Measure and Integration
Professor S Kesavan
Department of Mathematics
The Institute of Mathematical Sciences
Lecture-13

2.8-Approximation
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Next section in the study of the Lebesgue Measure is approximation. So, in this section we will

present various results on approximation of measurable sets by topological sets in the context of

. N .
the Lebesgue Measure. So, by abox in R, we mean N > 1, we will mean a set



B = l'[jleIj, Ij is a finite interval for 1 < j < N.

Iij = (aj, b],), 1 <j < N, - Bisan open box.
Iij = [aj, bj], 1 <j < N, - Bisaclosed box.

Iij = [aj, b]_), 1 < j < N, - B is ahalf-open box.

So, if B is a box, then mN(B) = Hj: le(lj). Also it is clear that given € > 0, we can find

1

boxes Ble, BZE of any desired kind open closed or half open et cetera such that Ble c BcC 32E

and mN(B\Bl) < €, mN(B2 \B) < €.

So, you just have to move the boundaries a little bit for the box and then you will have whatever
you want. So, now, recall that how we Lebesgue Measure come you had this ring are from these
boxes, semi open boxes, half open boxes, P is half open boxes then we had the ring and then

from the ring we went to the head 3 sigma ring generated by this which is nothing but the power

set of ]RN.

And there, so, from the measure here we had the natural outer measure from which we got the
measurable sets which gave you the Lebesgue Measure. So, we will use this notation p * and
whenever we say measurable I mean Lebesgue Measure sets. Because they are also Borel

measurable sets. So, measurable will mean unless otherwise specified Lebesgue Measure sets.
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Proposition: Let N > 1, E C R". Then
u* (E) = inf{p * (U): Uopen, U D E}.
proof: nothing to prove if p * (E) is infinite.
So, assume that p * (E) is finite. Now, E € U = p * (E) < p * (U). Therefore, you have

p* (E) < inf{p * (U): Uopen, U D E}.



Let € > 0. By definition of outer measure there exists half open boxes B,Ec Unzloan and

[ee]

» mN(Bn) < u*(E) +f.

n=1

1 0 1 € '
Now construct open boxes {Bn }n=1 s. t. mN(Bn \Bn) < Py and B B

n+1

SoU = Unzle "isopen, E c U, and

n

[oe]

W) =m W) < EmB) + Tt = 5 mB) +
n= n=1 =1

n

So,wehave E € Uopenand p * (U) < u * (E) + €. So, this implies that
u* (E) = inf{p * (U): Uopen, U D E}
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So, now we have a proposition which characteristic Lebesgue Measurable sets.

Proposition: So, let E C R". The following are equivalent.
(1) E is Lebesgue measurable.
(i1) for every € > 0, there exists Uopen, E € U, and p * (U\E) < e
(ii1) for every € > 0, there exists F closed, F € E, and p * (E\F) < €.

(iv) there exists a G& setGs.t. E € Gand p * (G\E) = 0.
(v) there exists a F(y setFst. Fc Eandp * (E\F) = 0.

proof: (1)=(i1): Assume p * (E) < oo. Then there exists U open s.t. E € U and

u* (U) < pn*(E)+ e Butthen everything is finite and therefore, you have E is Lebesgue

measurable, U is open, therefore, Borel and hence Lebesgue measurable so, p *= m, for U, E.

So,youhavep * (U\E) = p* (U) — p* (E) < e



So, if p * (E) =+ oo, then p *= m, is sigma finite and there exists Lebesgue measurable sets
oo * _ .

E such that E c Uu_ E.u (En) = mN(En) < 0. So, there exists U S E_ open and you

have that p * (Un\En) < ? . Then you take U = Un:1oo Un and therefore, U is open, U D E,

€
n
1 2

L*UN\E) S u*(u_"(UN\E)) S T —-=e

n=
So, this completes the proof of one implies two.
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(i1)=(iv): For each n, choose Un opens.t. E C Un and p * (Un\E) < %
So, then you have that G = nn=1ooUn and then G is G 5 and E c G and
1
w* (G\E) < u* (U\E) <——=>p* (G\E) = 0.

(iv)=(i): So, Lebesgue measure is complete so, o * (G\E) = 0 = G\E is Lebesgue measurable
and therefore, now G is a G-delta set implies Borel measurable implies Lebesgue measurable

also. And then E = G\(G\E) is Lebesgue measurable.

(1)=(iii): E Lebesgue measurable = E Lebesgue measurable because it is a sigma algebra

therefore, there exists a U open, U D E “and u* (U\E) < eSo, F=U ‘- closed and therefore,

F c Eandthenp * (E\F) = u*(EnFC)= u*(EnU) = u*(E\UC)< €.

So, this proves. (Refer Slide Time: 19:19)



FIU . Qewd = 0C L

MWW = Eaf) =y (8 o) = ¢ (ov®) <2

!-‘? CE\F,\\d Y.

“
Y

atirsy,
acry
(l,%% !
Wi

/

=
-
=
m
m

G =3 V. Yo Orasn pn Sanad pﬂ CE
0
F2U0R =yfce, F £,
PLEWY = W ERN Iy = W 20
F ’:r-q_\— Fet, V’CE\P\;G.

=y (L. C-m{m\ EAR WM.
gexf 0 W), M.

(> =¥y

P

Y
Y

/{llglll,,
St
Yy’

/

EcUam JO) < B s
=> PEY= w3y w Ve, WwES

=
-
=
m
m

Rog Lk B T 8. s aqgorlnd.
G B Lb. S
W N gss 3V o B CO, ROENLE
G ygso JF dmed £CE, FE\PIE
() 3 e Gomar & ok, ECG, f&EMD,

L) ga FU.-QJ £ % Fece P’(E\\t\:o.

(ii1)=(v): for every n, choose F_n closed, Fn cCE p* (E\Fn) < % . And you take

F=uU °°Fn=>F CE FisF_setand

p* (E\F) < u* (B\F) <<= * (E\F) = 0.

(v)=(i): So, Fis F(y set, F c E, p * (E\F) = 0 = E\F is Lebesgue measurable as Lebesgue

measure is complete and therefore, E = F U (E\F), and therefore, this is measurable.



So, this completes this thing. So, we have various equivalent forms of so, you can approximate to
the such E is Lebesgue measurable then you can approximate it by means of an open set from

above that means, the difference between the two is a very small measure.

Next, we will investigate the approximation by compact sets so that we will do it next time.



