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So we were studying about compactness in spaces, so let me recall the theorem.𝐿𝑝

Theorem: bounded open set, a bounded set in , .Ω ⊂ ℝ𝑁 𝐹 𝐿𝑝(Ω) 1 ≤ 𝑝 < ∞

Assume:



(i) for every and , there exists a such thatϵ > 0 Ω' ⊂⊂ Ω δ > 0 

and ,0 < δ < 𝑑(Ω', ℝ𝑁\Ω ) |τ
−ℎ

𝑓 − 𝑓|
0,𝑝,Ω'

< ϵ ∀ℎ ∈ ℝ𝑁  𝑠. 𝑡.  |ℎ| < δ ,  ∀𝑓 ∈ 𝐹,  

(ii) for every , there exists s.t.ϵ > 0 Ω' ⊂⊂ Ω ∀𝑓 ∈ 𝐹

.|𝑓|
0,𝑝,Ω\Ω'

< ϵ 

Then is relatively compact in𝐹 𝐿𝑝(Ω).

So, we want to verify these two conditions when we are studying the various Sobolev

inclusions. So, for that we need to start with one more technical lemma.

Lemma: Let and open set. If1 ≤ 𝑝 < ∞ Ω ⊂ ℝ𝑁 𝑢 ∈ 𝑊1,𝑝(Ω),  

,|τ
−ℎ

𝑢 − 𝑢|
0,𝑝,Ω'

< |ℎ||𝑢|
1,𝑝,Ω

for all , , .Ω' ⊂⊂ Ω ℎ ∈ ℝ𝑁 |ℎ| < 𝑑(Ω', ℝ𝑁\Ω )
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Proof: So, 1 ≤ 𝑝 < ∞,  𝑢 ∈ 𝐷(ℝ𝑁),     ℎ ∈ ℝ𝑁.

𝑢(𝑥 + ℎ) − 𝑢(𝑥) =
0

1

∫ 𝑑
𝑑𝑡 𝑢(𝑥 + 𝑡ℎ)𝑑𝑡 =

0

1

∫
𝑖=0

𝑁

∑ ∂
∂𝑥

𝑖
𝑢(𝑥 + 𝑡ℎ

𝑖
)ℎ

𝑖
𝑑𝑡 =

0

1

∫ ∇𝑢(𝑥 + 𝑡ℎ). ℎ𝑑𝑡

[Check !]⇒
Ω'
∫ |τ

−ℎ
𝑢 − 𝑢|𝑝𝑑𝑥 ≤ |ℎ|

0

1

∫
Ω'
∫ |∇𝑢(𝑥 + 𝑡ℎ)|𝑝𝑑𝑥𝑑𝑡          

= |ℎ|
0

1

∫
Ω+𝑡ℎ

∫ |∇𝑢(𝑦)|𝑝𝑑𝑦 𝑑𝑡

So, now if you have . So this will imply that there exists|ℎ| < 𝑑(Ω', ℝ𝑁\Ω ) Ω'' ⊂⊂ Ω

. So, thenΩ + 𝑡ℎ ⊂ Ω'',  𝑡 ∈ (0, 1) 

|τ
−ℎ

𝑢 − 𝑢|𝑝
0,𝑝,Ω'

≤ |ℎ|
Ω''
∫ |∇𝑢(𝑦)|𝑝 𝑑𝑦     −−−−− (*)

So, now we have and therefore if , then by Freidrich’s theorem1 ≤ 𝑝 < ∞ 𝑢 ∈ 𝑊1,𝑝(Ω)

implies there exists such that and , for every𝑢
𝑛

∈ 𝐷(ℝ𝑁) 𝑢
𝑛

→ 𝑢 𝑖𝑛 𝐿𝑝(Ω) 
∂𝑢

𝑛

∂𝑥
𝑖

→ ∂𝑢
∂𝑥

𝑖

, that is Freidrich’s theorem. So, apply (*) to u_n because that is in d of omega d ofΩ' ⊂⊂ Ω

Rn and then pass to the limit because you are going to pass the limit in LP of omega prime.

There is no problem in either of the two integrals and then and pass to the limit. Then you get



.|τ
−ℎ

𝑢 − 𝑢|𝑝
0,𝑝,Ω'

≤ |ℎ|
Ω''
∫ |∇𝑢(𝑦)|𝑝 𝑑𝑦 ≤ |ℎ|𝑝|𝑢|𝑝

1,𝑝,Ω

and now you take the pth root, then you will get exactly what you wanted.
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So now we take the case , so relatively compact in omega and then you choose𝑝 = ∞ Ω'

as before. And then if you takeΩ' + 𝑡ℎ ⊂ Ω'' ⊂ Ω,  𝑡 ∈ (0, 1) 

. And now you let q tend to𝑢 ∈ 𝑊1,∞(Ω) ⇒ 𝑢 ∈ 𝑊1,∞(Ω'') ⇒ 𝑢 ∈ 𝑊1,𝑞(Ω),  𝑞 ∈ [1, ∞]

infinity then you get .|τ
−ℎ

𝑢 − 𝑢|
0,∞,Ω'

≤ |ℎ| |𝑢|
1,∞,Ω'

So that proves this particular expression. Now, remark.

remark: if the converse is true. Namely, if you have the any if that is (*)1 < 𝑝 ≤  ∞,  

implies and in fact, we have seen this in the exercises.𝑊1,𝑝(Ω)

We did this exercise. So, it does not work for p =1. So, functions satisfying (*) for p equals 1

form a larger class than . anyway satisfies it, that is what we have proved𝑊1,1(Ω) 𝑊1,1(Ω)

just now. But if you take the converse, if you have a star is true then it is not necessary in W

1, 1 omega, it is in some bigger space we call that, we call such functions, functions of

bounded variation and such spaces are called B. V. spaces.
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So, now we are ready to prove the important theorem of this section. Namely, Rellich -

Kondrachov.

Theorem (Rellich - Kondrachov): Let bounded open set of class andΩ ⊂ ℝ𝑁 𝐶1

then the following inclusions are compact.1 ≤ 𝑝 < ∞ ,  

(i) then𝑝 < 𝑁,  𝑊1,𝑝(Ω) → 𝐿𝑞(Ω) ,  1 ≤ 𝑞 < 𝑝 *   .

(ii) then𝑝 = 𝑁,  𝑊1,𝑝(Ω) → 𝐿𝑞(Ω) ,  1 ≤ 𝑞 < ∞  .

(ii) then𝑝 > 𝑁,  𝑊1,𝑝(Ω) → 𝐶(Ω)  .

bounded domain, then above assertion holds true if is replaced by .Ω 𝑊1,𝑝(Ω) 𝑊
0

1,𝑝(Ω)
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proof: Already proved case (iii), if p is bigger than n we already saw that W 1 p omega where

all the Holder continuous functions, so if you to the unit ball then you would get those

functions are bounded and uniformly continuous and therefore you had by the Ascoli Arzela

theorem the compactness.

So, assume (i) is proved, namely for assume that we have proved all these things.𝑝 < 𝑁,  

Then using that we can prove the ; so when p increases to N, so they call that 1 by p𝑝 > 𝑁

star is 1 by p minus 1 by n. This implies that the p star goes to infinity. So, if q is less than

infinity there exists epsilon positive sufficiently small such that the n minus epsilon star is

bigger than q. Now, we have W omega bounded, so is continuously embedded in W𝑊1,𝑁(Ω)

1 n minus epsilon of omega because if you are in any you are in any smaller LP for sets of𝐿𝑝

finite measure and now this is in .𝐿𝑞(Ω)

And this is compact by 1, because you have n minus epsilon star is bigger than q and

therefore the first assertion tells you that if you are less than the critical Sobolev, the p star is

called the critical Sobolev exponent, you lose compactness there and therefore anything less

than that it is compact and therefore this one is compact, so this implies that in𝑊1,𝑁(Ω)

compact for all 1 less than equal to q strictly less than infinity.𝐿𝑞(Ω)

So, to prove one, we take p less than n and b closed unit ball in . So, we need to𝑊1,𝑝(Ω)

verify the two conditions of the Frechet Kolmogorov theorem, which I restated in the

beginning of this video, one and two, we have to show that for every omega prime relative

compact in omega and for every epsilon you have tau minus f is less than 0, in 0 p omega

prime is less than epsilon for h sufficiently small.

And then there is omega epsilon such that for all elements in f, so we have to verify it with

the F equals B. So, to verify one and two of Frechet Kolmogorov, first theorem above with F

equal to B, that is all that we have to do now. so, let us take one less than equal to q strictly

less than p star; then there exists alpha which belongs to 0, 1, 0 is excluded such that 1 by q

can, we have done this before, alpha by 1 plus 1 minus alpha by p star.



So, if you want 1, if you want p star then alpha must be 0, which you are excluding because

we are saying less than p star, so then if and ,𝑢 ∈ 𝐵,  Ω' ⊂⊂ Ω,  ℎ ∈ ℝ𝑁 |ℎ| < 𝑑(Ω', ℝ𝑁\Ω )

, you have

|τ
−ℎ

𝑢 − 𝑢|
0,𝑞,Ω'

≤ |τ
−ℎ

𝑢 − 𝑢|α
0,1,Ω'

  |τ
−ℎ

𝑢 − 𝑢|1−α
0,𝑝*,Ω'

  .

We have seen this before when we proved that after the Sobolev inequality is in𝑊1,𝑝(ℝ𝑁) 𝐿𝑝*

and then we wanted to show that it is in every for q in between p and p* and we made a𝐿𝑞

similar expression for q and then we had this inequality just because of Holder inequality, so

this is Holder. And mod tau minus h u minus u in 0 p star omega dash to the power of 1

minus alpha.
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Now,

|τ
−ℎ

𝑢 − 𝑢|
0,𝑞,Ω'

≤ |τ
−ℎ

𝑢 − 𝑢|α
0,1,Ω'

  |τ
−ℎ

𝑢 − 𝑢|1−α
0,𝑝*,Ω'

 

≤(|ℎ||𝑢|
1,1,Ω'

)α   (2|𝑢|
0,𝑝*,Ω'

)1−α

≤(|ℎ||𝑢|
1,1,Ω

)α   (2|𝑢|
0,𝑝*,Ω

)1−α



≤𝐶|ℎ|α||𝑢||
1,𝑝,Ω

α   ||𝑢|1−α
1,𝑝,Ω

.≤ 𝐶|ℎ|α||𝑢||
1,𝑝,Ω

≤ 𝐶|ℎ|α  
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So, now choose such that . So, then this implies that for all0 < δ < 𝑑(Ω', ℝ𝑁\Ω ) 𝐶δα < ϵ

, we have that|ℎ| < δ

|τ
−ℎ

𝑢 − 𝑢|
0,𝑞,Ω'

< ϵ  .

So, this proves the first condition in the Frechet Kolmogorov theorem.
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The second one is to show that you for there exists an that for every u in B you can make itΩ'

the integral small. So, now if and , then you have by Holder inequality,𝑢 ∈ 𝐵 Ω' ⊂⊂ Ω

|𝑢|𝑞
0,𝑞,Ω\Ω'

≤ |𝑢|𝑞
0,𝑝*,Ω\Ω'

|Ω\Ω'|
1− 𝑞

𝑝*   .

So, you will get because of the Sobolev inequality.|𝑢|
0,𝑞,Ω\Ω'

≤ 𝐶||𝑢||𝑞
1,𝑝,Ω  

|Ω\Ω'|
1
𝑞 − 1

𝑝*    ,  

This one is less than the norm in l p star omega which is less than the norm of 1 p omega into

mod omega minus omega dash of 1 by q minus 1 by p star. So, now this of course is less than

or equal to 1, therefore we can choose filling as closely as possible, as necessary.Ω' ⊂⊂ Ω

So, you have that, you have here, I can take very close to the boundary like this, so thisΩ Ω'

will be .Ω'

And therefore what is left will be very-very small, so this measure can be made as small as

you like and this implies that |𝑢|
0,𝑞,Ω\Ω'

  < ϵ ,  ∀ 𝑢 ∈  𝐵 .

So, this is, so the two conditions are satisfied, therefore this implies that B is relatively

compact in that is is compact and that proves the Frechet𝐿𝑞(Ω) ,  𝑊1,𝑝(Ω) → 𝐿
𝑞
(Ω)

Kolmogorov theorem, I mean, Rellich - Kondrachov theorem.
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remark: Proof fails forn . Why does it fail for ? It fails in both the𝑞 = 𝑝 * 𝑞 = 𝑝 *

verifications. The first verification you needed 1 by q, if you put this then you need alpha

equal to 0, so if you get alpha equal to 0, then the c mod h to the alpha becomes just a

constant and therefore you cannot make it small. You cannot make it less than epsilon by

choosing delta small, therefore this step will fail.

This step will fail because you do not have this term here. Now, the second one will fail

because this omega minus omega dash is again become power 0 here and therefore this term

will fail, now this term will be lost and therefore you cannot make the mod u q omega minus

omega prime closure as small as you like, so both cases it fails so the proof fails for q equals

omega and in fact we can show that not compact.𝑊1,𝑝(Ω) → 𝐿
𝑝*

(Ω)

The fact that this proof failed is not proof that this is not compact, we can actually show that

this n cannot be compact, we will see examples in the exercises. So, that shows. So, now

another remark:

remark: Let bounded domain open set class , so then1 ≤ 𝑝 < ∞,  Ω ⊂ ℝ𝑁 𝐶1

is compact. So particular case, so in Rellich. So, this is a particular𝑊1,𝑝(Ω) → 𝐿
𝑝
(Ω) 𝑞 = 𝑝 

case. So, then iterating, we get the is compact for all . So,𝑊𝑚+1,𝑝(Ω) → 𝑊𝑚,𝑝(Ω) 𝑚 ≥ 1



you can easily check this. So, this is another remark. So, now we will see some applications

of this next time.


