Sobolev Spaces and Partial Differential Equations
Professor. S. Kesavan
Department of Mathematics
The Institute of Mathematical Sciences
Lecture 60

Excercises Part 9

(Refer Slide Time: 00:17)

C) Ly Pl = ;#'Rﬁw Nz2 E
— 2t ‘(,,\:m.w{ln&g toaan - At
,m‘ N33 ke, 27
= De=f)
(ey Ly 26 3! oda Cf* oF
Dep™ =o b 52 s2eR™ b o ar
n=2n,

Friat = ROg-a) wyel

e, \J:)er -au)—a ’-‘QL‘J‘”\ et :{;\ :)3' o Y otow [\

U Lax o e i) gaeeS Aoma  welER) o

~Du= {; A S
w -_a_ -
Tam ¥ 2L
G
b = ~j? G\twmalg ¥ jg@%}_hﬁ\ dely)
r

S

N

7]

U0y E S
Wggyst”’

(Gradsty e J\)
NPTEL

W Gl = @lig-a) - CPMS\'

Qhaz  Ev0 b . Bf-‘:,iﬁf-ha

& %

§3_t S_ZL: SN :;(z;é

5 [me Q}/C\;S.m) - @ (‘é-m\ﬁuu@’} %

Jzg
= S\_\;u@i (g = q‘vﬂ%‘ﬁ‘wi}w“a“
v

o
=) 49(\3—.\\\ & awond €

Qe =Sy
Scafom e

Dh_t:: BJ? [®) ‘SL

So, we continue with the

Exercises, 4: let

@(x) =%logr , N =2



N
(N—Z)(xN

, N = 3.

: . N .
where a, = equals surface measure of unit ball in R . So, recall that this is the

fundamental solution of the laplace operator we have delta Fi equal to delta as we have

seen earlier in the chapter on distributions.

So (a), let x € (1 so there exists a unique solution (px such that A(px = 0in Q

and

©® = @(y—x]) in .

N .

So, 1 € R bounded open set and gamma equals d omega as usual. So, now, if x € (),
then for every y € I’ we have x # y, so @(|y — x|) is a smooth function, implies
there exists a unique solution of above problem, unique weak solution. If omega is

smooth, then it will also be a smooth solution.

So (b), so let (px € HZ(Q) for every x in (), so this is not very difficult to get if
you have a weak solution then by regularity theorems you can easily get it for omega
sufficiently smooth. Assume u € C ? (5) such that

— Au=finQ

u=g onrl

Then for every x € (1 we have the representation formula
G (xy)
u(x) == [ fGe,y)dy + [ g(y) =32 do().
Q r

Where G(x,y) = @(|Jx — y|) — (px(y). so this is called the Greens function. So, we
can represent the solution of the Laplace operator in terms of the Greens function, so
this is called the Greens function. So, for different domains we try to calculate g then
you can get explicit formulae for the solution of the equation. So, it can be done with

simple geometries like half plane circle, etcetera.

You might have seen it in your pde courses, classical pde courses, such formulae are

familiar. So, now let us try to prove this so the existence of a Greens function is clear, if



the green domain is sufficiently smooth and the data is also smooth then you have a

representation formula in terms of the Greens function.

So, let, so

solution, QS = Q\B(x, &) where € > 0 such that B(x, ) < Q. So, you have ()

here and you have x and you have a small ball rounded and what you have outside is

omega epsilon. So, now we apply green's identity, you have that

S{u(y)Acp(Iy — x|) dy — s{ o) Au(ly — x|) dy.

= 6{2 (u(y) 2L — ()20 do(y)

Now y € QS that means y is not equal to x, because x is the center of this ball which
we have excluded from the QE and this implies @(]y — x|) is harmonic. Therefore, this
integral will go off to 0, so then you have d of QS is nothing but d of QS S epsilon where
S epsilon is set of all y € Q@ mod y minus x equal to epsilon that means you have the

sphere this is the boundary, so this is s epsilon.
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Since everything is smooth integral on SE of ¢ of mod y minus x du by dnuofyd
sigma y. Now all these are bounded on S o there is no problem and therefore this is less

than or equal to some C times epsilon power n minus 1, because the surface measure of
s epsilon is epsilon power N minus 1 times alpha N. So, this whole thing is less than C

SS and that goes to 0 as epsilon goes to 0.

Now, what about integral of SS of uy d ¢ by d nu mod y minus x d sigma y, if you go

back to the calculations which we did when computing the fundamental solution
laplacian, then you perform the same calculation so this will converge to minus u of ux

as epsilon tends to 0. That is so C computations of fundamental solution of delta.
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So, if with these two, so if we rewrite the previous thing, so you will get

u(x) =— £ fG(x,y) dy + [ g(v) EL do(y).
r

ux will be equal to integral on omega as epsilon goes to 0 delta u(y) ¢ of mod y minus
x dx, so this is s epsilon goes to 0 plus integral on gamma u of y d by d nu ¢ mod x

minus y d sigma y minus integral of gamma ¢ of mod x minus y du by d nu d sigma y.

So, this is just got by writing integral on omega epsilon omega epsilon is sum of these

two, so you have sum of two integrals the integrals on S epsilon we have evaluated



taken the limits and then the integral on d omega which is gamma which is remaining
and and then you have this extra term here and so if you come use these two properties

here then you will get this following relationship.

So, now apply Green's identity to u and Fi super x because thats in H 2, I can apply

that also, so integral on omega u delta ¢(x) again that is 0, because its a harmonic
function, minus @(x)delta u of y uy (px(y) dy and equal to integral on gamma u y d
(px(y) by d nu minus du by d nu of y cpx(y) d sigma y. So, if we we are in this so you

will get 0 equal to integral on omega delta u(y) (px(y) dy plus integral on gammauy d
@(x) by d nu, sorry this will be with the minus sign, so this is let me rewrite this

correctly.

I am bringing everything to the left hand side, so delta u of y into minus (px(y), for
some reason I am going to write like that and then plus minus u 'y d (px by dnuatyd

sigma y plus integral on gamma (px(y) du by d nu y d sigma. Now let us add these two,

so adding 1 and 2, this is 1 and this is 2. So, you get u of x equal to integral on omega

you have delta u y into... so you have ¢ of mod y minus x minus (px(y) dy and then

plus integral on gamma.

Here, u y into d by d nu Fi of mod x minus y minus ¢ d, ¢ (y), so d by d nu of all this

into d sigma y, and then minus integral on gamma, du by d nu at y ¢ of x minus y
minus (px(y) d sigma. Now we do not know anything about du by d nu, but this is
precisely the reason because ¢ f by x minus y minus (px(y) is equal to 0, so that is how
we defined (px. This condition and therefore, so this term vanishes because this is equal

to O here.
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So, now @(y — x) — cpx(y) is precisely G(x, y), so

u(x) =— gAuG(x, y)dy + {u(y) ﬂGa%zL do(y).

== [ 6 dy + [ 90 EE do(y).

and that is exactly what we wanted to prove.

So, this is the formula for the solution provided the domain is smooth and if you have
when you take into account the Greens function which is good enough. So, before
quitting this session I just wanted to... I should have done this earlier but probably here

some errata which I wanted to correct.

So, system of elasticity, you might have already figured it out, we we had this we had

thatv € D(Q) and then we took v_ = (v,0,0), (0,v,0) , (0,0, v) when recovering
the differential equations and then we get that

3

- Y Lo do=f, inQi=123
=1 g !
you get this.
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And then similarly, another sigma was missing that was
3
[ Y o @vpdo=/[guvdo
rij=1 Y . r

for every v. and this again from this we deduce that again using the v = (v,0,0),
(0,v,0), (0,0,v) in H 1(Q), S0 you get again the sigma was missing this time again.

This is

3

oW =g onl;i=1,23.

=1 7

There were various sigmas which were missing in that thing, you might have noted it

already if not please make correction.



