25)
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(2): Let (X, S) be a measurable space. Let f: X X [0,1] = R be a function, such that,
V y €[0, 1], the map, x — f(x,y) is measurable.
AndV x €X, the map, y = f(x,y) is continuous.

(Because we can talk of the continuity it is [0, 1], here and R on the other side. So, we can talk

about continuity).

Define h(x) = minye[0 1 f(x,y), this is well-defined.



(Because V x €X, y going to f(x,y) a continuous function defined on the closed interval [0, 1]
and therefore, [0,1] is a compact interval and therefore, f attains its minimum. So, the f

minimum is actually a minimum.)

Show that h is measurable.
Solution: h(x) = minye[o,l]f(x, y), g(x) = minre[o,l]' rle(x, 7).

Then we claim, h = g.

(So, obviously, you are taking the minimum over all y’s and here you are taking only the

infimum over the rationales.)

Therefore, h(x)< g(x) by definition, no minimum is attained.
Let Y, € [0, 1] such that h(x) = minye[o,l] f(x,y) = f(x,y O).
Letrn =Y, - Then

9@ < fGr) = fxy, = h).

= gx) <h(x)= h=g.

Now, let {Sn} be a numbering of all rationals in [0, 1]. And you define
fn(x) = f(x, sn) , this is fn measurable for all n, then
h(x) = min__ N fn(x) = h is measurable.

(Refer Slide Time: 13:14)
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(2): Let f: R = R be Lebesgue measurable, show that there exists a g Borel measurable, such

that

g =f ae.

(So, given any Lebesgue measurable function, we can find a Boreal measurable function which
is equal to it, almost everywhere. So, this method we will use very often in integration theory.
So, we will first prove it for characteristic functions then for simple functions, then use a limiting

argument to prove it for an arbitrary measurable function).



Solution: (i) Let f = X; Lebsegue measurable then, there are several equivalent

characterizations of Lebesgue measurability which we have seen one of them is there exists F,

F(I set F c E and ml(E - F)=0.

So, F is Borel measurable because it is an F0 set it is a countable union of closed sets. And

therefore, this implies it g = Xp is Borel measurable.

Now, {xeR: f(x) # (x) } € E — F (since outside E, both of them f and g is 0, inside F,
both of them are 1, and therefore), and m 1(E - F)=0.

So,ml({xeR: fx)+=x®} =0.

Thatis, g = f a.e..

So, this is true for the characteristic function.

(ii) So, the second step is to take f to be a simple function.

k
So, f =) a x., E are Lebesgue measurable and E._ are all disjoint, because we can
i—0 i Ei i i

always write, rewrite simple functions in terms of disjoint sets. Now, we will take

F. F set,F cE ,and m (F —E) = 0.
i o i i 1 i i

And you define

k

g=> o Xy then g is Borel measurable.
i=0 i

And now, what about the set
k

{g#flc UF-E.
i=1



And therefore, ml({ g * fH=0

because each one of these is 0 and you have a finite union by some positivity the measure has to

be 0.

(Refer Slide Time: 17:46)
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(iii): Let us take f = 0 be measurable function, then we know that exists ¢ @ = 0, @

simple and ¢ T f.



Let g, be Borel measurable, g, =@ almost everywhere.

So, let En = {gn * (pn}, ml(En) = 0 implies ml(L_J En) = 0.

n=1

And then what is defined

o]
Cc

F=(UE)=nNE"

n=1 n=1
Now, we are defined

g=supg =g is Borel measurable.

Since g are all Borel measurable you are taking the supremum.
C.

Now, ml(F) = ml(U En) =0

and on F, we have g, =, v n, VxeF.

= g T fonF,and F® is of measure 0.
n

So, g = f a.e.
(iv): Let f measurable function. Then you can write f as
f=f-qg
and then you have h1 , h ) Borel measurable.
h, =fae., h, =f ae.
and then you define

g=h-h,



= gequals f a.e., that completes.

So, this is a technique which is very useful and therefore, that is why the fact that non-negative

measurable functions see increasing limit of continuous simple functions is very important.



